
Thermodynamics as a resource theory: 
versions of the second law(s)

Markus P. Müller


1 Institute for Quantum Optics and Quantum Information, Vienna

2 Perimeter Institute for Theoretical Physics, Waterloo, Canada



Outline

1. Resource-theoretic approach to thermodynamics 

2. Single-shot interpretation of von Neumann 
entropy and free energy (block-diagonal states) 

3. Beyond block-diagonal states: on coherence, 
clocks, and timing information 

4. Conclusions



1. Resource-theoretic thermo

Outline

1. Resource-theoretic approach to thermodynamics  

2. Single-shot interpretation of von Neumann 
entropy and free energy (block-diagonal states) 

3. Beyond block-diagonal states: on coherence, 
clocks, and timing information 

4. Conclusions



Standard view: thermodynamic limit

1. Resource-theoretic thermo



Standard view: thermodynamic limit

1. Resource-theoretic thermo

Recall	thermodynamics	at	fixed	background	temperature	T.



Standard view: thermodynamic limit

Folklore: spontaneous processes have
�F  0
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But this is a statement on average, since “work” is 
a random variable.

1. Resource-theoretic thermo

Recall	thermodynamics	at	fixed	background	temperature	T.



Standard view: thermodynamic limit

Work is a random variable (for fixed process):
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Work is a random variable (for fixed process):
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<latexit sha1_base64="+683S0RvKozl+r2wwp1zuFiKsNI=">AAAB/XicbVBNS8NAFNz4WetXVDx5CRahXkoignorevFmBWMLTSib7aZdutnE3RehhIB/xYsHFa/+D2/+GzdtDto6sDDMvMebnSDhTIFtfxsLi0vLK6uVter6xubWtrmze6/iVBLqkpjHshNgRTkT1AUGnHYSSXEUcNoORleF336kUrFY3ME4oX6EB4KFjGDQUs/c9yIMQ4J5dpPXPfUgIRP5cc+s2Q17AmueOCWpoRKtnvnl9WOSRlQA4ViprmMn4GdYAiOc5lUvVTTBZIQHtKupwBFVfjaJn1tHWulbYSz1E2BN1N8bGY6UGkeBnizCqlmvEP/zuimE537GRJICFWR6KEy5BbFVdGH1maQE+FgTTCTTWS0yxBIT0I1VdQnO7JfniXvSuGg4t6e15mXZRgUdoENURw46Q010jVrIRQRl6Bm9ojfjyXgx3o2P6eiCUe7soT8wPn8A74SVqw==</latexit><latexit sha1_base64="+683S0RvKozl+r2wwp1zuFiKsNI=">AAAB/XicbVBNS8NAFNz4WetXVDx5CRahXkoignorevFmBWMLTSib7aZdutnE3RehhIB/xYsHFa/+D2/+GzdtDto6sDDMvMebnSDhTIFtfxsLi0vLK6uVter6xubWtrmze6/iVBLqkpjHshNgRTkT1AUGnHYSSXEUcNoORleF336kUrFY3ME4oX6EB4KFjGDQUs/c9yIMQ4J5dpPXPfUgIRP5cc+s2Q17AmueOCWpoRKtnvnl9WOSRlQA4ViprmMn4GdYAiOc5lUvVTTBZIQHtKupwBFVfjaJn1tHWulbYSz1E2BN1N8bGY6UGkeBnizCqlmvEP/zuimE537GRJICFWR6KEy5BbFVdGH1maQE+FgTTCTTWS0yxBIT0I1VdQnO7JfniXvSuGg4t6e15mXZRgUdoENURw46Q010jVrIRQRl6Bm9ojfjyXgx3o2P6eiCUe7soT8wPn8A74SVqw==</latexit><latexit sha1_base64="+683S0RvKozl+r2wwp1zuFiKsNI=">AAAB/XicbVBNS8NAFNz4WetXVDx5CRahXkoignorevFmBWMLTSib7aZdutnE3RehhIB/xYsHFa/+D2/+GzdtDto6sDDMvMebnSDhTIFtfxsLi0vLK6uVter6xubWtrmze6/iVBLqkpjHshNgRTkT1AUGnHYSSXEUcNoORleF336kUrFY3ME4oX6EB4KFjGDQUs/c9yIMQ4J5dpPXPfUgIRP5cc+s2Q17AmueOCWpoRKtnvnl9WOSRlQA4ViprmMn4GdYAiOc5lUvVTTBZIQHtKupwBFVfjaJn1tHWulbYSz1E2BN1N8bGY6UGkeBnizCqlmvEP/zuimE537GRJICFWR6KEy5BbFVdGH1maQE+FgTTCTTWS0yxBIT0I1VdQnO7JfniXvSuGg4t6e15mXZRgUdoENURw46Q010jVrIRQRl6Bm9ojfjyXgx3o2P6eiCUe7soT8wPn8A74SVqw==</latexit><latexit sha1_base64="+683S0RvKozl+r2wwp1zuFiKsNI=">AAAB/XicbVBNS8NAFNz4WetXVDx5CRahXkoignorevFmBWMLTSib7aZdutnE3RehhIB/xYsHFa/+D2/+GzdtDto6sDDMvMebnSDhTIFtfxsLi0vLK6uVter6xubWtrmze6/iVBLqkpjHshNgRTkT1AUGnHYSSXEUcNoORleF336kUrFY3ME4oX6EB4KFjGDQUs/c9yIMQ4J5dpPXPfUgIRP5cc+s2Q17AmueOCWpoRKtnvnl9WOSRlQA4ViprmMn4GdYAiOc5lUvVTTBZIQHtKupwBFVfjaJn1tHWulbYSz1E2BN1N8bGY6UGkeBnizCqlmvEP/zuimE537GRJICFWR6KEy5BbFVdGH1maQE+FgTTCTTWS0yxBIT0I1VdQnO7JfniXvSuGg4t6e15mXZRgUdoENURw46Q010jVrIRQRl6Bm9ojfjyXgx3o2P6eiCUe7soT8wPn8A74SVqw==</latexit>

�F
<latexit sha1_base64="yJQ9QD17RE30eJRcZJnCKdXZuxA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FRTxWMLbQhrLZTtulm03c3Qgl9E948aDi1d/jzX/jts1BWx8MPN6bYWZemAiujet+O4Wl5ZXVteJ6aWNza3unvLv3oONUMfRZLGLVDKlGwSX6hhuBzUQhjUKBjXB4NfEbT6g0j+W9GSUYRLQveY8zaqzUbF+jMJTcdMoVt+pOQRaJl5MK5Kh3yl/tbszSCKVhgmrd8tzEBBlVhjOB41I71ZhQNqR9bFkqaYQ6yKb3jsmRVbqkFytb0pCp+nsio5HWoyi0nRE1Az3vTcT/vFZqeudBxmWSGpRstqiXCmJiMnmedLlCZsTIEsoUt7cSNqCKMmMjKtkQvPmXF4l/Ur2oenenldplnkYRDuAQjsGDM6jBLdTBBwYCnuEV3pxH58V5dz5mrQUnn9mHP3A+fwC12Y9K</latexit><latexit sha1_base64="yJQ9QD17RE30eJRcZJnCKdXZuxA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FRTxWMLbQhrLZTtulm03c3Qgl9E948aDi1d/jzX/jts1BWx8MPN6bYWZemAiujet+O4Wl5ZXVteJ6aWNza3unvLv3oONUMfRZLGLVDKlGwSX6hhuBzUQhjUKBjXB4NfEbT6g0j+W9GSUYRLQveY8zaqzUbF+jMJTcdMoVt+pOQRaJl5MK5Kh3yl/tbszSCKVhgmrd8tzEBBlVhjOB41I71ZhQNqR9bFkqaYQ6yKb3jsmRVbqkFytb0pCp+nsio5HWoyi0nRE1Az3vTcT/vFZqeudBxmWSGpRstqiXCmJiMnmedLlCZsTIEsoUt7cSNqCKMmMjKtkQvPmXF4l/Ur2oenenldplnkYRDuAQjsGDM6jBLdTBBwYCnuEV3pxH58V5dz5mrQUnn9mHP3A+fwC12Y9K</latexit><latexit sha1_base64="yJQ9QD17RE30eJRcZJnCKdXZuxA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FRTxWMLbQhrLZTtulm03c3Qgl9E948aDi1d/jzX/jts1BWx8MPN6bYWZemAiujet+O4Wl5ZXVteJ6aWNza3unvLv3oONUMfRZLGLVDKlGwSX6hhuBzUQhjUKBjXB4NfEbT6g0j+W9GSUYRLQveY8zaqzUbF+jMJTcdMoVt+pOQRaJl5MK5Kh3yl/tbszSCKVhgmrd8tzEBBlVhjOB41I71ZhQNqR9bFkqaYQ6yKb3jsmRVbqkFytb0pCp+nsio5HWoyi0nRE1Az3vTcT/vFZqeudBxmWSGpRstqiXCmJiMnmedLlCZsTIEsoUt7cSNqCKMmMjKtkQvPmXF4l/Ur2oenenldplnkYRDuAQjsGDM6jBLdTBBwYCnuEV3pxH58V5dz5mrQUnn9mHP3A+fwC12Y9K</latexit><latexit sha1_base64="yJQ9QD17RE30eJRcZJnCKdXZuxA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FRTxWMLbQhrLZTtulm03c3Qgl9E948aDi1d/jzX/jts1BWx8MPN6bYWZemAiujet+O4Wl5ZXVteJ6aWNza3unvLv3oONUMfRZLGLVDKlGwSX6hhuBzUQhjUKBjXB4NfEbT6g0j+W9GSUYRLQveY8zaqzUbF+jMJTcdMoVt+pOQRaJl5MK5Kh3yl/tbszSCKVhgmrd8tzEBBlVhjOB41I71ZhQNqR9bFkqaYQ6yKb3jsmRVbqkFytb0pCp+nsio5HWoyi0nRE1Az3vTcT/vFZqeudBxmWSGpRstqiXCmJiMnmedLlCZsTIEsoUt7cSNqCKMmMjKtkQvPmXF4l/Ur2oenenldplnkYRDuAQjsGDM6jBLdTBBwYCnuEV3pxH58V5dz5mrQUnn9mHP3A+fwC12Y9K</latexit>

W

Extractable work “is” (optimally)

only true in the thermodynamic limit

when fluctuations become irrelevant (law of large numbers).

�F :
<latexit sha1_base64="SEUXtJg2jnz/fw7bPzCSDcA95uI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyK4OMUVMRjBNdEkiXMTnqTIbOzy8ysEJZ8hRcPKl79HW/+jZPHQaMFDUVVN91dYSq4Nq775RQWFpeWV4qrpbX1jc2t8vbOvU4yxdBniUhUM6QaBZfoG24ENlOFNA4FNsLB5dhvPKLSPJF3ZphiENOe5BFn1FjpoX2FwlByfd4pV9yqOwH5S7wZqcAM9U75s91NWBajNExQrVuem5ogp8pwJnBUamcaU8oGtIctSyWNUQf55OARObBKl0SJsiUNmag/J3Iaaz2MQ9sZU9PX895Y/M9rZSY6DXIu08ygZNNFUSaIScj4e9LlCpkRQ0soU9zeSlifKsqMzahkQ/DmX/5L/KPqWdW7Pa7ULmZpFGEP9uEQPDiBGtxAHXxgEMMTvMCro5xn5815n7YWnNnMLvyC8/ENNTOPjg==</latexit><latexit sha1_base64="SEUXtJg2jnz/fw7bPzCSDcA95uI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyK4OMUVMRjBNdEkiXMTnqTIbOzy8ysEJZ8hRcPKl79HW/+jZPHQaMFDUVVN91dYSq4Nq775RQWFpeWV4qrpbX1jc2t8vbOvU4yxdBniUhUM6QaBZfoG24ENlOFNA4FNsLB5dhvPKLSPJF3ZphiENOe5BFn1FjpoX2FwlByfd4pV9yqOwH5S7wZqcAM9U75s91NWBajNExQrVuem5ogp8pwJnBUamcaU8oGtIctSyWNUQf55OARObBKl0SJsiUNmag/J3Iaaz2MQ9sZU9PX895Y/M9rZSY6DXIu08ygZNNFUSaIScj4e9LlCpkRQ0soU9zeSlifKsqMzahkQ/DmX/5L/KPqWdW7Pa7ULmZpFGEP9uEQPDiBGtxAHXxgEMMTvMCro5xn5815n7YWnNnMLvyC8/ENNTOPjg==</latexit><latexit sha1_base64="SEUXtJg2jnz/fw7bPzCSDcA95uI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyK4OMUVMRjBNdEkiXMTnqTIbOzy8ysEJZ8hRcPKl79HW/+jZPHQaMFDUVVN91dYSq4Nq775RQWFpeWV4qrpbX1jc2t8vbOvU4yxdBniUhUM6QaBZfoG24ENlOFNA4FNsLB5dhvPKLSPJF3ZphiENOe5BFn1FjpoX2FwlByfd4pV9yqOwH5S7wZqcAM9U75s91NWBajNExQrVuem5ogp8pwJnBUamcaU8oGtIctSyWNUQf55OARObBKl0SJsiUNmag/J3Iaaz2MQ9sZU9PX895Y/M9rZSY6DXIu08ygZNNFUSaIScj4e9LlCpkRQ0soU9zeSlifKsqMzahkQ/DmX/5L/KPqWdW7Pa7ULmZpFGEP9uEQPDiBGtxAHXxgEMMTvMCro5xn5815n7YWnNnMLvyC8/ENNTOPjg==</latexit><latexit sha1_base64="SEUXtJg2jnz/fw7bPzCSDcA95uI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyK4OMUVMRjBNdEkiXMTnqTIbOzy8ysEJZ8hRcPKl79HW/+jZPHQaMFDUVVN91dYSq4Nq775RQWFpeWV4qrpbX1jc2t8vbOvU4yxdBniUhUM6QaBZfoG24ENlOFNA4FNsLB5dhvPKLSPJF3ZphiENOe5BFn1FjpoX2FwlByfd4pV9yqOwH5S7wZqcAM9U75s91NWBajNExQrVuem5ogp8pwJnBUamcaU8oGtIctSyWNUQf55OARObBKl0SJsiUNmag/J3Iaaz2MQ9sZU9PX895Y/M9rZSY6DXIu08ygZNNFUSaIScj4e9LlCpkRQ0soU9zeSlifKsqMzahkQ/DmX/5L/KPqWdW7Pa7ULmZpFGEP9uEQPDiBGtxAHXxgEMMTvMCro5xn5815n7YWnNnMLvyC8/ENNTOPjg==</latexit>

n ! 1
<latexit sha1_base64="w6Ktcz1santmHB6/bw7JlEmJTuk=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rGFtsQtlsN+3SzW7YnQgh9F948aDi1Z/jzX/jts1BWx8MPN6bYWZelApuwHW/ncrK6tr6RnWztrW9s7tX3z94MCrTlPlUCaW7ETFMcMl84CBYN9WMJJFgnWh8M/U7T0wbruQ95CkLEzKUPOaUgJUeZQAq4DKGvF9vuE13BrxMvJI0UIl2v/4VDBTNEiaBCmJMz3NTCAuigVPBJrUgMywldEyGrGepJAkzYTG7eIJPrDLAsdK2JOCZ+nuiIIkxeRLZzoTAyCx6U/E/r5dBfBkWXKYZMEnni+JMYFB4+j4ecM0oiNwSQjW3t2I6IppQsCHVbAje4svLxD9rXjW9u/NG67pMo4qO0DE6RR66QC10i9rIRxRJ9Ixe0ZtjnBfn3fmYt1accuYQ/YHz+QNXepDl</latexit><latexit sha1_base64="w6Ktcz1santmHB6/bw7JlEmJTuk=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rGFtsQtlsN+3SzW7YnQgh9F948aDi1Z/jzX/jts1BWx8MPN6bYWZelApuwHW/ncrK6tr6RnWztrW9s7tX3z94MCrTlPlUCaW7ETFMcMl84CBYN9WMJJFgnWh8M/U7T0wbruQ95CkLEzKUPOaUgJUeZQAq4DKGvF9vuE13BrxMvJI0UIl2v/4VDBTNEiaBCmJMz3NTCAuigVPBJrUgMywldEyGrGepJAkzYTG7eIJPrDLAsdK2JOCZ+nuiIIkxeRLZzoTAyCx6U/E/r5dBfBkWXKYZMEnni+JMYFB4+j4ecM0oiNwSQjW3t2I6IppQsCHVbAje4svLxD9rXjW9u/NG67pMo4qO0DE6RR66QC10i9rIRxRJ9Ixe0ZtjnBfn3fmYt1accuYQ/YHz+QNXepDl</latexit><latexit sha1_base64="w6Ktcz1santmHB6/bw7JlEmJTuk=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rGFtsQtlsN+3SzW7YnQgh9F948aDi1Z/jzX/jts1BWx8MPN6bYWZelApuwHW/ncrK6tr6RnWztrW9s7tX3z94MCrTlPlUCaW7ETFMcMl84CBYN9WMJJFgnWh8M/U7T0wbruQ95CkLEzKUPOaUgJUeZQAq4DKGvF9vuE13BrxMvJI0UIl2v/4VDBTNEiaBCmJMz3NTCAuigVPBJrUgMywldEyGrGepJAkzYTG7eIJPrDLAsdK2JOCZ+nuiIIkxeRLZzoTAyCx6U/E/r5dBfBkWXKYZMEnni+JMYFB4+j4ecM0oiNwSQjW3t2I6IppQsCHVbAje4svLxD9rXjW9u/NG67pMo4qO0DE6RR66QC10i9rIRxRJ9Ixe0ZtjnBfn3fmYt1accuYQ/YHz+QNXepDl</latexit><latexit sha1_base64="w6Ktcz1santmHB6/bw7JlEmJTuk=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rGFtsQtlsN+3SzW7YnQgh9F948aDi1Z/jzX/jts1BWx8MPN6bYWZelApuwHW/ncrK6tr6RnWztrW9s7tX3z94MCrTlPlUCaW7ETFMcMl84CBYN9WMJJFgnWh8M/U7T0wbruQ95CkLEzKUPOaUgJUeZQAq4DKGvF9vuE13BrxMvJI0UIl2v/4VDBTNEiaBCmJMz3NTCAuigVPBJrUgMywldEyGrGepJAkzYTG7eIJPrDLAsdK2JOCZ+nuiIIkxeRLZzoTAyCx6U/E/r5dBfBkWXKYZMEnni+JMYFB4+j4ecM0oiNwSQjW3t2I6IppQsCHVbAje4svLxD9rXjW9u/NG67pMo4qO0DE6RR66QC10i9rIRxRJ9Ixe0ZtjnBfn3fmYt1accuYQ/YHz+QNXepDl</latexit>

1. Resource-theoretic thermo



Standard view: thermodynamic limit

But what do we do for “small” (quantum?) or strongly 
correlated systems? Work     its fluctuations       reliability?⇡<latexit sha1_base64="zSeINC7mBfKT7PUA/yJdG943/8Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXis4NpCu5Rsmm1Ds0lIsmJZ+iO8eFDx6v/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmlldW19o7xZ2dre2d2r7h88GJlpQkMiudTtGBvKmaChZZbTttIUpzGnrXh0M/Vbj1QbJsW9HSsapXggWMIItk5qdbFSWj71qjW/7s+AlklQkBoUaPaqX92+JFlKhSUcG9MJfGWjHGvLCKeTSjczVGEywgPacVTglJoon507QSdO6aNEalfCopn6eyLHqTHjNHadKbZDs+hNxf+8TmaTyyhnQmWWCjJflGQcWYmmv6M+05RYPnYEE83crYgMscbEuoQqLoRg8eVlEp7Vr+rB3XmtcV2kUYYjOIZTCOACGnALTQiBwAie4RXePOW9eO/ex7y15BUzh/AH3ucP/zWPig==</latexit><latexit sha1_base64="zSeINC7mBfKT7PUA/yJdG943/8Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXis4NpCu5Rsmm1Ds0lIsmJZ+iO8eFDx6v/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmlldW19o7xZ2dre2d2r7h88GJlpQkMiudTtGBvKmaChZZbTttIUpzGnrXh0M/Vbj1QbJsW9HSsapXggWMIItk5qdbFSWj71qjW/7s+AlklQkBoUaPaqX92+JFlKhSUcG9MJfGWjHGvLCKeTSjczVGEywgPacVTglJoon507QSdO6aNEalfCopn6eyLHqTHjNHadKbZDs+hNxf+8TmaTyyhnQmWWCjJflGQcWYmmv6M+05RYPnYEE83crYgMscbEuoQqLoRg8eVlEp7Vr+rB3XmtcV2kUYYjOIZTCOACGnALTQiBwAie4RXePOW9eO/ex7y15BUzh/AH3ucP/zWPig==</latexit><latexit sha1_base64="zSeINC7mBfKT7PUA/yJdG943/8Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXis4NpCu5Rsmm1Ds0lIsmJZ+iO8eFDx6v/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmlldW19o7xZ2dre2d2r7h88GJlpQkMiudTtGBvKmaChZZbTttIUpzGnrXh0M/Vbj1QbJsW9HSsapXggWMIItk5qdbFSWj71qjW/7s+AlklQkBoUaPaqX92+JFlKhSUcG9MJfGWjHGvLCKeTSjczVGEywgPacVTglJoon507QSdO6aNEalfCopn6eyLHqTHjNHadKbZDs+hNxf+8TmaTyyhnQmWWCjJflGQcWYmmv6M+05RYPnYEE83crYgMscbEuoQqLoRg8eVlEp7Vr+rB3XmtcV2kUYYjOIZTCOACGnALTQiBwAie4RXePOW9eO/ex7y15BUzh/AH3ucP/zWPig==</latexit><latexit sha1_base64="zSeINC7mBfKT7PUA/yJdG943/8Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXis4NpCu5Rsmm1Ds0lIsmJZ+iO8eFDx6v/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmlldW19o7xZ2dre2d2r7h88GJlpQkMiudTtGBvKmaChZZbTttIUpzGnrXh0M/Vbj1QbJsW9HSsapXggWMIItk5qdbFSWj71qjW/7s+AlklQkBoUaPaqX92+JFlKhSUcG9MJfGWjHGvLCKeTSjczVGEywgPacVTglJoon507QSdO6aNEalfCopn6eyLHqTHjNHadKbZDs+hNxf+8TmaTyyhnQmWWCjJflGQcWYmmv6M+05RYPnYEE83crYgMscbEuoQqLoRg8eVlEp7Vr+rB3XmtcV2kUYYjOIZTCOACGnALTQiBwAie4RXePOW9eO/ex7y15BUzh/AH3ucP/zWPig==</latexit>

1. Resource-theoretic thermo



Standard view: thermodynamic limit

But what do we do for “small” (quantum?) or strongly 
correlated systems? Work     its fluctuations       reliability?⇡<latexit sha1_base64="zSeINC7mBfKT7PUA/yJdG943/8Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXis4NpCu5Rsmm1Ds0lIsmJZ+iO8eFDx6v/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmlldW19o7xZ2dre2d2r7h88GJlpQkMiudTtGBvKmaChZZbTttIUpzGnrXh0M/Vbj1QbJsW9HSsapXggWMIItk5qdbFSWj71qjW/7s+AlklQkBoUaPaqX92+JFlKhSUcG9MJfGWjHGvLCKeTSjczVGEywgPacVTglJoon507QSdO6aNEalfCopn6eyLHqTHjNHadKbZDs+hNxf+8TmaTyyhnQmWWCjJflGQcWYmmv6M+05RYPnYEE83crYgMscbEuoQqLoRg8eVlEp7Vr+rB3XmtcV2kUYYjOIZTCOACGnALTQiBwAie4RXePOW9eO/ex7y15BUzh/AH3ucP/zWPig==</latexit><latexit sha1_base64="zSeINC7mBfKT7PUA/yJdG943/8Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXis4NpCu5Rsmm1Ds0lIsmJZ+iO8eFDx6v/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmlldW19o7xZ2dre2d2r7h88GJlpQkMiudTtGBvKmaChZZbTttIUpzGnrXh0M/Vbj1QbJsW9HSsapXggWMIItk5qdbFSWj71qjW/7s+AlklQkBoUaPaqX92+JFlKhSUcG9MJfGWjHGvLCKeTSjczVGEywgPacVTglJoon507QSdO6aNEalfCopn6eyLHqTHjNHadKbZDs+hNxf+8TmaTyyhnQmWWCjJflGQcWYmmv6M+05RYPnYEE83crYgMscbEuoQqLoRg8eVlEp7Vr+rB3XmtcV2kUYYjOIZTCOACGnALTQiBwAie4RXePOW9eO/ex7y15BUzh/AH3ucP/zWPig==</latexit><latexit sha1_base64="zSeINC7mBfKT7PUA/yJdG943/8Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXis4NpCu5Rsmm1Ds0lIsmJZ+iO8eFDx6v/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmlldW19o7xZ2dre2d2r7h88GJlpQkMiudTtGBvKmaChZZbTttIUpzGnrXh0M/Vbj1QbJsW9HSsapXggWMIItk5qdbFSWj71qjW/7s+AlklQkBoUaPaqX92+JFlKhSUcG9MJfGWjHGvLCKeTSjczVGEywgPacVTglJoon507QSdO6aNEalfCopn6eyLHqTHjNHadKbZDs+hNxf+8TmaTyyhnQmWWCjJflGQcWYmmv6M+05RYPnYEE83crYgMscbEuoQqLoRg8eVlEp7Vr+rB3XmtcV2kUYYjOIZTCOACGnALTQiBwAie4RXePOW9eO/ex7y15BUzh/AH3ucP/zWPig==</latexit><latexit sha1_base64="zSeINC7mBfKT7PUA/yJdG943/8Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXis4NpCu5Rsmm1Ds0lIsmJZ+iO8eFDx6v/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmlldW19o7xZ2dre2d2r7h88GJlpQkMiudTtGBvKmaChZZbTttIUpzGnrXh0M/Vbj1QbJsW9HSsapXggWMIItk5qdbFSWj71qjW/7s+AlklQkBoUaPaqX92+JFlKhSUcG9MJfGWjHGvLCKeTSjczVGEywgPacVTglJoon507QSdO6aNEalfCopn6eyLHqTHjNHadKbZDs+hNxf+8TmaTyyhnQmWWCjJflGQcWYmmv6M+05RYPnYEE83crYgMscbEuoQqLoRg8eVlEp7Vr+rB3XmtcV2kUYYjOIZTCOACGnALTQiBwAie4RXePOW9eO/ex7y15BUzh/AH3ucP/zWPig==</latexit>

?
1/2 1/2 1 0

Impossible since entropy decreases ) �F > 0.
<latexit sha1_base64="STtg7GmX4PN3UNZlI7sV0v0xpn0=">AAAB/3icbVBNS8NAEN3Ur1q/oh48eFksgqeQiKBepKiIxyrGFppQNttNu3Tzwe5EKaEX/4oXDype/Rve/Ddu2xy09cHA470ZZuYFqeAKbPvbKM3NLywulZcrK6tr6xvm5ta9SjJJmUsTkchmQBQTPGYucBCsmUpGokCwRtC/GPmNByYVT+I7GKTMj0g35iGnBLTUNne8W97tAZEyecTeJRNA8NWZbbXNqm3ZY+BZ4hSkigrU2+aX10loFrEYqCBKtRw7BT8nEjgVbFjxMsVSQvuky1qaxiRiys/HDwzxvlY6OEykrhjwWP09kZNIqUEU6M6IQE9NeyPxP6+VQXji5zxOM2AxnSwKM4EhwaM0cIdLRkEMNCFUcn0rpj0iCQWdWUWH4Ey/PEvcQ+vUcm6OqrXzIo0y2kV76AA56BjV0DWqIxdRNETP6BW9GU/Gi/FufExaS0Yxs43+wPj8AaEAlVI=</latexit><latexit sha1_base64="STtg7GmX4PN3UNZlI7sV0v0xpn0=">AAAB/3icbVBNS8NAEN3Ur1q/oh48eFksgqeQiKBepKiIxyrGFppQNttNu3Tzwe5EKaEX/4oXDype/Rve/Ddu2xy09cHA470ZZuYFqeAKbPvbKM3NLywulZcrK6tr6xvm5ta9SjJJmUsTkchmQBQTPGYucBCsmUpGokCwRtC/GPmNByYVT+I7GKTMj0g35iGnBLTUNne8W97tAZEyecTeJRNA8NWZbbXNqm3ZY+BZ4hSkigrU2+aX10loFrEYqCBKtRw7BT8nEjgVbFjxMsVSQvuky1qaxiRiys/HDwzxvlY6OEykrhjwWP09kZNIqUEU6M6IQE9NeyPxP6+VQXji5zxOM2AxnSwKM4EhwaM0cIdLRkEMNCFUcn0rpj0iCQWdWUWH4Ey/PEvcQ+vUcm6OqrXzIo0y2kV76AA56BjV0DWqIxdRNETP6BW9GU/Gi/FufExaS0Yxs43+wPj8AaEAlVI=</latexit><latexit sha1_base64="STtg7GmX4PN3UNZlI7sV0v0xpn0=">AAAB/3icbVBNS8NAEN3Ur1q/oh48eFksgqeQiKBepKiIxyrGFppQNttNu3Tzwe5EKaEX/4oXDype/Rve/Ddu2xy09cHA470ZZuYFqeAKbPvbKM3NLywulZcrK6tr6xvm5ta9SjJJmUsTkchmQBQTPGYucBCsmUpGokCwRtC/GPmNByYVT+I7GKTMj0g35iGnBLTUNne8W97tAZEyecTeJRNA8NWZbbXNqm3ZY+BZ4hSkigrU2+aX10loFrEYqCBKtRw7BT8nEjgVbFjxMsVSQvuky1qaxiRiys/HDwzxvlY6OEykrhjwWP09kZNIqUEU6M6IQE9NeyPxP6+VQXji5zxOM2AxnSwKM4EhwaM0cIdLRkEMNCFUcn0rpj0iCQWdWUWH4Ey/PEvcQ+vUcm6OqrXzIo0y2kV76AA56BjV0DWqIxdRNETP6BW9GU/Gi/FufExaS0Yxs43+wPj8AaEAlVI=</latexit><latexit sha1_base64="STtg7GmX4PN3UNZlI7sV0v0xpn0=">AAAB/3icbVBNS8NAEN3Ur1q/oh48eFksgqeQiKBepKiIxyrGFppQNttNu3Tzwe5EKaEX/4oXDype/Rve/Ddu2xy09cHA470ZZuYFqeAKbPvbKM3NLywulZcrK6tr6xvm5ta9SjJJmUsTkchmQBQTPGYucBCsmUpGokCwRtC/GPmNByYVT+I7GKTMj0g35iGnBLTUNne8W97tAZEyecTeJRNA8NWZbbXNqm3ZY+BZ4hSkigrU2+aX10loFrEYqCBKtRw7BT8nEjgVbFjxMsVSQvuky1qaxiRiys/HDwzxvlY6OEykrhjwWP09kZNIqUEU6M6IQE9NeyPxP6+VQXji5zxOM2AxnSwKM4EhwaM0cIdLRkEMNCFUcn0rpj0iCQWdWUWH4Ey/PEvcQ+vUcm6OqrXzIo0y2kV76AA56BjV0DWqIxdRNETP6BW9GU/Gi/FufExaS0Yxs43+wPj8AaEAlVI=</latexit>

Landauer 
erasure:

1. Resource-theoretic thermo



Standard view: thermodynamic limit

But what do we do for “small” (quantum?) or strongly 
correlated systems? Work     its fluctuations       reliability?⇡<latexit sha1_base64="zSeINC7mBfKT7PUA/yJdG943/8Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXis4NpCu5Rsmm1Ds0lIsmJZ+iO8eFDx6v/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmlldW19o7xZ2dre2d2r7h88GJlpQkMiudTtGBvKmaChZZbTttIUpzGnrXh0M/Vbj1QbJsW9HSsapXggWMIItk5qdbFSWj71qjW/7s+AlklQkBoUaPaqX92+JFlKhSUcG9MJfGWjHGvLCKeTSjczVGEywgPacVTglJoon507QSdO6aNEalfCopn6eyLHqTHjNHadKbZDs+hNxf+8TmaTyyhnQmWWCjJflGQcWYmmv6M+05RYPnYEE83crYgMscbEuoQqLoRg8eVlEp7Vr+rB3XmtcV2kUYYjOIZTCOACGnALTQiBwAie4RXePOW9eO/ex7y15BUzh/AH3ucP/zWPig==</latexit><latexit sha1_base64="zSeINC7mBfKT7PUA/yJdG943/8Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXis4NpCu5Rsmm1Ds0lIsmJZ+iO8eFDx6v/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmlldW19o7xZ2dre2d2r7h88GJlpQkMiudTtGBvKmaChZZbTttIUpzGnrXh0M/Vbj1QbJsW9HSsapXggWMIItk5qdbFSWj71qjW/7s+AlklQkBoUaPaqX92+JFlKhSUcG9MJfGWjHGvLCKeTSjczVGEywgPacVTglJoon507QSdO6aNEalfCopn6eyLHqTHjNHadKbZDs+hNxf+8TmaTyyhnQmWWCjJflGQcWYmmv6M+05RYPnYEE83crYgMscbEuoQqLoRg8eVlEp7Vr+rB3XmtcV2kUYYjOIZTCOACGnALTQiBwAie4RXePOW9eO/ex7y15BUzh/AH3ucP/zWPig==</latexit><latexit sha1_base64="zSeINC7mBfKT7PUA/yJdG943/8Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXis4NpCu5Rsmm1Ds0lIsmJZ+iO8eFDx6v/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmlldW19o7xZ2dre2d2r7h88GJlpQkMiudTtGBvKmaChZZbTttIUpzGnrXh0M/Vbj1QbJsW9HSsapXggWMIItk5qdbFSWj71qjW/7s+AlklQkBoUaPaqX92+JFlKhSUcG9MJfGWjHGvLCKeTSjczVGEywgPacVTglJoon507QSdO6aNEalfCopn6eyLHqTHjNHadKbZDs+hNxf+8TmaTyyhnQmWWCjJflGQcWYmmv6M+05RYPnYEE83crYgMscbEuoQqLoRg8eVlEp7Vr+rB3XmtcV2kUYYjOIZTCOACGnALTQiBwAie4RXePOW9eO/ex7y15BUzh/AH3ucP/zWPig==</latexit><latexit sha1_base64="zSeINC7mBfKT7PUA/yJdG943/8Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXis4NpCu5Rsmm1Ds0lIsmJZ+iO8eFDx6v/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmlldW19o7xZ2dre2d2r7h88GJlpQkMiudTtGBvKmaChZZbTttIUpzGnrXh0M/Vbj1QbJsW9HSsapXggWMIItk5qdbFSWj71qjW/7s+AlklQkBoUaPaqX92+JFlKhSUcG9MJfGWjHGvLCKeTSjczVGEywgPacVTglJoon507QSdO6aNEalfCopn6eyLHqTHjNHadKbZDs+hNxf+8TmaTyyhnQmWWCjJflGQcWYmmv6M+05RYPnYEE83crYgMscbEuoQqLoRg8eVlEp7Vr+rB3XmtcV2kUYYjOIZTCOACGnALTQiBwAie4RXePOW9eO/ex7y15BUzh/AH3ucP/zWPig==</latexit>

?
1/2 1/2 1 0

Impossible since entropy decreases ) �F > 0.
<latexit sha1_base64="STtg7GmX4PN3UNZlI7sV0v0xpn0=">AAAB/3icbVBNS8NAEN3Ur1q/oh48eFksgqeQiKBepKiIxyrGFppQNttNu3Tzwe5EKaEX/4oXDype/Rve/Ddu2xy09cHA470ZZuYFqeAKbPvbKM3NLywulZcrK6tr6xvm5ta9SjJJmUsTkchmQBQTPGYucBCsmUpGokCwRtC/GPmNByYVT+I7GKTMj0g35iGnBLTUNne8W97tAZEyecTeJRNA8NWZbbXNqm3ZY+BZ4hSkigrU2+aX10loFrEYqCBKtRw7BT8nEjgVbFjxMsVSQvuky1qaxiRiys/HDwzxvlY6OEykrhjwWP09kZNIqUEU6M6IQE9NeyPxP6+VQXji5zxOM2AxnSwKM4EhwaM0cIdLRkEMNCFUcn0rpj0iCQWdWUWH4Ey/PEvcQ+vUcm6OqrXzIo0y2kV76AA56BjV0DWqIxdRNETP6BW9GU/Gi/FufExaS0Yxs43+wPj8AaEAlVI=</latexit><latexit sha1_base64="STtg7GmX4PN3UNZlI7sV0v0xpn0=">AAAB/3icbVBNS8NAEN3Ur1q/oh48eFksgqeQiKBepKiIxyrGFppQNttNu3Tzwe5EKaEX/4oXDype/Rve/Ddu2xy09cHA470ZZuYFqeAKbPvbKM3NLywulZcrK6tr6xvm5ta9SjJJmUsTkchmQBQTPGYucBCsmUpGokCwRtC/GPmNByYVT+I7GKTMj0g35iGnBLTUNne8W97tAZEyecTeJRNA8NWZbbXNqm3ZY+BZ4hSkigrU2+aX10loFrEYqCBKtRw7BT8nEjgVbFjxMsVSQvuky1qaxiRiys/HDwzxvlY6OEykrhjwWP09kZNIqUEU6M6IQE9NeyPxP6+VQXji5zxOM2AxnSwKM4EhwaM0cIdLRkEMNCFUcn0rpj0iCQWdWUWH4Ey/PEvcQ+vUcm6OqrXzIo0y2kV76AA56BjV0DWqIxdRNETP6BW9GU/Gi/FufExaS0Yxs43+wPj8AaEAlVI=</latexit><latexit sha1_base64="STtg7GmX4PN3UNZlI7sV0v0xpn0=">AAAB/3icbVBNS8NAEN3Ur1q/oh48eFksgqeQiKBepKiIxyrGFppQNttNu3Tzwe5EKaEX/4oXDype/Rve/Ddu2xy09cHA470ZZuYFqeAKbPvbKM3NLywulZcrK6tr6xvm5ta9SjJJmUsTkchmQBQTPGYucBCsmUpGokCwRtC/GPmNByYVT+I7GKTMj0g35iGnBLTUNne8W97tAZEyecTeJRNA8NWZbbXNqm3ZY+BZ4hSkigrU2+aX10loFrEYqCBKtRw7BT8nEjgVbFjxMsVSQvuky1qaxiRiys/HDwzxvlY6OEykrhjwWP09kZNIqUEU6M6IQE9NeyPxP6+VQXji5zxOM2AxnSwKM4EhwaM0cIdLRkEMNCFUcn0rpj0iCQWdWUWH4Ey/PEvcQ+vUcm6OqrXzIo0y2kV76AA56BjV0DWqIxdRNETP6BW9GU/Gi/FufExaS0Yxs43+wPj8AaEAlVI=</latexit><latexit sha1_base64="STtg7GmX4PN3UNZlI7sV0v0xpn0=">AAAB/3icbVBNS8NAEN3Ur1q/oh48eFksgqeQiKBepKiIxyrGFppQNttNu3Tzwe5EKaEX/4oXDype/Rve/Ddu2xy09cHA470ZZuYFqeAKbPvbKM3NLywulZcrK6tr6xvm5ta9SjJJmUsTkchmQBQTPGYucBCsmUpGokCwRtC/GPmNByYVT+I7GKTMj0g35iGnBLTUNne8W97tAZEyecTeJRNA8NWZbbXNqm3ZY+BZ4hSkigrU2+aX10loFrEYqCBKtRw7BT8nEjgVbFjxMsVSQvuky1qaxiRiys/HDwzxvlY6OEykrhjwWP09kZNIqUEU6M6IQE9NeyPxP6+VQXji5zxOM2AxnSwKM4EhwaM0cIdLRkEMNCFUcn0rpj0iCQWdWUWH4Ey/PEvcQ+vUcm6OqrXzIo0y2kV76AA56BjV0DWqIxdRNETP6BW9GU/Gi/FufExaS0Yxs43+wPj8AaEAlVI=</latexit>

Landauer 
erasure:

But: Bennett’s 
puzzle:
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<latexit sha1_base64="2jKfNukIMtPZAn58B6T+abdz46g="></latexit><latexit sha1_base64="2jKfNukIMtPZAn58B6T+abdz46g="></latexit><latexit sha1_base64="2jKfNukIMtPZAn58B6T+abdz46g="></latexit><latexit sha1_base64="2jKfNukIMtPZAn58B6T+abdz46g="></latexit>

has �S > 0 ) �F < 0
<latexit sha1_base64="djy19bZvz1KMw1w7mAWU7B7Peos=">AAACCHicbVDLSsNAFJ3UV62vqEs3g0VwVRIRVBApKuKyPmILTSiT6aQdOnkwc6OU0K0bf8WNCxW3foI7/8ZpG0GrBy4czrmXe+/xE8EVWNanUZianpmdK86XFhaXllfM1bUbFaeSMofGIpYNnygmeMQc4CBYI5GMhL5gdb93MvTrt0wqHkfX0E+YF5JOxANOCWipZWL3lAkg+OrIci95pwtEyvjuWz07tFpm2apYI+C/xM5JGeWotcwPtx3TNGQRUEGUatpWAl5GJHAq2KDkpoolhPZIhzU1jUjIlJeNPhngLa20cRBLXRHgkfpzIiOhUv3Q150hga6a9Ibif14zhWDfy3iUpMAiOl4UpAJDjIex4DaXjILoa0Ko5PpWTLtEEgo6vJIOwZ58+S9xdioHFftit1w9ztMoog20ibaRjfZQFZ2jGnIQRffoET2jF+PBeDJejbdxa8HIZ9bRLxjvX7jxmKM=</latexit><latexit sha1_base64="djy19bZvz1KMw1w7mAWU7B7Peos=">AAACCHicbVDLSsNAFJ3UV62vqEs3g0VwVRIRVBApKuKyPmILTSiT6aQdOnkwc6OU0K0bf8WNCxW3foI7/8ZpG0GrBy4czrmXe+/xE8EVWNanUZianpmdK86XFhaXllfM1bUbFaeSMofGIpYNnygmeMQc4CBYI5GMhL5gdb93MvTrt0wqHkfX0E+YF5JOxANOCWipZWL3lAkg+OrIci95pwtEyvjuWz07tFpm2apYI+C/xM5JGeWotcwPtx3TNGQRUEGUatpWAl5GJHAq2KDkpoolhPZIhzU1jUjIlJeNPhngLa20cRBLXRHgkfpzIiOhUv3Q150hga6a9Ibif14zhWDfy3iUpMAiOl4UpAJDjIex4DaXjILoa0Ko5PpWTLtEEgo6vJIOwZ58+S9xdioHFftit1w9ztMoog20ibaRjfZQFZ2jGnIQRffoET2jF+PBeDJejbdxa8HIZ9bRLxjvX7jxmKM=</latexit><latexit sha1_base64="djy19bZvz1KMw1w7mAWU7B7Peos=">AAACCHicbVDLSsNAFJ3UV62vqEs3g0VwVRIRVBApKuKyPmILTSiT6aQdOnkwc6OU0K0bf8WNCxW3foI7/8ZpG0GrBy4czrmXe+/xE8EVWNanUZianpmdK86XFhaXllfM1bUbFaeSMofGIpYNnygmeMQc4CBYI5GMhL5gdb93MvTrt0wqHkfX0E+YF5JOxANOCWipZWL3lAkg+OrIci95pwtEyvjuWz07tFpm2apYI+C/xM5JGeWotcwPtx3TNGQRUEGUatpWAl5GJHAq2KDkpoolhPZIhzU1jUjIlJeNPhngLa20cRBLXRHgkfpzIiOhUv3Q150hga6a9Ibif14zhWDfy3iUpMAiOl4UpAJDjIex4DaXjILoa0Ko5PpWTLtEEgo6vJIOwZ58+S9xdioHFftit1w9ztMoog20ibaRjfZQFZ2jGnIQRffoET2jF+PBeDJejbdxa8HIZ9bRLxjvX7jxmKM=</latexit><latexit sha1_base64="djy19bZvz1KMw1w7mAWU7B7Peos=">AAACCHicbVDLSsNAFJ3UV62vqEs3g0VwVRIRVBApKuKyPmILTSiT6aQdOnkwc6OU0K0bf8WNCxW3foI7/8ZpG0GrBy4czrmXe+/xE8EVWNanUZianpmdK86XFhaXllfM1bUbFaeSMofGIpYNnygmeMQc4CBYI5GMhL5gdb93MvTrt0wqHkfX0E+YF5JOxANOCWipZWL3lAkg+OrIci95pwtEyvjuWz07tFpm2apYI+C/xM5JGeWotcwPtx3TNGQRUEGUatpWAl5GJHAq2KDkpoolhPZIhzU1jUjIlJeNPhngLa20cRBLXRHgkfpzIiOhUv3Q150hga6a9Ibif14zhWDfy3iUpMAiOl4UpAJDjIex4DaXjILoa0Ko5PpWTLtEEgo6vJIOwZ58+S9xdioHFftit1w9ztMoog20ibaRjfZQFZ2jGnIQRffoET2jF+PBeDJejbdxa8HIZ9bRLxjvX7jxmKM=</latexit>

but should be impossible

1. Resource-theoretic thermo



Standard view: thermodynamic limit

But what do we do for “small” (quantum?) or strongly 
correlated systems? Work     its fluctuations       reliability?⇡<latexit sha1_base64="zSeINC7mBfKT7PUA/yJdG943/8Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXis4NpCu5Rsmm1Ds0lIsmJZ+iO8eFDx6v/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmlldW19o7xZ2dre2d2r7h88GJlpQkMiudTtGBvKmaChZZbTttIUpzGnrXh0M/Vbj1QbJsW9HSsapXggWMIItk5qdbFSWj71qjW/7s+AlklQkBoUaPaqX92+JFlKhSUcG9MJfGWjHGvLCKeTSjczVGEywgPacVTglJoon507QSdO6aNEalfCopn6eyLHqTHjNHadKbZDs+hNxf+8TmaTyyhnQmWWCjJflGQcWYmmv6M+05RYPnYEE83crYgMscbEuoQqLoRg8eVlEp7Vr+rB3XmtcV2kUYYjOIZTCOACGnALTQiBwAie4RXePOW9eO/ex7y15BUzh/AH3ucP/zWPig==</latexit><latexit sha1_base64="zSeINC7mBfKT7PUA/yJdG943/8Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXis4NpCu5Rsmm1Ds0lIsmJZ+iO8eFDx6v/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmlldW19o7xZ2dre2d2r7h88GJlpQkMiudTtGBvKmaChZZbTttIUpzGnrXh0M/Vbj1QbJsW9HSsapXggWMIItk5qdbFSWj71qjW/7s+AlklQkBoUaPaqX92+JFlKhSUcG9MJfGWjHGvLCKeTSjczVGEywgPacVTglJoon507QSdO6aNEalfCopn6eyLHqTHjNHadKbZDs+hNxf+8TmaTyyhnQmWWCjJflGQcWYmmv6M+05RYPnYEE83crYgMscbEuoQqLoRg8eVlEp7Vr+rB3XmtcV2kUYYjOIZTCOACGnALTQiBwAie4RXePOW9eO/ex7y15BUzh/AH3ucP/zWPig==</latexit><latexit sha1_base64="zSeINC7mBfKT7PUA/yJdG943/8Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXis4NpCu5Rsmm1Ds0lIsmJZ+iO8eFDx6v/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmlldW19o7xZ2dre2d2r7h88GJlpQkMiudTtGBvKmaChZZbTttIUpzGnrXh0M/Vbj1QbJsW9HSsapXggWMIItk5qdbFSWj71qjW/7s+AlklQkBoUaPaqX92+JFlKhSUcG9MJfGWjHGvLCKeTSjczVGEywgPacVTglJoon507QSdO6aNEalfCopn6eyLHqTHjNHadKbZDs+hNxf+8TmaTyyhnQmWWCjJflGQcWYmmv6M+05RYPnYEE83crYgMscbEuoQqLoRg8eVlEp7Vr+rB3XmtcV2kUYYjOIZTCOACGnALTQiBwAie4RXePOW9eO/ex7y15BUzh/AH3ucP/zWPig==</latexit><latexit sha1_base64="zSeINC7mBfKT7PUA/yJdG943/8Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXis4NpCu5Rsmm1Ds0lIsmJZ+iO8eFDx6v/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmlldW19o7xZ2dre2d2r7h88GJlpQkMiudTtGBvKmaChZZbTttIUpzGnrXh0M/Vbj1QbJsW9HSsapXggWMIItk5qdbFSWj71qjW/7s+AlklQkBoUaPaqX92+JFlKhSUcG9MJfGWjHGvLCKeTSjczVGEywgPacVTglJoon507QSdO6aNEalfCopn6eyLHqTHjNHadKbZDs+hNxf+8TmaTyyhnQmWWCjJflGQcWYmmv6M+05RYPnYEE83crYgMscbEuoQqLoRg8eVlEp7Vr+rB3XmtcV2kUYYjOIZTCOACGnALTQiBwAie4RXePOW9eO/ex7y15BUzh/AH3ucP/zWPig==</latexit>
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Impossible since entropy decreases ) �F > 0.
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but should be impossible

Free energy F determines possibility of

state transitions only in the thermodynamic limit. 

For single systems, resource theory formulation

gives additional constraints (and


solves Bennett’s puzzle). More soon.

1. Resource-theoretic thermo



Thermodynamics as a resource theory

1. Resource-theoretic thermo
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Thermodynamics as a resource theory

The rules of the game:

• It is “free” to bring in any “bath” B in its thermal 
state 


• strictly energy-preserving unitaries are free,

• and it is free to trace over (ignore) systems.

�B = exp(�HB/(kBT )),
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1. Resource-theoretic thermo

possible, if we can use an additional system σ as a catalyst, i.e., we
may have ρ↛ ρ′ and yet ρ⊗ σ→ ρ′⊗ σ. In the case of thermody-
namics, the catalyst σ may be thought of as a working body or
heat engine which undergoes a cyclic process and is returned
back into its original state. In deciding whether one can trans-
form ρ into ρ′, one therefore needs to ask whether there exists
a working body or other ancillas σ for which ρ⊗ σ→ ρ′⊗ σ (Fig.
1). Thus, thermo-majorization (Fig. 2) should only be applied to
total resources including all possible catalysts and working bodies
and not the system of interest itself. In the case of entanglement
theory, and when the catalyst is returned in exactly the same state,
the criteria for when one pure state may be transformed into
another have been found (6, 7) and they are called trumping
conditions. We will generalize and adapt the trumping conditions
to enable their application to the case of thermodynamics.

Family of Second Laws
Here, we consider all possible cyclic thermodynamical processes,
and show that transition laws are affected by using ancillary
systems which are returned back to their initial state. Rather
than a single free energy that determines which transitions are
possible, we find necessary and sufficient conditions for ther-
modynamic transitions which form not just one but a family of
second laws. We define the free energies

Fα
!
ρ; ρβ

"
dkTDα

!
ρkρβ

"
− kT logZ; [2]

with the Rényi divergences DαðρkρβÞ defined as

Dα
!
ρkρβ

"
=
sgnðαÞ
α− 1

log
X

i

pαi q
1−α
i ; [3]

where pi are the eigenvalues of ρ and qi the eigenvalues of the
thermal state of the system ρβ = e−βHS=Z with Hamiltonian HS,
partition function Z=

P
i;ge

−βEi , and β= 1=T.
We can then state quantum second laws, and ones that hold

for states block diagonal in the energy basis. In the latter case, we
find the following set of second laws:
In the presence of a heat bath of single fixed temperature, the

free energies Fαðρ; ρβÞ do not increase for α≥ 0 That is, ∀α≥ 0,
Fαðρ; ρβÞ≥Fαðρ′; ρβÞ, where ρ and ρ′ are the initial and final
state, respectively. Moreover, if Fαðρ; ρβÞ≥Fαðρ′; ρβÞ holds ∀α≥ 0,

then there exists a catalytic thermal operation that transforms
ρ to ρ′.
We say that the Fαðρ; ρβÞ are monotones––the system always

gets closer to the thermal state, thus the function always de-
creases. By including an auxiliary system as described in ref. 2,
the above statement of the second law is equivalent to the case
where one changes the Hamiltonian of the system, in which case
one could write Fαðρ; ρβÞ≥Fαðρ′; ρβ′Þ, where the initial Hamilto-
nian HS has been changed via external control to the final
Hamiltonian HS′ , with ρβ and ρβ′ being the respective thermal
states. This is described in SI Appendix, section I. Note that in
fact Fαðρ; ρβÞ is a monotone for all α∈ ð−∞;∞Þ but because we
are allowed to borrow a pure state and return it in a state arbi-
trarily close to its initial state, only α≥ 0 is relevant, as can be seen
by noting that if any of the probabilities pi in Eq. 3 are zero, then
for α< 0, Fαðρ; ρβÞ diverges and will thus always be monotonic.
This set of limitations is less stringent than thermo-majoriza-

tion. Not only do these second laws provide limitations, but they
are also sufficient––whenever the free energies of some state ρ
are all greater than for another state ρ′, one can transform ρ into
ρ′. We prove this in SI Appendix. Note that the monotonicity of
[2] establishes a continuous family of conditions, one for each
value of α. However, in the case of larger systems, one can per-
form a quick check, namely: we find that for any distribution p we
can construct smoothed distributions that are very close to p, and
in terms of these smoothed distributions, check two conditions in
terms of the two free energies for α= 0;∞ found in ref. 2. If such
conditions are satisfied on the smoothed distribution, it implies
that the infinite set of conditions is satisfied as well.
For α→ 1, Fαðρ; ρβÞ is equal to the ordinary Helmholtz free en-

ergy FðρÞ, hence our conditions include the ordinary second law
(combined with energy conservation), and we thus see that it is
merely one of many constraints on thermodynamical state transitions.
In the macroscopic regime, and for systems which are not

highly correlated, then Fαðρ; ρβÞ≈F1ðρ; ρβÞ for all α (2, 8), which
explains why the single constraint given by the usual second law
is more or less adequate in this limit. It was previously found that
the quantity FminðρÞ, defined in ref. 2, gives the maximal amount
of work extractable from a system in contact with a reservoir
under all thermal operations (2) (by transforming it to a thermal
state in equilibrium with the bath). This is also the relevant
quantity in a model of alternating adiabatic and isothermal
operations (9). We see this in our newly derived second laws as

Fig. 1. In the microregime, when can a state ρS with Hamiltonian HS be transformed to a state ρS′ and Hamiltonian HS′? To do so, one can couple the system to a
heat bath ρβ = e−βHR=Z with Hamiltonian HR and use any devices as long as they are returned back in their original state (thus wemay think of them as a catalyst––σ)
and we are allowed to perform any action as long as we preserve the overall energy (see below for a more detailed description of these operations, which we call
catalytic thermal operations). Loosely speaking, our second law says that ρS can transit to ρS′ if and only if ρS′ is closer to the thermal state ρβ of the system at inverse
temperature β with respect to all Rényi divergences. In the thermodynamic limit, all these quantities converge so that we recover the usual second law.
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<latexit sha1_base64="C1lMnwaCEzqSnIeR6ABp27qILB4=">AAACBHicbVBNSwMxEM3Wr1q/qh71ECxCC1p3RVAPQqmXHit0baFdlmyabUOT7JJkxVJ68eJf8eJBxas/wpv/xrTdg1YfDDzem2FmXhAzqrRtf1mZhcWl5ZXsam5tfWNzK7+9c6uiRGLi4ohFshUgRRgVxNVUM9KKJUE8YKQZDK4nfvOOSEUj0dDDmHgc9QQNKUbaSH5+v9NDnCO/etUh93HxuOZXT4oDvwobpdKRny/YZXsK+Jc4KSmAFHU//9npRjjhRGjMkFJtx461N0JSU8zIONdJFIkRHqAeaRsqECfKG02/GMNDo3RhGElTQsOp+nNihLhSQx6YTo50X817E/E/r53o8MIbUREnmgg8WxQmDOoITiKBXSoJ1mxoCMKSmlsh7iOJsDbB5UwIzvzLf4l7Wr4sOzdnhUo1TSML9sABKAIHnIMKqIE6cAEGD+AJvIBX69F6tt6s91lrxkpndsEvWB/fT32WEA==</latexit><latexit sha1_base64="C1lMnwaCEzqSnIeR6ABp27qILB4=">AAACBHicbVBNSwMxEM3Wr1q/qh71ECxCC1p3RVAPQqmXHit0baFdlmyabUOT7JJkxVJ68eJf8eJBxas/wpv/xrTdg1YfDDzem2FmXhAzqrRtf1mZhcWl5ZXsam5tfWNzK7+9c6uiRGLi4ohFshUgRRgVxNVUM9KKJUE8YKQZDK4nfvOOSEUj0dDDmHgc9QQNKUbaSH5+v9NDnCO/etUh93HxuOZXT4oDvwobpdKRny/YZXsK+Jc4KSmAFHU//9npRjjhRGjMkFJtx461N0JSU8zIONdJFIkRHqAeaRsqECfKG02/GMNDo3RhGElTQsOp+nNihLhSQx6YTo50X817E/E/r53o8MIbUREnmgg8WxQmDOoITiKBXSoJ1mxoCMKSmlsh7iOJsDbB5UwIzvzLf4l7Wr4sOzdnhUo1TSML9sABKAIHnIMKqIE6cAEGD+AJvIBX69F6tt6s91lrxkpndsEvWB/fT32WEA==</latexit><latexit sha1_base64="C1lMnwaCEzqSnIeR6ABp27qILB4=">AAACBHicbVBNSwMxEM3Wr1q/qh71ECxCC1p3RVAPQqmXHit0baFdlmyabUOT7JJkxVJ68eJf8eJBxas/wpv/xrTdg1YfDDzem2FmXhAzqrRtf1mZhcWl5ZXsam5tfWNzK7+9c6uiRGLi4ohFshUgRRgVxNVUM9KKJUE8YKQZDK4nfvOOSEUj0dDDmHgc9QQNKUbaSH5+v9NDnCO/etUh93HxuOZXT4oDvwobpdKRny/YZXsK+Jc4KSmAFHU//9npRjjhRGjMkFJtx461N0JSU8zIONdJFIkRHqAeaRsqECfKG02/GMNDo3RhGElTQsOp+nNihLhSQx6YTo50X817E/E/r53o8MIbUREnmgg8WxQmDOoITiKBXSoJ1mxoCMKSmlsh7iOJsDbB5UwIzvzLf4l7Wr4sOzdnhUo1TSML9sABKAIHnIMKqIE6cAEGD+AJvIBX69F6tt6s91lrxkpndsEvWB/fT32WEA==</latexit><latexit sha1_base64="C1lMnwaCEzqSnIeR6ABp27qILB4=">AAACBHicbVBNSwMxEM3Wr1q/qh71ECxCC1p3RVAPQqmXHit0baFdlmyabUOT7JJkxVJ68eJf8eJBxas/wpv/xrTdg1YfDDzem2FmXhAzqrRtf1mZhcWl5ZXsam5tfWNzK7+9c6uiRGLi4ohFshUgRRgVxNVUM9KKJUE8YKQZDK4nfvOOSEUj0dDDmHgc9QQNKUbaSH5+v9NDnCO/etUh93HxuOZXT4oDvwobpdKRny/YZXsK+Jc4KSmAFHU//9npRjjhRGjMkFJtx461N0JSU8zIONdJFIkRHqAeaRsqECfKG02/GMNDo3RhGElTQsOp+nNihLhSQx6YTo50X817E/E/r53o8MIbUREnmgg8WxQmDOoITiKBXSoJ1mxoCMKSmlsh7iOJsDbB5UwIzvzLf4l7Wr4sOzdnhUo1TSML9sABKAIHnIMKqIE6cAEGD+AJvIBX69F6tt6s91lrxkpndsEvWB/fT32WEA==</latexit>

1. Resource-theoretic thermo

T (⇢A) = TrB
h
UAB (⇢A ⌦ �B)U

†
AB

i

<latexit sha1_base64="hffXdC3ma9DF8Gc+U0tAV9uJSnQ="></latexit><latexit sha1_base64="hffXdC3ma9DF8Gc+U0tAV9uJSnQ="></latexit><latexit sha1_base64="hffXdC3ma9DF8Gc+U0tAV9uJSnQ="></latexit><latexit sha1_base64="hffXdC3ma9DF8Gc+U0tAV9uJSnQ="></latexit>

Def.: A thermal operation      is a map of the formT
<latexit sha1_base64="m0/gOxZjmfP2P74rZ8HYvHOklkQ=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047JCX9CGMplO2qGTmTBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JE8ENet63U9rY3NreKe9W9vYPDo+qxycdo1JNWZsqoXQvJIYJLlkbOQrWSzQjcShYN5ze5373iWnDlWzhLGFBTMaSR5wStFJ/EBOcUCKy1nxYrXl1bwF3nfgFqUGB5rD6NRgpmsZMIhXEmL7vJRhkRCOngs0rg9SwhNApGbO+pZLEzATZIvLcvbDKyI2Utk+iu1B/b2QkNmYWh3Yyj2hWvVz8z+unGN0GGZdJikzS5UdRKlxUbn6/O+KaURQzSwjV3GZ16YRoQtG2VLEl+Ksnr5POVd23/PG61rgr6ijDGZzDJfhwAw14gCa0gYKCZ3iFNwedF+fd+ViOlpxi5xT+wPn8AY0vkWo=</latexit><latexit sha1_base64="m0/gOxZjmfP2P74rZ8HYvHOklkQ=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047JCX9CGMplO2qGTmTBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JE8ENet63U9rY3NreKe9W9vYPDo+qxycdo1JNWZsqoXQvJIYJLlkbOQrWSzQjcShYN5ze5373iWnDlWzhLGFBTMaSR5wStFJ/EBOcUCKy1nxYrXl1bwF3nfgFqUGB5rD6NRgpmsZMIhXEmL7vJRhkRCOngs0rg9SwhNApGbO+pZLEzATZIvLcvbDKyI2Utk+iu1B/b2QkNmYWh3Yyj2hWvVz8z+unGN0GGZdJikzS5UdRKlxUbn6/O+KaURQzSwjV3GZ16YRoQtG2VLEl+Ksnr5POVd23/PG61rgr6ijDGZzDJfhwAw14gCa0gYKCZ3iFNwedF+fd+ViOlpxi5xT+wPn8AY0vkWo=</latexit><latexit sha1_base64="m0/gOxZjmfP2P74rZ8HYvHOklkQ=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047JCX9CGMplO2qGTmTBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JE8ENet63U9rY3NreKe9W9vYPDo+qxycdo1JNWZsqoXQvJIYJLlkbOQrWSzQjcShYN5ze5373iWnDlWzhLGFBTMaSR5wStFJ/EBOcUCKy1nxYrXl1bwF3nfgFqUGB5rD6NRgpmsZMIhXEmL7vJRhkRCOngs0rg9SwhNApGbO+pZLEzATZIvLcvbDKyI2Utk+iu1B/b2QkNmYWh3Yyj2hWvVz8z+unGN0GGZdJikzS5UdRKlxUbn6/O+KaURQzSwjV3GZ16YRoQtG2VLEl+Ksnr5POVd23/PG61rgr6ijDGZzDJfhwAw14gCa0gYKCZ3iFNwedF+fd+ViOlpxi5xT+wPn8AY0vkWo=</latexit><latexit sha1_base64="m0/gOxZjmfP2P74rZ8HYvHOklkQ=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047JCX9CGMplO2qGTmTBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JE8ENet63U9rY3NreKe9W9vYPDo+qxycdo1JNWZsqoXQvJIYJLlkbOQrWSzQjcShYN5ze5373iWnDlWzhLGFBTMaSR5wStFJ/EBOcUCKy1nxYrXl1bwF3nfgFqUGB5rD6NRgpmsZMIhXEmL7vJRhkRCOngs0rg9SwhNApGbO+pZLEzATZIvLcvbDKyI2Utk+iu1B/b2QkNmYWh3Yyj2hWvVz8z+unGN0GGZdJikzS5UdRKlxUbn6/O+KaURQzSwjV3GZ16YRoQtG2VLEl+Ksnr5POVd23/PG61rgr6ijDGZzDJfhwAw14gCa0gYKCZ3iFNwedF+fd+ViOlpxi5xT+wPn8AY0vkWo=</latexit>

where [UAB , HA +HB ] = 0.
<latexit sha1_base64="iTSi5T3kNJJ07EkFxZmxGEYZgsM=">AAAB/HicbZDNSsNAFIUn9a/Wv2iXbgaLICglEUE3Qls3XVYwbSENYTKdtEMnkzAzEUKor+LGhSJufRB3vo3TNgttPTDwce693DsnSBiVyrK+jdLa+sbmVnm7srO7t39gHh51ZZwKTBwcs1j0AyQJo5w4iipG+okgKAoY6QWTu1m990iEpDF/UFlCvAiNOA0pRkpbvll1HT9vtqYXbb953vZb3q1V982aVbfmgqtgF1ADhTq++TUYxjiNCFeYISld20qUlyOhKGZkWhmkkiQIT9CIuBo5ioj08vnxU3iqnSEMY6EfV3Du/p7IUSRlFgW6M0JqLJdrM/O/mpuq8MbLKU9SRTheLApTBlUMZ0nAIRUEK5ZpQFhQfSvEYyQQVjqvig7BXv7yKnQv67bm+6tao1XEUQbH4AScARtcgwZogw5wAAYZeAav4M14Ml6Md+Nj0Voyipkq+CPj8wcPqpMT</latexit><latexit sha1_base64="iTSi5T3kNJJ07EkFxZmxGEYZgsM=">AAAB/HicbZDNSsNAFIUn9a/Wv2iXbgaLICglEUE3Qls3XVYwbSENYTKdtEMnkzAzEUKor+LGhSJufRB3vo3TNgttPTDwce693DsnSBiVyrK+jdLa+sbmVnm7srO7t39gHh51ZZwKTBwcs1j0AyQJo5w4iipG+okgKAoY6QWTu1m990iEpDF/UFlCvAiNOA0pRkpbvll1HT9vtqYXbb953vZb3q1V982aVbfmgqtgF1ADhTq++TUYxjiNCFeYISld20qUlyOhKGZkWhmkkiQIT9CIuBo5ioj08vnxU3iqnSEMY6EfV3Du/p7IUSRlFgW6M0JqLJdrM/O/mpuq8MbLKU9SRTheLApTBlUMZ0nAIRUEK5ZpQFhQfSvEYyQQVjqvig7BXv7yKnQv67bm+6tao1XEUQbH4AScARtcgwZogw5wAAYZeAav4M14Ml6Md+Nj0Voyipkq+CPj8wcPqpMT</latexit><latexit sha1_base64="iTSi5T3kNJJ07EkFxZmxGEYZgsM=">AAAB/HicbZDNSsNAFIUn9a/Wv2iXbgaLICglEUE3Qls3XVYwbSENYTKdtEMnkzAzEUKor+LGhSJufRB3vo3TNgttPTDwce693DsnSBiVyrK+jdLa+sbmVnm7srO7t39gHh51ZZwKTBwcs1j0AyQJo5w4iipG+okgKAoY6QWTu1m990iEpDF/UFlCvAiNOA0pRkpbvll1HT9vtqYXbb953vZb3q1V982aVbfmgqtgF1ADhTq++TUYxjiNCFeYISld20qUlyOhKGZkWhmkkiQIT9CIuBo5ioj08vnxU3iqnSEMY6EfV3Du/p7IUSRlFgW6M0JqLJdrM/O/mpuq8MbLKU9SRTheLApTBlUMZ0nAIRUEK5ZpQFhQfSvEYyQQVjqvig7BXv7yKnQv67bm+6tao1XEUQbH4AScARtcgwZogw5wAAYZeAav4M14Ml6Md+Nj0Voyipkq+CPj8wcPqpMT</latexit><latexit sha1_base64="iTSi5T3kNJJ07EkFxZmxGEYZgsM=">AAAB/HicbZDNSsNAFIUn9a/Wv2iXbgaLICglEUE3Qls3XVYwbSENYTKdtEMnkzAzEUKor+LGhSJufRB3vo3TNgttPTDwce693DsnSBiVyrK+jdLa+sbmVnm7srO7t39gHh51ZZwKTBwcs1j0AyQJo5w4iipG+okgKAoY6QWTu1m990iEpDF/UFlCvAiNOA0pRkpbvll1HT9vtqYXbb953vZb3q1V982aVbfmgqtgF1ADhTq++TUYxjiNCFeYISld20qUlyOhKGZkWhmkkiQIT9CIuBo5ioj08vnxU3iqnSEMY6EfV3Du/p7IUSRlFgW6M0JqLJdrM/O/mpuq8MbLKU9SRTheLApTBlUMZ0nAIRUEK5ZpQFhQfSvEYyQQVjqvig7BXv7yKnQv67bm+6tao1XEUQbH4AScARtcgwZogw5wAAYZeAav4M14Ml6Md+Nj0Voyipkq+CPj8wcPqpMT</latexit>



Thermodynamics as a resource theory

The rules of the game:

• It is “free” to bring in any “bath” B in its thermal 
state 


• strictly energy-preserving unitaries are free,

• and it is free to trace over (ignore) systems.

�B = exp(�HB/(kBT )),
<latexit sha1_base64="C1lMnwaCEzqSnIeR6ABp27qILB4=">AAACBHicbVBNSwMxEM3Wr1q/qh71ECxCC1p3RVAPQqmXHit0baFdlmyabUOT7JJkxVJ68eJf8eJBxas/wpv/xrTdg1YfDDzem2FmXhAzqrRtf1mZhcWl5ZXsam5tfWNzK7+9c6uiRGLi4ohFshUgRRgVxNVUM9KKJUE8YKQZDK4nfvOOSEUj0dDDmHgc9QQNKUbaSH5+v9NDnCO/etUh93HxuOZXT4oDvwobpdKRny/YZXsK+Jc4KSmAFHU//9npRjjhRGjMkFJtx461N0JSU8zIONdJFIkRHqAeaRsqECfKG02/GMNDo3RhGElTQsOp+nNihLhSQx6YTo50X817E/E/r53o8MIbUREnmgg8WxQmDOoITiKBXSoJ1mxoCMKSmlsh7iOJsDbB5UwIzvzLf4l7Wr4sOzdnhUo1TSML9sABKAIHnIMKqIE6cAEGD+AJvIBX69F6tt6s91lrxkpndsEvWB/fT32WEA==</latexit><latexit sha1_base64="C1lMnwaCEzqSnIeR6ABp27qILB4=">AAACBHicbVBNSwMxEM3Wr1q/qh71ECxCC1p3RVAPQqmXHit0baFdlmyabUOT7JJkxVJ68eJf8eJBxas/wpv/xrTdg1YfDDzem2FmXhAzqrRtf1mZhcWl5ZXsam5tfWNzK7+9c6uiRGLi4ohFshUgRRgVxNVUM9KKJUE8YKQZDK4nfvOOSEUj0dDDmHgc9QQNKUbaSH5+v9NDnCO/etUh93HxuOZXT4oDvwobpdKRny/YZXsK+Jc4KSmAFHU//9npRjjhRGjMkFJtx461N0JSU8zIONdJFIkRHqAeaRsqECfKG02/GMNDo3RhGElTQsOp+nNihLhSQx6YTo50X817E/E/r53o8MIbUREnmgg8WxQmDOoITiKBXSoJ1mxoCMKSmlsh7iOJsDbB5UwIzvzLf4l7Wr4sOzdnhUo1TSML9sABKAIHnIMKqIE6cAEGD+AJvIBX69F6tt6s91lrxkpndsEvWB/fT32WEA==</latexit><latexit sha1_base64="C1lMnwaCEzqSnIeR6ABp27qILB4=">AAACBHicbVBNSwMxEM3Wr1q/qh71ECxCC1p3RVAPQqmXHit0baFdlmyabUOT7JJkxVJ68eJf8eJBxas/wpv/xrTdg1YfDDzem2FmXhAzqrRtf1mZhcWl5ZXsam5tfWNzK7+9c6uiRGLi4ohFshUgRRgVxNVUM9KKJUE8YKQZDK4nfvOOSEUj0dDDmHgc9QQNKUbaSH5+v9NDnCO/etUh93HxuOZXT4oDvwobpdKRny/YZXsK+Jc4KSmAFHU//9npRjjhRGjMkFJtx461N0JSU8zIONdJFIkRHqAeaRsqECfKG02/GMNDo3RhGElTQsOp+nNihLhSQx6YTo50X817E/E/r53o8MIbUREnmgg8WxQmDOoITiKBXSoJ1mxoCMKSmlsh7iOJsDbB5UwIzvzLf4l7Wr4sOzdnhUo1TSML9sABKAIHnIMKqIE6cAEGD+AJvIBX69F6tt6s91lrxkpndsEvWB/fT32WEA==</latexit><latexit sha1_base64="C1lMnwaCEzqSnIeR6ABp27qILB4=">AAACBHicbVBNSwMxEM3Wr1q/qh71ECxCC1p3RVAPQqmXHit0baFdlmyabUOT7JJkxVJ68eJf8eJBxas/wpv/xrTdg1YfDDzem2FmXhAzqrRtf1mZhcWl5ZXsam5tfWNzK7+9c6uiRGLi4ohFshUgRRgVxNVUM9KKJUE8YKQZDK4nfvOOSEUj0dDDmHgc9QQNKUbaSH5+v9NDnCO/etUh93HxuOZXT4oDvwobpdKRny/YZXsK+Jc4KSmAFHU//9npRjjhRGjMkFJtx461N0JSU8zIONdJFIkRHqAeaRsqECfKG02/GMNDo3RhGElTQsOp+nNihLhSQx6YTo50X817E/E/r53o8MIbUREnmgg8WxQmDOoITiKBXSoJ1mxoCMKSmlsh7iOJsDbB5UwIzvzLf4l7Wr4sOzdnhUo1TSML9sABKAIHnIMKqIE6cAEGD+AJvIBX69F6tt6s91lrxkpndsEvWB/fT32WEA==</latexit>

1. Resource-theoretic thermo

Isn’t this unrealistic? Have to “switch on interaction” etc.



Thermodynamics as a resource theory

The rules of the game:

• It is “free” to bring in any “bath” B in its thermal 
state 


• strictly energy-preserving unitaries are free,

• and it is free to trace over (ignore) systems.

�B = exp(�HB/(kBT )),
<latexit sha1_base64="C1lMnwaCEzqSnIeR6ABp27qILB4=">AAACBHicbVBNSwMxEM3Wr1q/qh71ECxCC1p3RVAPQqmXHit0baFdlmyabUOT7JJkxVJ68eJf8eJBxas/wpv/xrTdg1YfDDzem2FmXhAzqrRtf1mZhcWl5ZXsam5tfWNzK7+9c6uiRGLi4ohFshUgRRgVxNVUM9KKJUE8YKQZDK4nfvOOSEUj0dDDmHgc9QQNKUbaSH5+v9NDnCO/etUh93HxuOZXT4oDvwobpdKRny/YZXsK+Jc4KSmAFHU//9npRjjhRGjMkFJtx461N0JSU8zIONdJFIkRHqAeaRsqECfKG02/GMNDo3RhGElTQsOp+nNihLhSQx6YTo50X817E/E/r53o8MIbUREnmgg8WxQmDOoITiKBXSoJ1mxoCMKSmlsh7iOJsDbB5UwIzvzLf4l7Wr4sOzdnhUo1TSML9sABKAIHnIMKqIE6cAEGD+AJvIBX69F6tt6s91lrxkpndsEvWB/fT32WEA==</latexit><latexit sha1_base64="C1lMnwaCEzqSnIeR6ABp27qILB4=">AAACBHicbVBNSwMxEM3Wr1q/qh71ECxCC1p3RVAPQqmXHit0baFdlmyabUOT7JJkxVJ68eJf8eJBxas/wpv/xrTdg1YfDDzem2FmXhAzqrRtf1mZhcWl5ZXsam5tfWNzK7+9c6uiRGLi4ohFshUgRRgVxNVUM9KKJUE8YKQZDK4nfvOOSEUj0dDDmHgc9QQNKUbaSH5+v9NDnCO/etUh93HxuOZXT4oDvwobpdKRny/YZXsK+Jc4KSmAFHU//9npRjjhRGjMkFJtx461N0JSU8zIONdJFIkRHqAeaRsqECfKG02/GMNDo3RhGElTQsOp+nNihLhSQx6YTo50X817E/E/r53o8MIbUREnmgg8WxQmDOoITiKBXSoJ1mxoCMKSmlsh7iOJsDbB5UwIzvzLf4l7Wr4sOzdnhUo1TSML9sABKAIHnIMKqIE6cAEGD+AJvIBX69F6tt6s91lrxkpndsEvWB/fT32WEA==</latexit><latexit sha1_base64="C1lMnwaCEzqSnIeR6ABp27qILB4=">AAACBHicbVBNSwMxEM3Wr1q/qh71ECxCC1p3RVAPQqmXHit0baFdlmyabUOT7JJkxVJ68eJf8eJBxas/wpv/xrTdg1YfDDzem2FmXhAzqrRtf1mZhcWl5ZXsam5tfWNzK7+9c6uiRGLi4ohFshUgRRgVxNVUM9KKJUE8YKQZDK4nfvOOSEUj0dDDmHgc9QQNKUbaSH5+v9NDnCO/etUh93HxuOZXT4oDvwobpdKRny/YZXsK+Jc4KSmAFHU//9npRjjhRGjMkFJtx461N0JSU8zIONdJFIkRHqAeaRsqECfKG02/GMNDo3RhGElTQsOp+nNihLhSQx6YTo50X817E/E/r53o8MIbUREnmgg8WxQmDOoITiKBXSoJ1mxoCMKSmlsh7iOJsDbB5UwIzvzLf4l7Wr4sOzdnhUo1TSML9sABKAIHnIMKqIE6cAEGD+AJvIBX69F6tt6s91lrxkpndsEvWB/fT32WEA==</latexit><latexit sha1_base64="C1lMnwaCEzqSnIeR6ABp27qILB4=">AAACBHicbVBNSwMxEM3Wr1q/qh71ECxCC1p3RVAPQqmXHit0baFdlmyabUOT7JJkxVJ68eJf8eJBxas/wpv/xrTdg1YfDDzem2FmXhAzqrRtf1mZhcWl5ZXsam5tfWNzK7+9c6uiRGLi4ohFshUgRRgVxNVUM9KKJUE8YKQZDK4nfvOOSEUj0dDDmHgc9QQNKUbaSH5+v9NDnCO/etUh93HxuOZXT4oDvwobpdKRny/YZXsK+Jc4KSmAFHU//9npRjjhRGjMkFJtx461N0JSU8zIONdJFIkRHqAeaRsqECfKG02/GMNDo3RhGElTQsOp+nNihLhSQx6YTo50X817E/E/r53o8MIbUREnmgg8WxQmDOoITiKBXSoJ1mxoCMKSmlsh7iOJsDbB5UwIzvzLf4l7Wr4sOzdnhUo1TSML9sABKAIHnIMKqIE6cAEGD+AJvIBX69F6tt6s91lrxkpndsEvWB/fT32WEA==</latexit>

1. Resource-theoretic thermo

Isn’t this unrealistic? Have to “switch on interaction” etc.
Viewpoint: This should not be understood as a realistic 
description of what really happens exactly in a laboratory.

Instead, it’s an attempt to derive (and extend) the laws of 
thermodynamics from rigorous rules of what an agent 
can in principle achieve, given the laws of quantum physics 
and the abundance of physical systems in equilibrium.



Thermodynamics as a resource theory

The rules of the game:

• It is “free” to bring in any “bath” B in its thermal 
state 


• strictly energy-preserving unitaries are free,

• and it is free to trace over (ignore) systems.

�B = exp(�HB/(kBT )),
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1. Resource-theoretic thermo

Isn’t this unrealistic? Have to “switch on interaction” etc.
Viewpoint: This should not be understood as a realistic 
description of what really happens exactly in a laboratory.

Instead, it’s an attempt to derive (and extend) the laws of 
thermodynamics from rigorous rules of what an agent 
can in principle achieve, given the laws of quantum physics 
and the abundance of physical systems in equilibrium.



Thermodynamics as a resource theory

The rules of the game:

• It is “free” to bring in any “bath” B in its thermal 
state 


• strictly energy-preserving unitaries are free,

• and it is free to trace over (ignore) systems.

�B = exp(�HB/(kBT )),
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1. Resource-theoretic thermo

Isn’t this unrealistic? Have to “switch on interaction” etc.
Viewpoint: This should not be understood as a realistic 
description of what really happens exactly in a laboratory.

Instead, it’s an attempt to derive (and extend) the laws of 
thermodynamics from rigorous rules of what an agent 
can in principle achieve, given the laws of quantum physics 
and the abundance of physical systems in equilibrium.

allowing any other state 
would trivialize the theory.



Thermodynamics as a resource theory

The rules of the game:

• It is “free” to bring in any “bath” B in its thermal 
state 


• strictly energy-preserving unitaries are free,

• and it is free to trace over (ignore) systems.

�B = exp(�HB/(kBT )),
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1. Resource-theoretic thermo



Thermodynamics as a resource theory

The rules of the game:

• It is “free” to bring in any “bath” B in its thermal 
state 


• strictly energy-preserving unitaries are free,

• and it is free to trace over (ignore) systems.

�B = exp(�HB/(kBT )),
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1. Resource-theoretic thermo

T (⇢A) = TrB
h
UAB (⇢A ⌦ �B)U

†
AB

i

<latexit sha1_base64="hffXdC3ma9DF8Gc+U0tAV9uJSnQ="></latexit><latexit sha1_base64="hffXdC3ma9DF8Gc+U0tAV9uJSnQ="></latexit><latexit sha1_base64="hffXdC3ma9DF8Gc+U0tAV9uJSnQ="></latexit><latexit sha1_base64="hffXdC3ma9DF8Gc+U0tAV9uJSnQ="></latexit>

Def.: A thermal operation      is a map of the formT
<latexit sha1_base64="m0/gOxZjmfP2P74rZ8HYvHOklkQ=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047JCX9CGMplO2qGTmTBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JE8ENet63U9rY3NreKe9W9vYPDo+qxycdo1JNWZsqoXQvJIYJLlkbOQrWSzQjcShYN5ze5373iWnDlWzhLGFBTMaSR5wStFJ/EBOcUCKy1nxYrXl1bwF3nfgFqUGB5rD6NRgpmsZMIhXEmL7vJRhkRCOngs0rg9SwhNApGbO+pZLEzATZIvLcvbDKyI2Utk+iu1B/b2QkNmYWh3Yyj2hWvVz8z+unGN0GGZdJikzS5UdRKlxUbn6/O+KaURQzSwjV3GZ16YRoQtG2VLEl+Ksnr5POVd23/PG61rgr6ijDGZzDJfhwAw14gCa0gYKCZ3iFNwedF+fd+ViOlpxi5xT+wPn8AY0vkWo=</latexit><latexit sha1_base64="m0/gOxZjmfP2P74rZ8HYvHOklkQ=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047JCX9CGMplO2qGTmTBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JE8ENet63U9rY3NreKe9W9vYPDo+qxycdo1JNWZsqoXQvJIYJLlkbOQrWSzQjcShYN5ze5373iWnDlWzhLGFBTMaSR5wStFJ/EBOcUCKy1nxYrXl1bwF3nfgFqUGB5rD6NRgpmsZMIhXEmL7vJRhkRCOngs0rg9SwhNApGbO+pZLEzATZIvLcvbDKyI2Utk+iu1B/b2QkNmYWh3Yyj2hWvVz8z+unGN0GGZdJikzS5UdRKlxUbn6/O+KaURQzSwjV3GZ16YRoQtG2VLEl+Ksnr5POVd23/PG61rgr6ijDGZzDJfhwAw14gCa0gYKCZ3iFNwedF+fd+ViOlpxi5xT+wPn8AY0vkWo=</latexit><latexit sha1_base64="m0/gOxZjmfP2P74rZ8HYvHOklkQ=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047JCX9CGMplO2qGTmTBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JE8ENet63U9rY3NreKe9W9vYPDo+qxycdo1JNWZsqoXQvJIYJLlkbOQrWSzQjcShYN5ze5373iWnDlWzhLGFBTMaSR5wStFJ/EBOcUCKy1nxYrXl1bwF3nfgFqUGB5rD6NRgpmsZMIhXEmL7vJRhkRCOngs0rg9SwhNApGbO+pZLEzATZIvLcvbDKyI2Utk+iu1B/b2QkNmYWh3Yyj2hWvVz8z+unGN0GGZdJikzS5UdRKlxUbn6/O+KaURQzSwjV3GZ16YRoQtG2VLEl+Ksnr5POVd23/PG61rgr6ijDGZzDJfhwAw14gCa0gYKCZ3iFNwedF+fd+ViOlpxi5xT+wPn8AY0vkWo=</latexit><latexit sha1_base64="m0/gOxZjmfP2P74rZ8HYvHOklkQ=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047JCX9CGMplO2qGTmTBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JE8ENet63U9rY3NreKe9W9vYPDo+qxycdo1JNWZsqoXQvJIYJLlkbOQrWSzQjcShYN5ze5373iWnDlWzhLGFBTMaSR5wStFJ/EBOcUCKy1nxYrXl1bwF3nfgFqUGB5rD6NRgpmsZMIhXEmL7vJRhkRCOngs0rg9SwhNApGbO+pZLEzATZIvLcvbDKyI2Utk+iu1B/b2QkNmYWh3Yyj2hWvVz8z+unGN0GGZdJikzS5UdRKlxUbn6/O+KaURQzSwjV3GZ16YRoQtG2VLEl+Ksnr5POVd23/PG61rgr6ijDGZzDJfhwAw14gCa0gYKCZ3iFNwedF+fd+ViOlpxi5xT+wPn8AY0vkWo=</latexit>

where [UAB , HA +HB ] = 0.
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Thermodynamics as a resource theory

The rules of the game:

• It is “free” to bring in any “bath” B in its thermal 
state 


• strictly energy-preserving unitaries are free,

• and it is free to trace over (ignore) systems.

�B = exp(�HB/(kBT )),
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Question:  Which transitions (work extraction etc.) are 
                   possible via thermal operations?

1. Resource-theoretic thermo

T (⇢A) = TrB
h
UAB (⇢A ⌦ �B)U

†
AB

i
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Def.: A thermal operation      is a map of the formT
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where [UAB , HA +HB ] = 0.
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Thermodynamics as a resource theory

1. Resource-theoretic thermo
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Def.: A thermal operation      is a map of the formT
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where [UAB , HA +HB ] = 0.
<latexit sha1_base64="iTSi5T3kNJJ07EkFxZmxGEYZgsM=">AAAB/HicbZDNSsNAFIUn9a/Wv2iXbgaLICglEUE3Qls3XVYwbSENYTKdtEMnkzAzEUKor+LGhSJufRB3vo3TNgttPTDwce693DsnSBiVyrK+jdLa+sbmVnm7srO7t39gHh51ZZwKTBwcs1j0AyQJo5w4iipG+okgKAoY6QWTu1m990iEpDF/UFlCvAiNOA0pRkpbvll1HT9vtqYXbb953vZb3q1V982aVbfmgqtgF1ADhTq++TUYxjiNCFeYISld20qUlyOhKGZkWhmkkiQIT9CIuBo5ioj08vnxU3iqnSEMY6EfV3Du/p7IUSRlFgW6M0JqLJdrM/O/mpuq8MbLKU9SRTheLApTBlUMZ0nAIRUEK5ZpQFhQfSvEYyQQVjqvig7BXv7yKnQv67bm+6tao1XEUQbH4AScARtcgwZogw5wAAYZeAav4M14Ml6Md+Nj0Voyipkq+CPj8wcPqpMT</latexit><latexit sha1_base64="iTSi5T3kNJJ07EkFxZmxGEYZgsM=">AAAB/HicbZDNSsNAFIUn9a/Wv2iXbgaLICglEUE3Qls3XVYwbSENYTKdtEMnkzAzEUKor+LGhSJufRB3vo3TNgttPTDwce693DsnSBiVyrK+jdLa+sbmVnm7srO7t39gHh51ZZwKTBwcs1j0AyQJo5w4iipG+okgKAoY6QWTu1m990iEpDF/UFlCvAiNOA0pRkpbvll1HT9vtqYXbb953vZb3q1V982aVbfmgqtgF1ADhTq++TUYxjiNCFeYISld20qUlyOhKGZkWhmkkiQIT9CIuBo5ioj08vnxU3iqnSEMY6EfV3Du/p7IUSRlFgW6M0JqLJdrM/O/mpuq8MbLKU9SRTheLApTBlUMZ0nAIRUEK5ZpQFhQfSvEYyQQVjqvig7BXv7yKnQv67bm+6tao1XEUQbH4AScARtcgwZogw5wAAYZeAav4M14Ml6Md+Nj0Voyipkq+CPj8wcPqpMT</latexit><latexit sha1_base64="iTSi5T3kNJJ07EkFxZmxGEYZgsM=">AAAB/HicbZDNSsNAFIUn9a/Wv2iXbgaLICglEUE3Qls3XVYwbSENYTKdtEMnkzAzEUKor+LGhSJufRB3vo3TNgttPTDwce693DsnSBiVyrK+jdLa+sbmVnm7srO7t39gHh51ZZwKTBwcs1j0AyQJo5w4iipG+okgKAoY6QWTu1m990iEpDF/UFlCvAiNOA0pRkpbvll1HT9vtqYXbb953vZb3q1V982aVbfmgqtgF1ADhTq++TUYxjiNCFeYISld20qUlyOhKGZkWhmkkiQIT9CIuBo5ioj08vnxU3iqnSEMY6EfV3Du/p7IUSRlFgW6M0JqLJdrM/O/mpuq8MbLKU9SRTheLApTBlUMZ0nAIRUEK5ZpQFhQfSvEYyQQVjqvig7BXv7yKnQv67bm+6tao1XEUQbH4AScARtcgwZogw5wAAYZeAav4M14Ml6Md+Nj0Voyipkq+CPj8wcPqpMT</latexit><latexit sha1_base64="iTSi5T3kNJJ07EkFxZmxGEYZgsM=">AAAB/HicbZDNSsNAFIUn9a/Wv2iXbgaLICglEUE3Qls3XVYwbSENYTKdtEMnkzAzEUKor+LGhSJufRB3vo3TNgttPTDwce693DsnSBiVyrK+jdLa+sbmVnm7srO7t39gHh51ZZwKTBwcs1j0AyQJo5w4iipG+okgKAoY6QWTu1m990iEpDF/UFlCvAiNOA0pRkpbvll1HT9vtqYXbb953vZb3q1V982aVbfmgqtgF1ADhTq++TUYxjiNCFeYISld20qUlyOhKGZkWhmkkiQIT9CIuBo5ioj08vnxU3iqnSEMY6EfV3Du/p7IUSRlFgW6M0JqLJdrM/O/mpuq8MbLKU9SRTheLApTBlUMZ0nAIRUEK5ZpQFhQfSvEYyQQVjqvig7BXv7yKnQv67bm+6tao1XEUQbH4AScARtcgwZogw5wAAYZeAav4M14Ml6Md+Nj0Voyipkq+CPj8wcPqpMT</latexit>



Thermodynamics as a resource theory

Theorem (Horodecki, Oppenheim, Nat. Comm. 4 (2013)):

1. Resource-theoretic thermo

T (⇢A) = TrB
h
UAB (⇢A ⌦ �B)U

†
AB

i

<latexit sha1_base64="hffXdC3ma9DF8Gc+U0tAV9uJSnQ="></latexit><latexit sha1_base64="hffXdC3ma9DF8Gc+U0tAV9uJSnQ="></latexit><latexit sha1_base64="hffXdC3ma9DF8Gc+U0tAV9uJSnQ="></latexit><latexit sha1_base64="hffXdC3ma9DF8Gc+U0tAV9uJSnQ="></latexit>

Def.: A thermal operation      is a map of the formT
<latexit sha1_base64="m0/gOxZjmfP2P74rZ8HYvHOklkQ=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047JCX9CGMplO2qGTmTBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JE8ENet63U9rY3NreKe9W9vYPDo+qxycdo1JNWZsqoXQvJIYJLlkbOQrWSzQjcShYN5ze5373iWnDlWzhLGFBTMaSR5wStFJ/EBOcUCKy1nxYrXl1bwF3nfgFqUGB5rD6NRgpmsZMIhXEmL7vJRhkRCOngs0rg9SwhNApGbO+pZLEzATZIvLcvbDKyI2Utk+iu1B/b2QkNmYWh3Yyj2hWvVz8z+unGN0GGZdJikzS5UdRKlxUbn6/O+KaURQzSwjV3GZ16YRoQtG2VLEl+Ksnr5POVd23/PG61rgr6ijDGZzDJfhwAw14gCa0gYKCZ3iFNwedF+fd+ViOlpxi5xT+wPn8AY0vkWo=</latexit><latexit sha1_base64="m0/gOxZjmfP2P74rZ8HYvHOklkQ=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047JCX9CGMplO2qGTmTBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JE8ENet63U9rY3NreKe9W9vYPDo+qxycdo1JNWZsqoXQvJIYJLlkbOQrWSzQjcShYN5ze5373iWnDlWzhLGFBTMaSR5wStFJ/EBOcUCKy1nxYrXl1bwF3nfgFqUGB5rD6NRgpmsZMIhXEmL7vJRhkRCOngs0rg9SwhNApGbO+pZLEzATZIvLcvbDKyI2Utk+iu1B/b2QkNmYWh3Yyj2hWvVz8z+unGN0GGZdJikzS5UdRKlxUbn6/O+KaURQzSwjV3GZ16YRoQtG2VLEl+Ksnr5POVd23/PG61rgr6ijDGZzDJfhwAw14gCa0gYKCZ3iFNwedF+fd+ViOlpxi5xT+wPn8AY0vkWo=</latexit><latexit sha1_base64="m0/gOxZjmfP2P74rZ8HYvHOklkQ=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047JCX9CGMplO2qGTmTBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JE8ENet63U9rY3NreKe9W9vYPDo+qxycdo1JNWZsqoXQvJIYJLlkbOQrWSzQjcShYN5ze5373iWnDlWzhLGFBTMaSR5wStFJ/EBOcUCKy1nxYrXl1bwF3nfgFqUGB5rD6NRgpmsZMIhXEmL7vJRhkRCOngs0rg9SwhNApGbO+pZLEzATZIvLcvbDKyI2Utk+iu1B/b2QkNmYWh3Yyj2hWvVz8z+unGN0GGZdJikzS5UdRKlxUbn6/O+KaURQzSwjV3GZ16YRoQtG2VLEl+Ksnr5POVd23/PG61rgr6ijDGZzDJfhwAw14gCa0gYKCZ3iFNwedF+fd+ViOlpxi5xT+wPn8AY0vkWo=</latexit><latexit sha1_base64="m0/gOxZjmfP2P74rZ8HYvHOklkQ=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047JCX9CGMplO2qGTmTBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JE8ENet63U9rY3NreKe9W9vYPDo+qxycdo1JNWZsqoXQvJIYJLlkbOQrWSzQjcShYN5ze5373iWnDlWzhLGFBTMaSR5wStFJ/EBOcUCKy1nxYrXl1bwF3nfgFqUGB5rD6NRgpmsZMIhXEmL7vJRhkRCOngs0rg9SwhNApGbO+pZLEzATZIvLcvbDKyI2Utk+iu1B/b2QkNmYWh3Yyj2hWvVz8z+unGN0GGZdJikzS5UdRKlxUbn6/O+KaURQzSwjV3GZ16YRoQtG2VLEl+Ksnr5POVd23/PG61rgr6ijDGZzDJfhwAw14gCa0gYKCZ3iFNwedF+fd+ViOlpxi5xT+wPn8AY0vkWo=</latexit>

where [UAB , HA +HB ] = 0.
<latexit sha1_base64="iTSi5T3kNJJ07EkFxZmxGEYZgsM=">AAAB/HicbZDNSsNAFIUn9a/Wv2iXbgaLICglEUE3Qls3XVYwbSENYTKdtEMnkzAzEUKor+LGhSJufRB3vo3TNgttPTDwce693DsnSBiVyrK+jdLa+sbmVnm7srO7t39gHh51ZZwKTBwcs1j0AyQJo5w4iipG+okgKAoY6QWTu1m990iEpDF/UFlCvAiNOA0pRkpbvll1HT9vtqYXbb953vZb3q1V982aVbfmgqtgF1ADhTq++TUYxjiNCFeYISld20qUlyOhKGZkWhmkkiQIT9CIuBo5ioj08vnxU3iqnSEMY6EfV3Du/p7IUSRlFgW6M0JqLJdrM/O/mpuq8MbLKU9SRTheLApTBlUMZ0nAIRUEK5ZpQFhQfSvEYyQQVjqvig7BXv7yKnQv67bm+6tao1XEUQbH4AScARtcgwZogw5wAAYZeAav4M14Ml6Md+Nj0Voyipkq+CPj8wcPqpMT</latexit><latexit sha1_base64="iTSi5T3kNJJ07EkFxZmxGEYZgsM=">AAAB/HicbZDNSsNAFIUn9a/Wv2iXbgaLICglEUE3Qls3XVYwbSENYTKdtEMnkzAzEUKor+LGhSJufRB3vo3TNgttPTDwce693DsnSBiVyrK+jdLa+sbmVnm7srO7t39gHh51ZZwKTBwcs1j0AyQJo5w4iipG+okgKAoY6QWTu1m990iEpDF/UFlCvAiNOA0pRkpbvll1HT9vtqYXbb953vZb3q1V982aVbfmgqtgF1ADhTq++TUYxjiNCFeYISld20qUlyOhKGZkWhmkkiQIT9CIuBo5ioj08vnxU3iqnSEMY6EfV3Du/p7IUSRlFgW6M0JqLJdrM/O/mpuq8MbLKU9SRTheLApTBlUMZ0nAIRUEK5ZpQFhQfSvEYyQQVjqvig7BXv7yKnQv67bm+6tao1XEUQbH4AScARtcgwZogw5wAAYZeAav4M14Ml6Md+Nj0Voyipkq+CPj8wcPqpMT</latexit><latexit sha1_base64="iTSi5T3kNJJ07EkFxZmxGEYZgsM=">AAAB/HicbZDNSsNAFIUn9a/Wv2iXbgaLICglEUE3Qls3XVYwbSENYTKdtEMnkzAzEUKor+LGhSJufRB3vo3TNgttPTDwce693DsnSBiVyrK+jdLa+sbmVnm7srO7t39gHh51ZZwKTBwcs1j0AyQJo5w4iipG+okgKAoY6QWTu1m990iEpDF/UFlCvAiNOA0pRkpbvll1HT9vtqYXbb953vZb3q1V982aVbfmgqtgF1ADhTq++TUYxjiNCFeYISld20qUlyOhKGZkWhmkkiQIT9CIuBo5ioj08vnxU3iqnSEMY6EfV3Du/p7IUSRlFgW6M0JqLJdrM/O/mpuq8MbLKU9SRTheLApTBlUMZ0nAIRUEK5ZpQFhQfSvEYyQQVjqvig7BXv7yKnQv67bm+6tao1XEUQbH4AScARtcgwZogw5wAAYZeAav4M14Ml6Md+Nj0Voyipkq+CPj8wcPqpMT</latexit><latexit sha1_base64="iTSi5T3kNJJ07EkFxZmxGEYZgsM=">AAAB/HicbZDNSsNAFIUn9a/Wv2iXbgaLICglEUE3Qls3XVYwbSENYTKdtEMnkzAzEUKor+LGhSJufRB3vo3TNgttPTDwce693DsnSBiVyrK+jdLa+sbmVnm7srO7t39gHh51ZZwKTBwcs1j0AyQJo5w4iipG+okgKAoY6QWTu1m990iEpDF/UFlCvAiNOA0pRkpbvll1HT9vtqYXbb953vZb3q1V982aVbfmgqtgF1ADhTq++TUYxjiNCFeYISld20qUlyOhKGZkWhmkkiQIT9CIuBo5ioj08vnxU3iqnSEMY6EfV3Du/p7IUSRlFgW6M0JqLJdrM/O/mpuq8MbLKU9SRTheLApTBlUMZ0nAIRUEK5ZpQFhQfSvEYyQQVjqvig7BXv7yKnQv67bm+6tao1XEUQbH4AScARtcgwZogw5wAAYZeAav4M14Ml6Md+Nj0Voyipkq+CPj8wcPqpMT</latexit>

For block-diagonal states,                  is possible via 
some thermal operation iff        thermo-majorizes

⇢A 7! ⇢0A
<latexit sha1_base64="hHRqbuXC//NmMiPyXQ16ts2bYJ0=">AAAB/nicbVDLSgMxFM3UV62vqrhyEyyiqzIjgi5b3bisYB/QGYZMmmlD8xiSjFCGgr/ixoUibv0Od/6NmXYW2nogcHLOvdx7T5Qwqo3rfjulldW19Y3yZmVre2d3r7p/0NEyVZi0sWRS9SKkCaOCtA01jPQSRRCPGOlG49vc7z4SpakUD2aSkICjoaAxxchYKawe+Wokw6bPUaKNhPnvLGyG1Zpbd2eAy8QrSA0UaIXVL38gccqJMJghrfuem5ggQ8pQzMi04qeaJAiP0ZD0LRWIEx1ks/Wn8NQqAxhLZZ8wcKb+7sgQ13rCI1vJkRnpRS8X//P6qYmvg4yKJDVE4PmgOGXQHppnAQdUEWzYxBKEFbW7QjxCCmFjE6vYELzFk5dJ56LuWX5/WWvcFHGUwTE4AefAA1egAe5AC7QBBhl4Bq/gzXlyXpx352NeWnKKnkPwB87nD55ilT4=</latexit><latexit sha1_base64="hHRqbuXC//NmMiPyXQ16ts2bYJ0=">AAAB/nicbVDLSgMxFM3UV62vqrhyEyyiqzIjgi5b3bisYB/QGYZMmmlD8xiSjFCGgr/ixoUibv0Od/6NmXYW2nogcHLOvdx7T5Qwqo3rfjulldW19Y3yZmVre2d3r7p/0NEyVZi0sWRS9SKkCaOCtA01jPQSRRCPGOlG49vc7z4SpakUD2aSkICjoaAxxchYKawe+Wokw6bPUaKNhPnvLGyG1Zpbd2eAy8QrSA0UaIXVL38gccqJMJghrfuem5ggQ8pQzMi04qeaJAiP0ZD0LRWIEx1ks/Wn8NQqAxhLZZ8wcKb+7sgQ13rCI1vJkRnpRS8X//P6qYmvg4yKJDVE4PmgOGXQHppnAQdUEWzYxBKEFbW7QjxCCmFjE6vYELzFk5dJ56LuWX5/WWvcFHGUwTE4AefAA1egAe5AC7QBBhl4Bq/gzXlyXpx352NeWnKKnkPwB87nD55ilT4=</latexit><latexit sha1_base64="hHRqbuXC//NmMiPyXQ16ts2bYJ0=">AAAB/nicbVDLSgMxFM3UV62vqrhyEyyiqzIjgi5b3bisYB/QGYZMmmlD8xiSjFCGgr/ixoUibv0Od/6NmXYW2nogcHLOvdx7T5Qwqo3rfjulldW19Y3yZmVre2d3r7p/0NEyVZi0sWRS9SKkCaOCtA01jPQSRRCPGOlG49vc7z4SpakUD2aSkICjoaAxxchYKawe+Wokw6bPUaKNhPnvLGyG1Zpbd2eAy8QrSA0UaIXVL38gccqJMJghrfuem5ggQ8pQzMi04qeaJAiP0ZD0LRWIEx1ks/Wn8NQqAxhLZZ8wcKb+7sgQ13rCI1vJkRnpRS8X//P6qYmvg4yKJDVE4PmgOGXQHppnAQdUEWzYxBKEFbW7QjxCCmFjE6vYELzFk5dJ56LuWX5/WWvcFHGUwTE4AefAA1egAe5AC7QBBhl4Bq/gzXlyXpx352NeWnKKnkPwB87nD55ilT4=</latexit><latexit sha1_base64="hHRqbuXC//NmMiPyXQ16ts2bYJ0=">AAAB/nicbVDLSgMxFM3UV62vqrhyEyyiqzIjgi5b3bisYB/QGYZMmmlD8xiSjFCGgr/ixoUibv0Od/6NmXYW2nogcHLOvdx7T5Qwqo3rfjulldW19Y3yZmVre2d3r7p/0NEyVZi0sWRS9SKkCaOCtA01jPQSRRCPGOlG49vc7z4SpakUD2aSkICjoaAxxchYKawe+Wokw6bPUaKNhPnvLGyG1Zpbd2eAy8QrSA0UaIXVL38gccqJMJghrfuem5ggQ8pQzMi04qeaJAiP0ZD0LRWIEx1ks/Wn8NQqAxhLZZ8wcKb+7sgQ13rCI1vJkRnpRS8X//P6qYmvg4yKJDVE4PmgOGXQHppnAQdUEWzYxBKEFbW7QjxCCmFjE6vYELzFk5dJ56LuWX5/WWvcFHGUwTE4AefAA1egAe5AC7QBBhl4Bq/gzXlyXpx352NeWnKKnkPwB87nD55ilT4=</latexit>

⇢A
<latexit sha1_base64="vqpzw1wZG4G1BPWacvI+A9bHP7o=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHqsevFYwX5Au5Rsmm1js8mSzAql9D948aCIV/+PN/+NabsHbX0h8PDODJl5o1QKi77/7a2srq1vbBa2its7u3v7pYPDhtWZYbzOtNSmFVHLpVC8jgIlb6WG0ySSvBkNb6f15hM3Vmj1gKOUhwntKxELRtFZjY4Z6O51t1T2K/5MZBmCHMqQq9YtfXV6mmUJV8gktbYd+CmGY2pQMMknxU5meUrZkPZ526GiCbfheLbthJw6p0dibdxTSGbu74kxTawdJZHrTCgO7GJtav5Xa2cYX4VjodIMuWLzj+JMEtRkejrpCcMZypEDyoxwuxI2oIYydAEVXQjB4snL0DivBI7vL8rVmzyOAhzDCZxBAJdQhTuoQR0YPMIzvMKbp70X7937mLeuePnMEfyR9/kDX7yO+w==</latexit><latexit sha1_base64="vqpzw1wZG4G1BPWacvI+A9bHP7o=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHqsevFYwX5Au5Rsmm1js8mSzAql9D948aCIV/+PN/+NabsHbX0h8PDODJl5o1QKi77/7a2srq1vbBa2its7u3v7pYPDhtWZYbzOtNSmFVHLpVC8jgIlb6WG0ySSvBkNb6f15hM3Vmj1gKOUhwntKxELRtFZjY4Z6O51t1T2K/5MZBmCHMqQq9YtfXV6mmUJV8gktbYd+CmGY2pQMMknxU5meUrZkPZ526GiCbfheLbthJw6p0dibdxTSGbu74kxTawdJZHrTCgO7GJtav5Xa2cYX4VjodIMuWLzj+JMEtRkejrpCcMZypEDyoxwuxI2oIYydAEVXQjB4snL0DivBI7vL8rVmzyOAhzDCZxBAJdQhTuoQR0YPMIzvMKbp70X7937mLeuePnMEfyR9/kDX7yO+w==</latexit><latexit sha1_base64="vqpzw1wZG4G1BPWacvI+A9bHP7o=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHqsevFYwX5Au5Rsmm1js8mSzAql9D948aCIV/+PN/+NabsHbX0h8PDODJl5o1QKi77/7a2srq1vbBa2its7u3v7pYPDhtWZYbzOtNSmFVHLpVC8jgIlb6WG0ySSvBkNb6f15hM3Vmj1gKOUhwntKxELRtFZjY4Z6O51t1T2K/5MZBmCHMqQq9YtfXV6mmUJV8gktbYd+CmGY2pQMMknxU5meUrZkPZ526GiCbfheLbthJw6p0dibdxTSGbu74kxTawdJZHrTCgO7GJtav5Xa2cYX4VjodIMuWLzj+JMEtRkejrpCcMZypEDyoxwuxI2oIYydAEVXQjB4snL0DivBI7vL8rVmzyOAhzDCZxBAJdQhTuoQR0YPMIzvMKbp70X7937mLeuePnMEfyR9/kDX7yO+w==</latexit><latexit sha1_base64="vqpzw1wZG4G1BPWacvI+A9bHP7o=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHqsevFYwX5Au5Rsmm1js8mSzAql9D948aCIV/+PN/+NabsHbX0h8PDODJl5o1QKi77/7a2srq1vbBa2its7u3v7pYPDhtWZYbzOtNSmFVHLpVC8jgIlb6WG0ySSvBkNb6f15hM3Vmj1gKOUhwntKxELRtFZjY4Z6O51t1T2K/5MZBmCHMqQq9YtfXV6mmUJV8gktbYd+CmGY2pQMMknxU5meUrZkPZ526GiCbfheLbthJw6p0dibdxTSGbu74kxTawdJZHrTCgO7GJtav5Xa2cYX4VjodIMuWLzj+JMEtRkejrpCcMZypEDyoxwuxI2oIYydAEVXQjB4snL0DivBI7vL8rVmzyOAhzDCZxBAJdQhTuoQR0YPMIzvMKbp70X7937mLeuePnMEfyR9/kDX7yO+w==</latexit>

⇢0A.
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Thermodynamics as a resource theory

Theorem (Horodecki, Oppenheim, Nat. Comm. 4 (2013)):

1. Resource-theoretic thermo

T (⇢A) = TrB
h
UAB (⇢A ⌦ �B)U

†
AB

i
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Def.: A thermal operation      is a map of the formT
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where [UAB , HA +HB ] = 0.
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For block-diagonal states,                  is possible via 
some thermal operation iff        thermo-majorizes

⇢A 7! ⇢0A
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FIG. 2: Thermomajorization. Consider probabilities p(E, g) of the initial system ρ to be in the g’th state of energy E. Now let us
put p(E, g)eβE in decreasing order p(E1, g1)e

βE1 ≥ p(E2, g2)e
βE2 ≥ p(E3, g3)e

βE3 ... – we say that the eigenvalues are β-ordered. We
can do the same for system σ i.e. eβE1q(E1, g1) ≥ eβE2q(E2, g2) ≥ eβE3q(E3, g3).... Then the condition which determines whether
we can transform ρ into σ is depicted in the above figure. Namely, (a) for any state, we construct a curve with points k given by
{
∑

e−βEi/Z,
∑k

i pi}. Then (b) a thermodynamical transition from ρ to σ is possible if and only if, the curve of ρ lies above the curve
of σ. One can make a previously impossible transition possible by adding work in the form of the pure state ψW which will scale each
point by an amount e−βW horizontally.

commutes with Thermal Operations[21] since the latter must conserve energy. Since we can dephase the final state without
changing it (as it is already diagonal in the energy basis) we can use the fact that dephasing commutes with our operations
to instead dephase the initial state without changing whether the transformation is possible.
In the case where the final state is also non-diagonal in the energy basis, the criteria for which transformations are possible

depends on the coupling one has with the system, and especially, the degree of control one has of the system. Thus far, our
results have not depended on having fine-grained control of the system and heat bath – the interaction depends on macroscopic
variables such as total energy E, but the mapping between microstates g does not matter[21]. This is not necessarily the
case during the formation process of states with off-diagonal terms. Thus, while Equation (3) for the extractable work holds
in general, the same is not true of Equation (8) for the formation process. This is because for the formation process of
transforming Gibb’s states into a state ρ which is not diagonal in the energy eigenbasis, it is generally not possible to make
such a transformation using Thermal Operations without additional resources. In the case of formation of many copies n
of ρ, the additional resource can be two level pure states in a superposition of energy levels[21], and the size of the system
required scales sublinearly in n and hence vanishes as a fraction of n.

F. Changing Hamiltonians

So far we have considered transitions between the states of a system with fixed Hamiltonian. This might suggest that our
approach does not cover the microscopic analogue of thermodynamical processes between equilibrium states with different
initial and final Hamiltonians[3], such as isothermal expansions of a gas in a container. Yet, fundamentally, a time dependent
Hamiltonian is only an effective picture of a fixed Hamiltonian of a larger system, and we shall show below how to describe
such transitions in the microscopic regime.
Namely we introduce a qubit on system C which we can act on to switch the Hamiltonian from H to H ′ (we call this the

switching qubit). We can for example take the total Hamiltonian to be

Htot = |0〉〈0|C ⊗H + |1〉〈1|C ⊗H ′ +W |1〉〈1| (10)

and take the initial state of the work qubit, switching qubit and system to be |00〉〈00|CW⊗ρ and final state to be |11〉〈11|CW⊗
σ, so that we are effectively changing the Hamiltonian acting on ρ, and gaining or losing work in the work qubit when we
make the transition to σ. We now consider a transition between ρ and τ ′, the thermal state with Hamiltonian H ′, and want
to know what value (positive or negative) for W allows us to make this transition.
The results, obtained by means of thermo-majorization are depicted in Figure 3. One finds

W = Fmin
ε (ω)− Fmin

ε (τ ′) (11)

for extracting work, and for the amount of work required to form ρ (provided it is diagonal in energy eigenbasis) from the
thermal state, we obtain

W = Fmax
ε (ρ)− Fmax

ε (τ ′) (12)

This result does not depend on the form of the Hamiltonian of Equation (10) – we only require that at late times, there is
no interaction between the work qubit and the other systems (since we need to be able to separate out the work qubit to use
in some future process). More general state-to-state transformations assisted by work are also depicted.

⇢A
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FIG. 2: Thermomajorization. Consider probabilities p(E, g) of the initial system ρ to be in the g’th state of energy E. Now let us
put p(E, g)eβE in decreasing order p(E1, g1)e

βE1 ≥ p(E2, g2)e
βE2 ≥ p(E3, g3)e

βE3 ... – we say that the eigenvalues are β-ordered. We
can do the same for system σ i.e. eβE1q(E1, g1) ≥ eβE2q(E2, g2) ≥ eβE3q(E3, g3).... Then the condition which determines whether
we can transform ρ into σ is depicted in the above figure. Namely, (a) for any state, we construct a curve with points k given by
{
∑

e−βEi/Z,
∑k

i pi}. Then (b) a thermodynamical transition from ρ to σ is possible if and only if, the curve of ρ lies above the curve
of σ. One can make a previously impossible transition possible by adding work in the form of the pure state ψW which will scale each
point by an amount e−βW horizontally.

commutes with Thermal Operations[21] since the latter must conserve energy. Since we can dephase the final state without
changing it (as it is already diagonal in the energy basis) we can use the fact that dephasing commutes with our operations
to instead dephase the initial state without changing whether the transformation is possible.
In the case where the final state is also non-diagonal in the energy basis, the criteria for which transformations are possible

depends on the coupling one has with the system, and especially, the degree of control one has of the system. Thus far, our
results have not depended on having fine-grained control of the system and heat bath – the interaction depends on macroscopic
variables such as total energy E, but the mapping between microstates g does not matter[21]. This is not necessarily the
case during the formation process of states with off-diagonal terms. Thus, while Equation (3) for the extractable work holds
in general, the same is not true of Equation (8) for the formation process. This is because for the formation process of
transforming Gibb’s states into a state ρ which is not diagonal in the energy eigenbasis, it is generally not possible to make
such a transformation using Thermal Operations without additional resources. In the case of formation of many copies n
of ρ, the additional resource can be two level pure states in a superposition of energy levels[21], and the size of the system
required scales sublinearly in n and hence vanishes as a fraction of n.

F. Changing Hamiltonians

So far we have considered transitions between the states of a system with fixed Hamiltonian. This might suggest that our
approach does not cover the microscopic analogue of thermodynamical processes between equilibrium states with different
initial and final Hamiltonians[3], such as isothermal expansions of a gas in a container. Yet, fundamentally, a time dependent
Hamiltonian is only an effective picture of a fixed Hamiltonian of a larger system, and we shall show below how to describe
such transitions in the microscopic regime.
Namely we introduce a qubit on system C which we can act on to switch the Hamiltonian from H to H ′ (we call this the

switching qubit). We can for example take the total Hamiltonian to be

Htot = |0〉〈0|C ⊗H + |1〉〈1|C ⊗H ′ +W |1〉〈1| (10)

and take the initial state of the work qubit, switching qubit and system to be |00〉〈00|CW⊗ρ and final state to be |11〉〈11|CW⊗
σ, so that we are effectively changing the Hamiltonian acting on ρ, and gaining or losing work in the work qubit when we
make the transition to σ. We now consider a transition between ρ and τ ′, the thermal state with Hamiltonian H ′, and want
to know what value (positive or negative) for W allows us to make this transition.
The results, obtained by means of thermo-majorization are depicted in Figure 3. One finds

W = Fmin
ε (ω)− Fmin

ε (τ ′) (11)

for extracting work, and for the amount of work required to form ρ (provided it is diagonal in energy eigenbasis) from the
thermal state, we obtain

W = Fmax
ε (ρ)− Fmax

ε (τ ′) (12)

This result does not depend on the form of the Hamiltonian of Equation (10) – we only require that at late times, there is
no interaction between the work qubit and the other systems (since we need to be able to separate out the work qubit to use
in some future process). More general state-to-state transformations assisted by work are also depicted.
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put p(E, g)eβE in decreasing order p(E1, g1)e
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βE2 ≥ p(E3, g3)e

βE3 ... – we say that the eigenvalues are β-ordered. We
can do the same for system σ i.e. eβE1q(E1, g1) ≥ eβE2q(E2, g2) ≥ eβE3q(E3, g3).... Then the condition which determines whether
we can transform ρ into σ is depicted in the above figure. Namely, (a) for any state, we construct a curve with points k given by
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∑

e−βEi/Z,
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i pi}. Then (b) a thermodynamical transition from ρ to σ is possible if and only if, the curve of ρ lies above the curve
of σ. One can make a previously impossible transition possible by adding work in the form of the pure state ψW which will scale each
point by an amount e−βW horizontally.

commutes with Thermal Operations[21] since the latter must conserve energy. Since we can dephase the final state without
changing it (as it is already diagonal in the energy basis) we can use the fact that dephasing commutes with our operations
to instead dephase the initial state without changing whether the transformation is possible.
In the case where the final state is also non-diagonal in the energy basis, the criteria for which transformations are possible

depends on the coupling one has with the system, and especially, the degree of control one has of the system. Thus far, our
results have not depended on having fine-grained control of the system and heat bath – the interaction depends on macroscopic
variables such as total energy E, but the mapping between microstates g does not matter[21]. This is not necessarily the
case during the formation process of states with off-diagonal terms. Thus, while Equation (3) for the extractable work holds
in general, the same is not true of Equation (8) for the formation process. This is because for the formation process of
transforming Gibb’s states into a state ρ which is not diagonal in the energy eigenbasis, it is generally not possible to make
such a transformation using Thermal Operations without additional resources. In the case of formation of many copies n
of ρ, the additional resource can be two level pure states in a superposition of energy levels[21], and the size of the system
required scales sublinearly in n and hence vanishes as a fraction of n.

F. Changing Hamiltonians

So far we have considered transitions between the states of a system with fixed Hamiltonian. This might suggest that our
approach does not cover the microscopic analogue of thermodynamical processes between equilibrium states with different
initial and final Hamiltonians[3], such as isothermal expansions of a gas in a container. Yet, fundamentally, a time dependent
Hamiltonian is only an effective picture of a fixed Hamiltonian of a larger system, and we shall show below how to describe
such transitions in the microscopic regime.
Namely we introduce a qubit on system C which we can act on to switch the Hamiltonian from H to H ′ (we call this the

switching qubit). We can for example take the total Hamiltonian to be

Htot = |0〉〈0|C ⊗H + |1〉〈1|C ⊗H ′ +W |1〉〈1| (10)

and take the initial state of the work qubit, switching qubit and system to be |00〉〈00|CW⊗ρ and final state to be |11〉〈11|CW⊗
σ, so that we are effectively changing the Hamiltonian acting on ρ, and gaining or losing work in the work qubit when we
make the transition to σ. We now consider a transition between ρ and τ ′, the thermal state with Hamiltonian H ′, and want
to know what value (positive or negative) for W allows us to make this transition.
The results, obtained by means of thermo-majorization are depicted in Figure 3. One finds

W = Fmin
ε (ω)− Fmin

ε (τ ′) (11)

for extracting work, and for the amount of work required to form ρ (provided it is diagonal in energy eigenbasis) from the
thermal state, we obtain

W = Fmax
ε (ρ)− Fmax

ε (τ ′) (12)

This result does not depend on the form of the Hamiltonian of Equation (10) – we only require that at late times, there is
no interaction between the work qubit and the other systems (since we need to be able to separate out the work qubit to use
in some future process). More general state-to-state transformations assisted by work are also depicted.
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FIG. 2: Thermomajorization. Consider probabilities p(E, g) of the initial system ρ to be in the g’th state of energy E. Now let us
put p(E, g)eβE in decreasing order p(E1, g1)e

βE1 ≥ p(E2, g2)e
βE2 ≥ p(E3, g3)e

βE3 ... – we say that the eigenvalues are β-ordered. We
can do the same for system σ i.e. eβE1q(E1, g1) ≥ eβE2q(E2, g2) ≥ eβE3q(E3, g3).... Then the condition which determines whether
we can transform ρ into σ is depicted in the above figure. Namely, (a) for any state, we construct a curve with points k given by
{
∑

e−βEi/Z,
∑k

i pi}. Then (b) a thermodynamical transition from ρ to σ is possible if and only if, the curve of ρ lies above the curve
of σ. One can make a previously impossible transition possible by adding work in the form of the pure state ψW which will scale each
point by an amount e−βW horizontally.

commutes with Thermal Operations[21] since the latter must conserve energy. Since we can dephase the final state without
changing it (as it is already diagonal in the energy basis) we can use the fact that dephasing commutes with our operations
to instead dephase the initial state without changing whether the transformation is possible.
In the case where the final state is also non-diagonal in the energy basis, the criteria for which transformations are possible

depends on the coupling one has with the system, and especially, the degree of control one has of the system. Thus far, our
results have not depended on having fine-grained control of the system and heat bath – the interaction depends on macroscopic
variables such as total energy E, but the mapping between microstates g does not matter[21]. This is not necessarily the
case during the formation process of states with off-diagonal terms. Thus, while Equation (3) for the extractable work holds
in general, the same is not true of Equation (8) for the formation process. This is because for the formation process of
transforming Gibb’s states into a state ρ which is not diagonal in the energy eigenbasis, it is generally not possible to make
such a transformation using Thermal Operations without additional resources. In the case of formation of many copies n
of ρ, the additional resource can be two level pure states in a superposition of energy levels[21], and the size of the system
required scales sublinearly in n and hence vanishes as a fraction of n.

F. Changing Hamiltonians

So far we have considered transitions between the states of a system with fixed Hamiltonian. This might suggest that our
approach does not cover the microscopic analogue of thermodynamical processes between equilibrium states with different
initial and final Hamiltonians[3], such as isothermal expansions of a gas in a container. Yet, fundamentally, a time dependent
Hamiltonian is only an effective picture of a fixed Hamiltonian of a larger system, and we shall show below how to describe
such transitions in the microscopic regime.
Namely we introduce a qubit on system C which we can act on to switch the Hamiltonian from H to H ′ (we call this the

switching qubit). We can for example take the total Hamiltonian to be

Htot = |0〉〈0|C ⊗H + |1〉〈1|C ⊗H ′ +W |1〉〈1| (10)

and take the initial state of the work qubit, switching qubit and system to be |00〉〈00|CW⊗ρ and final state to be |11〉〈11|CW⊗
σ, so that we are effectively changing the Hamiltonian acting on ρ, and gaining or losing work in the work qubit when we
make the transition to σ. We now consider a transition between ρ and τ ′, the thermal state with Hamiltonian H ′, and want
to know what value (positive or negative) for W allows us to make this transition.
The results, obtained by means of thermo-majorization are depicted in Figure 3. One finds

W = Fmin
ε (ω)− Fmin

ε (τ ′) (11)

for extracting work, and for the amount of work required to form ρ (provided it is diagonal in energy eigenbasis) from the
thermal state, we obtain

W = Fmax
ε (ρ)− Fmax

ε (τ ′) (12)

This result does not depend on the form of the Hamiltonian of Equation (10) – we only require that at late times, there is
no interaction between the work qubit and the other systems (since we need to be able to separate out the work qubit to use
in some future process). More general state-to-state transformations assisted by work are also depicted.
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FIG. 2: Thermomajorization. Consider probabilities p(E, g) of the initial system ρ to be in the g’th state of energy E. Now let us
put p(E, g)eβE in decreasing order p(E1, g1)e

βE1 ≥ p(E2, g2)e
βE2 ≥ p(E3, g3)e

βE3 ... – we say that the eigenvalues are β-ordered. We
can do the same for system σ i.e. eβE1q(E1, g1) ≥ eβE2q(E2, g2) ≥ eβE3q(E3, g3).... Then the condition which determines whether
we can transform ρ into σ is depicted in the above figure. Namely, (a) for any state, we construct a curve with points k given by
{
∑

e−βEi/Z,
∑k

i pi}. Then (b) a thermodynamical transition from ρ to σ is possible if and only if, the curve of ρ lies above the curve
of σ. One can make a previously impossible transition possible by adding work in the form of the pure state ψW which will scale each
point by an amount e−βW horizontally.

commutes with Thermal Operations[21] since the latter must conserve energy. Since we can dephase the final state without
changing it (as it is already diagonal in the energy basis) we can use the fact that dephasing commutes with our operations
to instead dephase the initial state without changing whether the transformation is possible.
In the case where the final state is also non-diagonal in the energy basis, the criteria for which transformations are possible

depends on the coupling one has with the system, and especially, the degree of control one has of the system. Thus far, our
results have not depended on having fine-grained control of the system and heat bath – the interaction depends on macroscopic
variables such as total energy E, but the mapping between microstates g does not matter[21]. This is not necessarily the
case during the formation process of states with off-diagonal terms. Thus, while Equation (3) for the extractable work holds
in general, the same is not true of Equation (8) for the formation process. This is because for the formation process of
transforming Gibb’s states into a state ρ which is not diagonal in the energy eigenbasis, it is generally not possible to make
such a transformation using Thermal Operations without additional resources. In the case of formation of many copies n
of ρ, the additional resource can be two level pure states in a superposition of energy levels[21], and the size of the system
required scales sublinearly in n and hence vanishes as a fraction of n.

F. Changing Hamiltonians

So far we have considered transitions between the states of a system with fixed Hamiltonian. This might suggest that our
approach does not cover the microscopic analogue of thermodynamical processes between equilibrium states with different
initial and final Hamiltonians[3], such as isothermal expansions of a gas in a container. Yet, fundamentally, a time dependent
Hamiltonian is only an effective picture of a fixed Hamiltonian of a larger system, and we shall show below how to describe
such transitions in the microscopic regime.
Namely we introduce a qubit on system C which we can act on to switch the Hamiltonian from H to H ′ (we call this the

switching qubit). We can for example take the total Hamiltonian to be

Htot = |0〉〈0|C ⊗H + |1〉〈1|C ⊗H ′ +W |1〉〈1| (10)

and take the initial state of the work qubit, switching qubit and system to be |00〉〈00|CW⊗ρ and final state to be |11〉〈11|CW⊗
σ, so that we are effectively changing the Hamiltonian acting on ρ, and gaining or losing work in the work qubit when we
make the transition to σ. We now consider a transition between ρ and τ ′, the thermal state with Hamiltonian H ′, and want
to know what value (positive or negative) for W allows us to make this transition.
The results, obtained by means of thermo-majorization are depicted in Figure 3. One finds

W = Fmin
ε (ω)− Fmin

ε (τ ′) (11)

for extracting work, and for the amount of work required to form ρ (provided it is diagonal in energy eigenbasis) from the
thermal state, we obtain

W = Fmax
ε (ρ)− Fmax

ε (τ ′) (12)

This result does not depend on the form of the Hamiltonian of Equation (10) – we only require that at late times, there is
no interaction between the work qubit and the other systems (since we need to be able to separate out the work qubit to use
in some future process). More general state-to-state transformations assisted by work are also depicted.
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FIG. 2: Thermomajorization. Consider probabilities p(E, g) of the initial system ρ to be in the g’th state of energy E. Now let us
put p(E, g)eβE in decreasing order p(E1, g1)e

βE1 ≥ p(E2, g2)e
βE2 ≥ p(E3, g3)e

βE3 ... – we say that the eigenvalues are β-ordered. We
can do the same for system σ i.e. eβE1q(E1, g1) ≥ eβE2q(E2, g2) ≥ eβE3q(E3, g3).... Then the condition which determines whether
we can transform ρ into σ is depicted in the above figure. Namely, (a) for any state, we construct a curve with points k given by
{
∑

e−βEi/Z,
∑k

i pi}. Then (b) a thermodynamical transition from ρ to σ is possible if and only if, the curve of ρ lies above the curve
of σ. One can make a previously impossible transition possible by adding work in the form of the pure state ψW which will scale each
point by an amount e−βW horizontally.

commutes with Thermal Operations[21] since the latter must conserve energy. Since we can dephase the final state without
changing it (as it is already diagonal in the energy basis) we can use the fact that dephasing commutes with our operations
to instead dephase the initial state without changing whether the transformation is possible.
In the case where the final state is also non-diagonal in the energy basis, the criteria for which transformations are possible

depends on the coupling one has with the system, and especially, the degree of control one has of the system. Thus far, our
results have not depended on having fine-grained control of the system and heat bath – the interaction depends on macroscopic
variables such as total energy E, but the mapping between microstates g does not matter[21]. This is not necessarily the
case during the formation process of states with off-diagonal terms. Thus, while Equation (3) for the extractable work holds
in general, the same is not true of Equation (8) for the formation process. This is because for the formation process of
transforming Gibb’s states into a state ρ which is not diagonal in the energy eigenbasis, it is generally not possible to make
such a transformation using Thermal Operations without additional resources. In the case of formation of many copies n
of ρ, the additional resource can be two level pure states in a superposition of energy levels[21], and the size of the system
required scales sublinearly in n and hence vanishes as a fraction of n.

F. Changing Hamiltonians

So far we have considered transitions between the states of a system with fixed Hamiltonian. This might suggest that our
approach does not cover the microscopic analogue of thermodynamical processes between equilibrium states with different
initial and final Hamiltonians[3], such as isothermal expansions of a gas in a container. Yet, fundamentally, a time dependent
Hamiltonian is only an effective picture of a fixed Hamiltonian of a larger system, and we shall show below how to describe
such transitions in the microscopic regime.
Namely we introduce a qubit on system C which we can act on to switch the Hamiltonian from H to H ′ (we call this the

switching qubit). We can for example take the total Hamiltonian to be

Htot = |0〉〈0|C ⊗H + |1〉〈1|C ⊗H ′ +W |1〉〈1| (10)

and take the initial state of the work qubit, switching qubit and system to be |00〉〈00|CW⊗ρ and final state to be |11〉〈11|CW⊗
σ, so that we are effectively changing the Hamiltonian acting on ρ, and gaining or losing work in the work qubit when we
make the transition to σ. We now consider a transition between ρ and τ ′, the thermal state with Hamiltonian H ′, and want
to know what value (positive or negative) for W allows us to make this transition.
The results, obtained by means of thermo-majorization are depicted in Figure 3. One finds

W = Fmin
ε (ω)− Fmin

ε (τ ′) (11)

for extracting work, and for the amount of work required to form ρ (provided it is diagonal in energy eigenbasis) from the
thermal state, we obtain

W = Fmax
ε (ρ)− Fmax

ε (τ ′) (12)

This result does not depend on the form of the Hamiltonian of Equation (10) – we only require that at late times, there is
no interaction between the work qubit and the other systems (since we need to be able to separate out the work qubit to use
in some future process). More general state-to-state transformations assisted by work are also depicted.
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<latexit sha1_base64="bdAS1DU9pLDwmRSuoG8etVlJoIw=">AAAB7XicbVBNS8NAEN34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbSbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsGpVqDg2upNLtgBmQIoYGCpTQTjSwKJDQCkY3U7/1BNoIFT/gOAE/YoNYhIIztFKzewsSWa9UdivuDHSZeDkpkxz1Xumr21c8jSBGLpkxHc9N0M+YRsElTIrd1EDC+IgNoGNpzCIwfja7dkJPrdKnodK2YqQz9fdExiJjxlFgOyOGQ7PoTcX/vE6K4ZWfiThJEWI+XxSmkqKi09dpX2jgKMeWMK6FvZXyIdOMow2oaEPwFl9eJs1qxTuvVO8vyrXrPI4COSYn5Ix45JLUyB2pkwbh5JE8k1fy5ijnxXl3PuatK04+c0T+wPn8AWHajwA=</latexit>

�A ⌦ |gihg|W 7! �A ⌦ |eihe|W
<latexit sha1_base64="BurvKJBXBz7qn6P9qXqN1XyujbU=">AAACO3icbVC7TgMxEPTxDOEVoKSxiJCoojtAgpJHQxkQSZBy0WnP2RwWtu9k+5CikP+i4SfoaGgoQIiWHudRkMBKlkczs9rdiTPBjfX9F29mdm5+YbGwVFxeWV1bL21s1k2aa4Y1lopU38RgUHCFNcutwJtMI8hYYCO+Ox/ojXvUhqfq2nYzbElIFO9wBtZRUekqNDyREJ2GqeUSDX1IQg0qERiK4UeTh6gRSsiMTWmYgJww45QZnTkqlf2KPyz6FwRjUCbjqkal57CdslyiskyAMc3Az2yrB9pyJrBfDHODGbA7SLDpoAI3utUb3t6nu45p006q3VOWDtnfHT2QxnRl7JwS7K2Z1gbkf1ozt53jVo+rLLeo2GhQJxfUxTAIkra5RmZF1wFgmrtdKbsFDcy6uIsuhGD65L+gvl8JDir7l4flk7NxHAWyTXbIHgnIETkhF6RKaoSRR/JK3smH9+S9eZ/e18g64417tshEed8/jeWvlQ==</latexit>

RHS: pi = e��EA
i (or 0) ) pie

�Ei = e�� (or 0)
<latexit sha1_base64="mx9pIJqgK9JvyAySIX3bWOqX4so="></latexit>



Work extraction and work of formation

1. Resource-theoretic thermo

Work extraction:

}�
<latexit sha1_base64="/VUI/ghGpVUjmpp6vnhsz9LHk6w=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BRTxGMA/JLmF2MpsMmZ1dZnqFEAL+gxcPinj1c7z5N04eB00saCiquunuClMpDLrut5NbWV1b38hvFra2d3b3ivsHDZNkmvE6S2SiWyE1XArF6yhQ8laqOY1DyZvh4GriNx+5NiJR9zhMeRDTnhKRYBSt9OCPiX/NJdJOseSW3SnIMvHmpARz1DrFL7+bsCzmCpmkxrQ9N8VgRDUKJvm44GeGp5QNaI+3LVU05iYYTQ8ekxOrdEmUaFsKyVT9PTGisTHDOLSdMcW+WfQm4n9eO8PoMhgJlWbIFZstijJJMCGT70lXaM5QDi2hTAt7K2F9qilDm1HBhuAtvrxMGpWyd1au3J2XqjdPszjycATHcAoeXEAVbqEGdWAQwzO8wpujnRfn3fmYteaceYSH8AfO5w94a5Cb</latexit>

Wanted: largest possible      such that LHS thermo-maj. RHS.�
<latexit sha1_base64="bdAS1DU9pLDwmRSuoG8etVlJoIw=">AAAB7XicbVBNS8NAEN34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbSbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsGpVqDg2upNLtgBmQIoYGCpTQTjSwKJDQCkY3U7/1BNoIFT/gOAE/YoNYhIIztFKzewsSWa9UdivuDHSZeDkpkxz1Xumr21c8jSBGLpkxHc9N0M+YRsElTIrd1EDC+IgNoGNpzCIwfja7dkJPrdKnodK2YqQz9fdExiJjxlFgOyOGQ7PoTcX/vE6K4ZWfiThJEWI+XxSmkqKi09dpX2jgKMeWMK6FvZXyIdOMow2oaEPwFl9eJs1qxTuvVO8vyrXrPI4COSYn5Ix45JLUyB2pkwbh5JE8k1fy5ijnxXl3PuatK04+c0T+wPn8AWHajwA=</latexit>

�A ⌦ |gihg|W 7! �A ⌦ |eihe|W
<latexit sha1_base64="BurvKJBXBz7qn6P9qXqN1XyujbU=">AAACO3icbVC7TgMxEPTxDOEVoKSxiJCoojtAgpJHQxkQSZBy0WnP2RwWtu9k+5CikP+i4SfoaGgoQIiWHudRkMBKlkczs9rdiTPBjfX9F29mdm5+YbGwVFxeWV1bL21s1k2aa4Y1lopU38RgUHCFNcutwJtMI8hYYCO+Ox/ojXvUhqfq2nYzbElIFO9wBtZRUekqNDyREJ2GqeUSDX1IQg0qERiK4UeTh6gRSsiMTWmYgJww45QZnTkqlf2KPyz6FwRjUCbjqkal57CdslyiskyAMc3Az2yrB9pyJrBfDHODGbA7SLDpoAI3utUb3t6nu45p006q3VOWDtnfHT2QxnRl7JwS7K2Z1gbkf1ozt53jVo+rLLeo2GhQJxfUxTAIkra5RmZF1wFgmrtdKbsFDcy6uIsuhGD65L+gvl8JDir7l4flk7NxHAWyTXbIHgnIETkhF6RKaoSRR/JK3smH9+S9eZ/e18g64417tshEed8/jeWvlQ==</latexit>

RHS: pi = e��EA
i (or 0) ) pie

�Ei = e�� (or 0)
<latexit sha1_base64="mx9pIJqgK9JvyAySIX3bWOqX4so="></latexit>

1

0
ZAW = ZA · (1 + e���)

<latexit sha1_base64="L9wuIGE6klKu36P/Ih/IqoOR7YU=">AAACDHicbVDJSgNBFOyJW4xb1KOXwSBExDATBb0IiXrwGMEsJBNDT+cladKz0P1GCEM+wIu/4sWDIl79AG/+jZ3loIkFDUVVPV6/ckPBFVrWt5FYWFxaXkmuptbWNza30ts7FRVEkkGZBSKQNZcqENyHMnIUUAslUM8VUHX7VyO/+gBS8cC/w0EITY92fd7hjKKWWulMvRUXq8OLeqvosHaAWfsI7uNjxwWkzjUIpMNDnbJy1hjmPLGnJEOmKLXSX047YJEHPjJBlWrYVojNmErkTMAw5UQKQsr6tAsNTX3qgWrG42OG5oFW2mYnkPr5aI7V3xMx9ZQaeK5OehR7atYbif95jQg7582Y+2GE4LPJok4kTAzMUTNmm0tgKAaaUCa5/qvJelRShrq/lC7Bnj15nlTyOfskl789zRQup3UkyR7ZJ1likzNSIDekRMqEkUfyTF7Jm/FkvBjvxsckmjCmM7vkD4zPHx8ZmmY=</latexit>

ZA
<latexit sha1_base64="dQq2oWTliBYy0xtMyVrJlPTDNhs=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI+oF48Y5RFhQ2aHBibMzm5mZk3Ihk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8HoZuo3n1BpHskHM47RD+lA8j5n1Fjp/rF71S2W3LI7A1kmXkZKkKHWLX51ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP52dOiEnVumRfqRsSUNm6u+JlIZaj8PAdobUDPWiNxX/89qJ6V/6KZdxYlCy+aJ+IoiJyPRv0uMKmRFjSyhT3N5K2JAqyoxNp2BD8BZfXiaNStk7K1fuzkvV6yyOPBzBMZyCBxdQhVuoQR0YDOAZXuHNEc6L8+58zFtzTjZzCH/gfP4A93uNlg==</latexit>



Work extraction and work of formation

1. Resource-theoretic thermo

Work extraction:

}�
<latexit sha1_base64="/VUI/ghGpVUjmpp6vnhsz9LHk6w=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BRTxGMA/JLmF2MpsMmZ1dZnqFEAL+gxcPinj1c7z5N04eB00saCiquunuClMpDLrut5NbWV1b38hvFra2d3b3ivsHDZNkmvE6S2SiWyE1XArF6yhQ8laqOY1DyZvh4GriNx+5NiJR9zhMeRDTnhKRYBSt9OCPiX/NJdJOseSW3SnIMvHmpARz1DrFL7+bsCzmCpmkxrQ9N8VgRDUKJvm44GeGp5QNaI+3LVU05iYYTQ8ekxOrdEmUaFsKyVT9PTGisTHDOLSdMcW+WfQm4n9eO8PoMhgJlWbIFZstijJJMCGT70lXaM5QDi2hTAt7K2F9qilDm1HBhuAtvrxMGpWyd1au3J2XqjdPszjycATHcAoeXEAVbqEGdWAQwzO8wpujnRfn3fmYteaceYSH8AfO5w94a5Cb</latexit>

Wanted: largest possible      such that LHS thermo-maj. RHS.�
<latexit sha1_base64="bdAS1DU9pLDwmRSuoG8etVlJoIw=">AAAB7XicbVBNS8NAEN34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbSbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsGpVqDg2upNLtgBmQIoYGCpTQTjSwKJDQCkY3U7/1BNoIFT/gOAE/YoNYhIIztFKzewsSWa9UdivuDHSZeDkpkxz1Xumr21c8jSBGLpkxHc9N0M+YRsElTIrd1EDC+IgNoGNpzCIwfja7dkJPrdKnodK2YqQz9fdExiJjxlFgOyOGQ7PoTcX/vE6K4ZWfiThJEWI+XxSmkqKi09dpX2jgKMeWMK6FvZXyIdOMow2oaEPwFl9eJs1qxTuvVO8vyrXrPI4COSYn5Ix45JLUyB2pkwbh5JE8k1fy5ijnxXl3PuatK04+c0T+wPn8AWHajwA=</latexit>

�A ⌦ |gihg|W 7! �A ⌦ |eihe|W
<latexit sha1_base64="BurvKJBXBz7qn6P9qXqN1XyujbU=">AAACO3icbVC7TgMxEPTxDOEVoKSxiJCoojtAgpJHQxkQSZBy0WnP2RwWtu9k+5CikP+i4SfoaGgoQIiWHudRkMBKlkczs9rdiTPBjfX9F29mdm5+YbGwVFxeWV1bL21s1k2aa4Y1lopU38RgUHCFNcutwJtMI8hYYCO+Ox/ojXvUhqfq2nYzbElIFO9wBtZRUekqNDyREJ2GqeUSDX1IQg0qERiK4UeTh6gRSsiMTWmYgJww45QZnTkqlf2KPyz6FwRjUCbjqkal57CdslyiskyAMc3Az2yrB9pyJrBfDHODGbA7SLDpoAI3utUb3t6nu45p006q3VOWDtnfHT2QxnRl7JwS7K2Z1gbkf1ozt53jVo+rLLeo2GhQJxfUxTAIkra5RmZF1wFgmrtdKbsFDcy6uIsuhGD65L+gvl8JDir7l4flk7NxHAWyTXbIHgnIETkhF6RKaoSRR/JK3smH9+S9eZ/e18g64417tshEed8/jeWvlQ==</latexit>

1

0
ZAW = ZA · (1 + e���)

<latexit sha1_base64="L9wuIGE6klKu36P/Ih/IqoOR7YU=">AAACDHicbVDJSgNBFOyJW4xb1KOXwSBExDATBb0IiXrwGMEsJBNDT+cladKz0P1GCEM+wIu/4sWDIl79AG/+jZ3loIkFDUVVPV6/ckPBFVrWt5FYWFxaXkmuptbWNza30ts7FRVEkkGZBSKQNZcqENyHMnIUUAslUM8VUHX7VyO/+gBS8cC/w0EITY92fd7hjKKWWulMvRUXq8OLeqvosHaAWfsI7uNjxwWkzjUIpMNDnbJy1hjmPLGnJEOmKLXSX047YJEHPjJBlWrYVojNmErkTMAw5UQKQsr6tAsNTX3qgWrG42OG5oFW2mYnkPr5aI7V3xMx9ZQaeK5OehR7atYbif95jQg7582Y+2GE4LPJok4kTAzMUTNmm0tgKAaaUCa5/qvJelRShrq/lC7Bnj15nlTyOfskl789zRQup3UkyR7ZJ1likzNSIDekRMqEkUfyTF7Jm/FkvBjvxsckmjCmM7vkD4zPHx8ZmmY=</latexit>

ZA
<latexit sha1_base64="dQq2oWTliBYy0xtMyVrJlPTDNhs=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI+oF48Y5RFhQ2aHBibMzm5mZk3Ihk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8HoZuo3n1BpHskHM47RD+lA8j5n1Fjp/rF71S2W3LI7A1kmXkZKkKHWLX51ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP52dOiEnVumRfqRsSUNm6u+JlIZaj8PAdobUDPWiNxX/89qJ6V/6KZdxYlCy+aJ+IoiJyPRv0uMKmRFjSyhT3N5K2JAqyoxNp2BD8BZfXiaNStk7K1fuzkvV6yyOPBzBMZyCBxdQhVuoQR0YDOAZXuHNEc6L8+58zFtzTjZzCH/gfP4A93uNlg==</latexit>

LHS: Must lie everwhere above that curve (note: concave).



Work extraction and work of formation

1. Resource-theoretic thermo

Work extraction:

}�
<latexit sha1_base64="/VUI/ghGpVUjmpp6vnhsz9LHk6w=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BRTxGMA/JLmF2MpsMmZ1dZnqFEAL+gxcPinj1c7z5N04eB00saCiquunuClMpDLrut5NbWV1b38hvFra2d3b3ivsHDZNkmvE6S2SiWyE1XArF6yhQ8laqOY1DyZvh4GriNx+5NiJR9zhMeRDTnhKRYBSt9OCPiX/NJdJOseSW3SnIMvHmpARz1DrFL7+bsCzmCpmkxrQ9N8VgRDUKJvm44GeGp5QNaI+3LVU05iYYTQ8ekxOrdEmUaFsKyVT9PTGisTHDOLSdMcW+WfQm4n9eO8PoMhgJlWbIFZstijJJMCGT70lXaM5QDi2hTAt7K2F9qilDm1HBhuAtvrxMGpWyd1au3J2XqjdPszjycATHcAoeXEAVbqEGdWAQwzO8wpujnRfn3fmYteaceYSH8AfO5w94a5Cb</latexit>

Wanted: largest possible      such that LHS thermo-maj. RHS.�
<latexit sha1_base64="bdAS1DU9pLDwmRSuoG8etVlJoIw=">AAAB7XicbVBNS8NAEN34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbSbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsGpVqDg2upNLtgBmQIoYGCpTQTjSwKJDQCkY3U7/1BNoIFT/gOAE/YoNYhIIztFKzewsSWa9UdivuDHSZeDkpkxz1Xumr21c8jSBGLpkxHc9N0M+YRsElTIrd1EDC+IgNoGNpzCIwfja7dkJPrdKnodK2YqQz9fdExiJjxlFgOyOGQ7PoTcX/vE6K4ZWfiThJEWI+XxSmkqKi09dpX2jgKMeWMK6FvZXyIdOMow2oaEPwFl9eJs1qxTuvVO8vyrXrPI4COSYn5Ix45JLUyB2pkwbh5JE8k1fy5ijnxXl3PuatK04+c0T+wPn8AWHajwA=</latexit>

�A ⌦ |gihg|W 7! �A ⌦ |eihe|W
<latexit sha1_base64="BurvKJBXBz7qn6P9qXqN1XyujbU=">AAACO3icbVC7TgMxEPTxDOEVoKSxiJCoojtAgpJHQxkQSZBy0WnP2RwWtu9k+5CikP+i4SfoaGgoQIiWHudRkMBKlkczs9rdiTPBjfX9F29mdm5+YbGwVFxeWV1bL21s1k2aa4Y1lopU38RgUHCFNcutwJtMI8hYYCO+Ox/ojXvUhqfq2nYzbElIFO9wBtZRUekqNDyREJ2GqeUSDX1IQg0qERiK4UeTh6gRSsiMTWmYgJww45QZnTkqlf2KPyz6FwRjUCbjqkal57CdslyiskyAMc3Az2yrB9pyJrBfDHODGbA7SLDpoAI3utUb3t6nu45p006q3VOWDtnfHT2QxnRl7JwS7K2Z1gbkf1ozt53jVo+rLLeo2GhQJxfUxTAIkra5RmZF1wFgmrtdKbsFDcy6uIsuhGD65L+gvl8JDir7l4flk7NxHAWyTXbIHgnIETkhF6RKaoSRR/JK3smH9+S9eZ/e18g64417tshEed8/jeWvlQ==</latexit>

LHS: Must lie everwhere above that curve (note: concave).

1

0
ZAW = ZA · (1 + e���)

<latexit sha1_base64="L9wuIGE6klKu36P/Ih/IqoOR7YU=">AAACDHicbVDJSgNBFOyJW4xb1KOXwSBExDATBb0IiXrwGMEsJBNDT+cladKz0P1GCEM+wIu/4sWDIl79AG/+jZ3loIkFDUVVPV6/ckPBFVrWt5FYWFxaXkmuptbWNza30ts7FRVEkkGZBSKQNZcqENyHMnIUUAslUM8VUHX7VyO/+gBS8cC/w0EITY92fd7hjKKWWulMvRUXq8OLeqvosHaAWfsI7uNjxwWkzjUIpMNDnbJy1hjmPLGnJEOmKLXSX047YJEHPjJBlWrYVojNmErkTMAw5UQKQsr6tAsNTX3qgWrG42OG5oFW2mYnkPr5aI7V3xMx9ZQaeK5OehR7atYbif95jQg7582Y+2GE4LPJok4kTAzMUTNmm0tgKAaaUCa5/qvJelRShrq/lC7Bnj15nlTyOfskl789zRQup3UkyR7ZJ1likzNSIDekRMqEkUfyTF7Jm/FkvBjvxsckmjCmM7vkD4zPHx8ZmmY=</latexit>

ZA
<latexit sha1_base64="dQq2oWTliBYy0xtMyVrJlPTDNhs=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI+oF48Y5RFhQ2aHBibMzm5mZk3Ihk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8HoZuo3n1BpHskHM47RD+lA8j5n1Fjp/rF71S2W3LI7A1kmXkZKkKHWLX51ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP52dOiEnVumRfqRsSUNm6u+JlIZaj8PAdobUDPWiNxX/89qJ6V/6KZdxYlCy+aJ+IoiJyPRv0uMKmRFjSyhT3N5K2JAqyoxNp2BD8BZfXiaNStk7K1fuzkvV6yyOPBzBMZyCBxdQhVuoQR0YDOAZXuHNEc6L8+58zFtzTjZzCH/gfP4A93uNlg==</latexit>



Work extraction and work of formation

1. Resource-theoretic thermo

Work extraction:

}�
<latexit sha1_base64="/VUI/ghGpVUjmpp6vnhsz9LHk6w=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BRTxGMA/JLmF2MpsMmZ1dZnqFEAL+gxcPinj1c7z5N04eB00saCiquunuClMpDLrut5NbWV1b38hvFra2d3b3ivsHDZNkmvE6S2SiWyE1XArF6yhQ8laqOY1DyZvh4GriNx+5NiJR9zhMeRDTnhKRYBSt9OCPiX/NJdJOseSW3SnIMvHmpARz1DrFL7+bsCzmCpmkxrQ9N8VgRDUKJvm44GeGp5QNaI+3LVU05iYYTQ8ekxOrdEmUaFsKyVT9PTGisTHDOLSdMcW+WfQm4n9eO8PoMhgJlWbIFZstijJJMCGT70lXaM5QDi2hTAt7K2F9qilDm1HBhuAtvrxMGpWyd1au3J2XqjdPszjycATHcAoeXEAVbqEGdWAQwzO8wpujnRfn3fmYteaceYSH8AfO5w94a5Cb</latexit>

Wanted: largest possible      such that LHS thermo-maj. RHS.�
<latexit sha1_base64="bdAS1DU9pLDwmRSuoG8etVlJoIw=">AAAB7XicbVBNS8NAEN34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbSbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsGpVqDg2upNLtgBmQIoYGCpTQTjSwKJDQCkY3U7/1BNoIFT/gOAE/YoNYhIIztFKzewsSWa9UdivuDHSZeDkpkxz1Xumr21c8jSBGLpkxHc9N0M+YRsElTIrd1EDC+IgNoGNpzCIwfja7dkJPrdKnodK2YqQz9fdExiJjxlFgOyOGQ7PoTcX/vE6K4ZWfiThJEWI+XxSmkqKi09dpX2jgKMeWMK6FvZXyIdOMow2oaEPwFl9eJs1qxTuvVO8vyrXrPI4COSYn5Ix45JLUyB2pkwbh5JE8k1fy5ijnxXl3PuatK04+c0T+wPn8AWHajwA=</latexit>

�A ⌦ |gihg|W 7! �A ⌦ |eihe|W
<latexit sha1_base64="BurvKJBXBz7qn6P9qXqN1XyujbU=">AAACO3icbVC7TgMxEPTxDOEVoKSxiJCoojtAgpJHQxkQSZBy0WnP2RwWtu9k+5CikP+i4SfoaGgoQIiWHudRkMBKlkczs9rdiTPBjfX9F29mdm5+YbGwVFxeWV1bL21s1k2aa4Y1lopU38RgUHCFNcutwJtMI8hYYCO+Ox/ojXvUhqfq2nYzbElIFO9wBtZRUekqNDyREJ2GqeUSDX1IQg0qERiK4UeTh6gRSsiMTWmYgJww45QZnTkqlf2KPyz6FwRjUCbjqkal57CdslyiskyAMc3Az2yrB9pyJrBfDHODGbA7SLDpoAI3utUb3t6nu45p006q3VOWDtnfHT2QxnRl7JwS7K2Z1gbkf1ozt53jVo+rLLeo2GhQJxfUxTAIkra5RmZF1wFgmrtdKbsFDcy6uIsuhGD65L+gvl8JDir7l4flk7NxHAWyTXbIHgnIETkhF6RKaoSRR/JK3smH9+S9eZ/e18g64417tshEed8/jeWvlQ==</latexit>

LHS: Must lie everwhere above that curve (note: concave).

1

0
ZAW = ZA · (1 + e���)

<latexit sha1_base64="L9wuIGE6klKu36P/Ih/IqoOR7YU=">AAACDHicbVDJSgNBFOyJW4xb1KOXwSBExDATBb0IiXrwGMEsJBNDT+cladKz0P1GCEM+wIu/4sWDIl79AG/+jZ3loIkFDUVVPV6/ckPBFVrWt5FYWFxaXkmuptbWNza30ts7FRVEkkGZBSKQNZcqENyHMnIUUAslUM8VUHX7VyO/+gBS8cC/w0EITY92fd7hjKKWWulMvRUXq8OLeqvosHaAWfsI7uNjxwWkzjUIpMNDnbJy1hjmPLGnJEOmKLXSX047YJEHPjJBlWrYVojNmErkTMAw5UQKQsr6tAsNTX3qgWrG42OG5oFW2mYnkPr5aI7V3xMx9ZQaeK5OehR7atYbif95jQg7582Y+2GE4LPJok4kTAzMUTNmm0tgKAaaUCa5/qvJelRShrq/lC7Bnj15nlTyOfskl789zRQup3UkyR7ZJ1likzNSIDekRMqEkUfyTF7Jm/FkvBjvxsckmjCmM7vkD4zPHx8ZmmY=</latexit>

ZA
<latexit sha1_base64="dQq2oWTliBYy0xtMyVrJlPTDNhs=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI+oF48Y5RFhQ2aHBibMzm5mZk3Ihk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8HoZuo3n1BpHskHM47RD+lA8j5n1Fjp/rF71S2W3LI7A1kmXkZKkKHWLX51ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP52dOiEnVumRfqRsSUNm6u+JlIZaj8PAdobUDPWiNxX/89qJ6V/6KZdxYlCy+aJ+IoiJyPRv0uMKmRFjSyhT3N5K2JAqyoxNp2BD8BZfXiaNStk7K1fuzkvV6yyOPBzBMZyCBxdQhVuoQR0YDOAZXuHNEc6L8+58zFtzTjZzCH/gfP4A93uNlg==</latexit>

Must reach

“fast 
enough”.

X

in

pi = 1

<latexit sha1_base64="z5AZQhHLN4ewrjy0tHop4Mo5amA=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVJIq6EUoevFYwX5AE8JmO22XbjZxdyOEUP+KFw+KePWHePPfuG1z0NYHA4/3ZpiZFyacKe0439bK6tr6xmZpq7y9s7u3bx8ctlWcSgotGvNYdkOigDMBLc00h24igUQhh044vpn6nUeQisXiXmcJ+BEZCjZglGgjBXbFU2kU5Mzj8IDFJAnYlRvYVafmzICXiVuQKirQDOwvrx/TNAKhKSdK9Vwn0X5OpGaUw6TspQoSQsdkCD1DBYlA+fns+Ak+MUofD2JpSmg8U39P5CRSKotC0xkRPVKL3lT8z+ulenDp50wkqQZB54sGKcc6xtMkcJ9JoJpnhhAqmbkV0xGRhGqTV9mE4C6+vEza9Zp7VqvfnVcb10UcJXSEjtEpctEFaqBb1EQtRFGGntErerOerBfr3fqYt65YxUwF/YH1+QOKrZSw</latexit>



Work extraction and work of formation

1. Resource-theoretic thermo

Work extraction:

}�
<latexit sha1_base64="/VUI/ghGpVUjmpp6vnhsz9LHk6w=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BRTxGMA/JLmF2MpsMmZ1dZnqFEAL+gxcPinj1c7z5N04eB00saCiquunuClMpDLrut5NbWV1b38hvFra2d3b3ivsHDZNkmvE6S2SiWyE1XArF6yhQ8laqOY1DyZvh4GriNx+5NiJR9zhMeRDTnhKRYBSt9OCPiX/NJdJOseSW3SnIMvHmpARz1DrFL7+bsCzmCpmkxrQ9N8VgRDUKJvm44GeGp5QNaI+3LVU05iYYTQ8ekxOrdEmUaFsKyVT9PTGisTHDOLSdMcW+WfQm4n9eO8PoMhgJlWbIFZstijJJMCGT70lXaM5QDi2hTAt7K2F9qilDm1HBhuAtvrxMGpWyd1au3J2XqjdPszjycATHcAoeXEAVbqEGdWAQwzO8wpujnRfn3fmYteaceYSH8AfO5w94a5Cb</latexit>

Wanted: largest possible      such that LHS thermo-maj. RHS.�
<latexit sha1_base64="bdAS1DU9pLDwmRSuoG8etVlJoIw=">AAAB7XicbVBNS8NAEN34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbSbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsGpVqDg2upNLtgBmQIoYGCpTQTjSwKJDQCkY3U7/1BNoIFT/gOAE/YoNYhIIztFKzewsSWa9UdivuDHSZeDkpkxz1Xumr21c8jSBGLpkxHc9N0M+YRsElTIrd1EDC+IgNoGNpzCIwfja7dkJPrdKnodK2YqQz9fdExiJjxlFgOyOGQ7PoTcX/vE6K4ZWfiThJEWI+XxSmkqKi09dpX2jgKMeWMK6FvZXyIdOMow2oaEPwFl9eJs1qxTuvVO8vyrXrPI4COSYn5Ix45JLUyB2pkwbh5JE8k1fy5ijnxXl3PuatK04+c0T+wPn8AWHajwA=</latexit>

�A ⌦ |gihg|W 7! �A ⌦ |eihe|W
<latexit sha1_base64="BurvKJBXBz7qn6P9qXqN1XyujbU=">AAACO3icbVC7TgMxEPTxDOEVoKSxiJCoojtAgpJHQxkQSZBy0WnP2RwWtu9k+5CikP+i4SfoaGgoQIiWHudRkMBKlkczs9rdiTPBjfX9F29mdm5+YbGwVFxeWV1bL21s1k2aa4Y1lopU38RgUHCFNcutwJtMI8hYYCO+Ox/ojXvUhqfq2nYzbElIFO9wBtZRUekqNDyREJ2GqeUSDX1IQg0qERiK4UeTh6gRSsiMTWmYgJww45QZnTkqlf2KPyz6FwRjUCbjqkal57CdslyiskyAMc3Az2yrB9pyJrBfDHODGbA7SLDpoAI3utUb3t6nu45p006q3VOWDtnfHT2QxnRl7JwS7K2Z1gbkf1ozt53jVo+rLLeo2GhQJxfUxTAIkra5RmZF1wFgmrtdKbsFDcy6uIsuhGD65L+gvl8JDir7l4flk7NxHAWyTXbIHgnIETkhF6RKaoSRR/JK3smH9+S9eZ/e18g64417tshEed8/jeWvlQ==</latexit>

LHS: Must lie everwhere above that curve (note: concave).

1

0
ZAW = ZA · (1 + e���)

<latexit sha1_base64="L9wuIGE6klKu36P/Ih/IqoOR7YU=">AAACDHicbVDJSgNBFOyJW4xb1KOXwSBExDATBb0IiXrwGMEsJBNDT+cladKz0P1GCEM+wIu/4sWDIl79AG/+jZ3loIkFDUVVPV6/ckPBFVrWt5FYWFxaXkmuptbWNza30ts7FRVEkkGZBSKQNZcqENyHMnIUUAslUM8VUHX7VyO/+gBS8cC/w0EITY92fd7hjKKWWulMvRUXq8OLeqvosHaAWfsI7uNjxwWkzjUIpMNDnbJy1hjmPLGnJEOmKLXSX047YJEHPjJBlWrYVojNmErkTMAw5UQKQsr6tAsNTX3qgWrG42OG5oFW2mYnkPr5aI7V3xMx9ZQaeK5OehR7atYbif95jQg7582Y+2GE4LPJok4kTAzMUTNmm0tgKAaaUCa5/qvJelRShrq/lC7Bnj15nlTyOfskl789zRQup3UkyR7ZJ1likzNSIDekRMqEkUfyTF7Jm/FkvBjvxsckmjCmM7vkD4zPHx8ZmmY=</latexit>

ZA
<latexit sha1_base64="dQq2oWTliBYy0xtMyVrJlPTDNhs=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI+oF48Y5RFhQ2aHBibMzm5mZk3Ihk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8HoZuo3n1BpHskHM47RD+lA8j5n1Fjp/rF71S2W3LI7A1kmXkZKkKHWLX51ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP52dOiEnVumRfqRsSUNm6u+JlIZaj8PAdobUDPWiNxX/89qJ6V/6KZdxYlCy+aJ+IoiJyPRv0uMKmRFjSyhT3N5K2JAqyoxNp2BD8BZfXiaNStk7K1fuzkvV6yyOPBzBMZyCBxdQhVuoQR0YDOAZXuHNEc6L8+58zFtzTjZzCH/gfP4A93uNlg==</latexit>

Must reach

“fast 
enough”.

X

in

pi = 1

<latexit sha1_base64="z5AZQhHLN4ewrjy0tHop4Mo5amA=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVJIq6EUoevFYwX5AE8JmO22XbjZxdyOEUP+KFw+KePWHePPfuG1z0NYHA4/3ZpiZFyacKe0439bK6tr6xmZpq7y9s7u3bx8ctlWcSgotGvNYdkOigDMBLc00h24igUQhh044vpn6nUeQisXiXmcJ+BEZCjZglGgjBXbFU2kU5Mzj8IDFJAnYlRvYVafmzICXiVuQKirQDOwvrx/TNAKhKSdK9Vwn0X5OpGaUw6TspQoSQsdkCD1DBYlA+fns+Ak+MUofD2JpSmg8U39P5CRSKotC0xkRPVKL3lT8z+ulenDp50wkqQZB54sGKcc6xtMkcJ9JoJpnhhAqmbkV0xGRhGqTV9mE4C6+vEza9Zp7VqvfnVcb10UcJXSEjtEpctEFaqBb1EQtRFGGntErerOerBfr3fqYt65YxUwF/YH1+QOKrZSw</latexit>

log
X

p0
i 6=0

e��Ei

<latexit sha1_base64="ozAcIaopKpsrgSyUYG9FoXKYk88=">AAACDHicbVDLSgMxFM3UV62vqks3wSK6scxUQZdFEVxWsA/ojEMmvW1DM5kxyQhl6Ae48VfcuFDErR/gzr8xbWehrQcCh3PO5eaeIOZMadv+tnILi0vLK/nVwtr6xuZWcXunoaJEUqjTiEeyFRAFnAmoa6Y5tGIJJAw4NIPB5dhvPoBULBK3ehiDF5KeYF1GiTaSXyy5POq5Kgn9NPbZoSvgHtsjuEuP3QA0wVc+G5mUXbYnwP PEyUgJZaj5xS+3E9EkBKEpJ0q1HTvWXkqkZpTDqOAmCmJCB6QHbUMFCUF56eSYET4wSgd3I2me0Hii/p5ISajUMAxMMiS6r2a9sfif105099xLmYgTDYJOF3UTjnWEx83gDpNANR8aQqhk5q+Y9okkVJv+CqYEZ/bkedKolJ2TcuXmtFS9yOrIoz20j46Qg85QFV2jGqojih7RM3pFb9aT9WK9Wx/TaM7KZnbRH1ifPzLTmw8=</latexit>

� F0(�) :=
<latexit sha1_base64="zdk+G+QM/RYHY3tI33JTYqa9PUk=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARKkiZqYIiCEVBXFawD+gMQyZN29AkMyQZoYxd+CtuXCji1t9w59+YtrPQ1gMXDufcy733hDGjSjvOt5VbWFxaXsmvFtbWNza37O2dhooSiUkdRyySrRApwqggdU01I61YEsRDRprh4HrsNx+IVDQS93oYE5+jnqBdipE2UmDveSHRCHrH8CZwSp6iPY6OLi4Du+iUnQngPHEzUgQZao H95XUinHAiNGZIqbbrxNpPkdQUMzIqeIkiMcID1CNtQwXiRPnp5P4RPDRKB3YjaUpoOFF/T6SIKzXkoenkSPfVrDcW//Paie6e+ykVcaKJwNNF3YRBHcFxGLBDJcGaDQ1BWFJzK8R9JBHWJrKCCcGdfXmeNCpl96RcuTstVq+yOPJgHxyAEnDBGaiCW1ADdYDBI3gGr+DNerJerHfrY9qas7KZXfAH1ucPRsWUVQ==</latexit>



Work extraction and work of formation

1. Resource-theoretic thermo

Work extraction:

}�
<latexit sha1_base64="/VUI/ghGpVUjmpp6vnhsz9LHk6w=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BRTxGMA/JLmF2MpsMmZ1dZnqFEAL+gxcPinj1c7z5N04eB00saCiquunuClMpDLrut5NbWV1b38hvFra2d3b3ivsHDZNkmvE6S2SiWyE1XArF6yhQ8laqOY1DyZvh4GriNx+5NiJR9zhMeRDTnhKRYBSt9OCPiX/NJdJOseSW3SnIMvHmpARz1DrFL7+bsCzmCpmkxrQ9N8VgRDUKJvm44GeGp5QNaI+3LVU05iYYTQ8ekxOrdEmUaFsKyVT9PTGisTHDOLSdMcW+WfQm4n9eO8PoMhgJlWbIFZstijJJMCGT70lXaM5QDi2hTAt7K2F9qilDm1HBhuAtvrxMGpWyd1au3J2XqjdPszjycATHcAoeXEAVbqEGdWAQwzO8wpujnRfn3fmYteaceYSH8AfO5w94a5Cb</latexit>

Wanted: largest possible      such that LHS thermo-maj. RHS.�
<latexit sha1_base64="bdAS1DU9pLDwmRSuoG8etVlJoIw=">AAAB7XicbVBNS8NAEN34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbSbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsGpVqDg2upNLtgBmQIoYGCpTQTjSwKJDQCkY3U7/1BNoIFT/gOAE/YoNYhIIztFKzewsSWa9UdivuDHSZeDkpkxz1Xumr21c8jSBGLpkxHc9N0M+YRsElTIrd1EDC+IgNoGNpzCIwfja7dkJPrdKnodK2YqQz9fdExiJjxlFgOyOGQ7PoTcX/vE6K4ZWfiThJEWI+XxSmkqKi09dpX2jgKMeWMK6FvZXyIdOMow2oaEPwFl9eJs1qxTuvVO8vyrXrPI4COSYn5Ix45JLUyB2pkwbh5JE8k1fy5ijnxXl3PuatK04+c0T+wPn8AWHajwA=</latexit>

�A ⌦ |gihg|W 7! �A ⌦ |eihe|W
<latexit sha1_base64="BurvKJBXBz7qn6P9qXqN1XyujbU=">AAACO3icbVC7TgMxEPTxDOEVoKSxiJCoojtAgpJHQxkQSZBy0WnP2RwWtu9k+5CikP+i4SfoaGgoQIiWHudRkMBKlkczs9rdiTPBjfX9F29mdm5+YbGwVFxeWV1bL21s1k2aa4Y1lopU38RgUHCFNcutwJtMI8hYYCO+Ox/ojXvUhqfq2nYzbElIFO9wBtZRUekqNDyREJ2GqeUSDX1IQg0qERiK4UeTh6gRSsiMTWmYgJww45QZnTkqlf2KPyz6FwRjUCbjqkal57CdslyiskyAMc3Az2yrB9pyJrBfDHODGbA7SLDpoAI3utUb3t6nu45p006q3VOWDtnfHT2QxnRl7JwS7K2Z1gbkf1ozt53jVo+rLLeo2GhQJxfUxTAIkra5RmZF1wFgmrtdKbsFDcy6uIsuhGD65L+gvl8JDir7l4flk7NxHAWyTXbIHgnIETkhF6RKaoSRR/JK3smH9+S9eZ/e18g64417tshEed8/jeWvlQ==</latexit>

LHS: Must lie everwhere above that curve (note: concave).

log
X

p0
i 6=0

e��Ei

<latexit sha1_base64="ozAcIaopKpsrgSyUYG9FoXKYk88=">AAACDHicbVDLSgMxFM3UV62vqks3wSK6scxUQZdFEVxWsA/ojEMmvW1DM5kxyQhl6Ae48VfcuFDErR/gzr8xbWehrQcCh3PO5eaeIOZMadv+tnILi0vLK/nVwtr6xuZWcXunoaJEUqjTiEeyFRAFnAmoa6Y5tGIJJAw4NIPB5dhvPoBULBK3ehiDF5KeYF1GiTaSXyy5POq5Kgn9NPbZoSvgHtsjuEuP3QA0wVc+G5mUXbYnwP PEyUgJZaj5xS+3E9EkBKEpJ0q1HTvWXkqkZpTDqOAmCmJCB6QHbUMFCUF56eSYET4wSgd3I2me0Hii/p5ISajUMAxMMiS6r2a9sfif105099xLmYgTDYJOF3UTjnWEx83gDpNANR8aQqhk5q+Y9okkVJv+CqYEZ/bkedKolJ2TcuXmtFS9yOrIoz20j46Qg85QFV2jGqojih7RM3pFb9aT9WK9Wx/TaM7KZnbRH1ifPzLTmw8=</latexit>

� F0(�) :=
<latexit sha1_base64="zdk+G+QM/RYHY3tI33JTYqa9PUk=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARKkiZqYIiCEVBXFawD+gMQyZN29AkMyQZoYxd+CtuXCji1t9w59+YtrPQ1gMXDufcy733hDGjSjvOt5VbWFxaXsmvFtbWNza37O2dhooSiUkdRyySrRApwqggdU01I61YEsRDRprh4HrsNx+IVDQS93oYE5+jnqBdipE2UmDveSHRCHrH8CZwSp6iPY6OLi4Du+iUnQngPHEzUgQZao H95XUinHAiNGZIqbbrxNpPkdQUMzIqeIkiMcID1CNtQwXiRPnp5P4RPDRKB3YjaUpoOFF/T6SIKzXkoenkSPfVrDcW//Paie6e+ykVcaKJwNNF3YRBHcFxGLBDJcGaDQ1BWFJzK8R9JBHWJrKCCcGdfXmeNCpl96RcuTstVq+yOPJgHxyAEnDBGaiCW1ADdYDBI3gGr+DNerJerHfrY9qas7KZXfAH1ucPRsWUVQ==</latexit>

F0(�A) � F (�A) +�
<latexit sha1_base64="qOn8lNoBL7pkwJOnj8HDIvrJuuk=">AAACDXicbVDLSgNBEJz1GeMr6tHLYBQiQtiNgh7jA/GoYIyQDUvvpLMZMrO7zswKIeQHvPgrXjwo4tW7N//GSczBV0FDTVU3011hKrg2rvvhTExOTc/M5uby8wuLS8uFldUrnWSKYY0lIlHXIWgUPMaa4UbgdaoQZCiwHnaPh379FpXmSXxpeik2JUQxb3MGxkpBYfM0cEu+5pGE4HDbj/CGnpb8COToveOfoDAQFIpu2R2B/iXemBTJGOdB4d1vJSyTGBsmQOuG56am2QdlOBM4yPuZxhRYFyJsWBqDRN3sj64Z0C2rtGg7UbZiQ0fq94k+SK17MrSdEkxH//aG4n9eIzPtg2afx2lmMGZfH7UzQU1Ch9HQFlfIjOhZAkxxuytlHVDAjA0wb0Pwfp/8l1xVyt5uuXKxV6wejePIkXWyQUrEI/ukSs7IOakRRu7IA3kiz8698+i8OK9frRPOeGaN/IDz9gmnYpoK</latexit>



Work extraction and work of formation

1. Resource-theoretic thermo

Work extraction:

}�
<latexit sha1_base64="/VUI/ghGpVUjmpp6vnhsz9LHk6w=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BRTxGMA/JLmF2MpsMmZ1dZnqFEAL+gxcPinj1c7z5N04eB00saCiquunuClMpDLrut5NbWV1b38hvFra2d3b3ivsHDZNkmvE6S2SiWyE1XArF6yhQ8laqOY1DyZvh4GriNx+5NiJR9zhMeRDTnhKRYBSt9OCPiX/NJdJOseSW3SnIMvHmpARz1DrFL7+bsCzmCpmkxrQ9N8VgRDUKJvm44GeGp5QNaI+3LVU05iYYTQ8ekxOrdEmUaFsKyVT9PTGisTHDOLSdMcW+WfQm4n9eO8PoMhgJlWbIFZstijJJMCGT70lXaM5QDi2hTAt7K2F9qilDm1HBhuAtvrxMGpWyd1au3J2XqjdPszjycATHcAoeXEAVbqEGdWAQwzO8wpujnRfn3fmYteaceYSH8AfO5w94a5Cb</latexit>

Wanted: largest possible      such that LHS thermo-maj. RHS.�
<latexit sha1_base64="bdAS1DU9pLDwmRSuoG8etVlJoIw=">AAAB7XicbVBNS8NAEN34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbSbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsGpVqDg2upNLtgBmQIoYGCpTQTjSwKJDQCkY3U7/1BNoIFT/gOAE/YoNYhIIztFKzewsSWa9UdivuDHSZeDkpkxz1Xumr21c8jSBGLpkxHc9N0M+YRsElTIrd1EDC+IgNoGNpzCIwfja7dkJPrdKnodK2YqQz9fdExiJjxlFgOyOGQ7PoTcX/vE6K4ZWfiThJEWI+XxSmkqKi09dpX2jgKMeWMK6FvZXyIdOMow2oaEPwFl9eJs1qxTuvVO8vyrXrPI4COSYn5Ix45JLUyB2pkwbh5JE8k1fy5ijnxXl3PuatK04+c0T+wPn8AWHajwA=</latexit>

�A ⌦ |gihg|W 7! �A ⌦ |eihe|W
<latexit sha1_base64="BurvKJBXBz7qn6P9qXqN1XyujbU=">AAACO3icbVC7TgMxEPTxDOEVoKSxiJCoojtAgpJHQxkQSZBy0WnP2RwWtu9k+5CikP+i4SfoaGgoQIiWHudRkMBKlkczs9rdiTPBjfX9F29mdm5+YbGwVFxeWV1bL21s1k2aa4Y1lopU38RgUHCFNcutwJtMI8hYYCO+Ox/ojXvUhqfq2nYzbElIFO9wBtZRUekqNDyREJ2GqeUSDX1IQg0qERiK4UeTh6gRSsiMTWmYgJww45QZnTkqlf2KPyz6FwRjUCbjqkal57CdslyiskyAMc3Az2yrB9pyJrBfDHODGbA7SLDpoAI3utUb3t6nu45p006q3VOWDtnfHT2QxnRl7JwS7K2Z1gbkf1ozt53jVo+rLLeo2GhQJxfUxTAIkra5RmZF1wFgmrtdKbsFDcy6uIsuhGD65L+gvl8JDir7l4flk7NxHAWyTXbIHgnIETkhF6RKaoSRR/JK3smH9+S9eZ/e18g64417tshEed8/jeWvlQ==</latexit>

LHS: Must lie everwhere above that curve (note: concave).

log
X

p0
i 6=0

e��Ei

<latexit sha1_base64="ozAcIaopKpsrgSyUYG9FoXKYk88=">AAACDHicbVDLSgMxFM3UV62vqks3wSK6scxUQZdFEVxWsA/ojEMmvW1DM5kxyQhl6Ae48VfcuFDErR/gzr8xbWehrQcCh3PO5eaeIOZMadv+tnILi0vLK/nVwtr6xuZWcXunoaJEUqjTiEeyFRAFnAmoa6Y5tGIJJAw4NIPB5dhvPoBULBK3ehiDF5KeYF1GiTaSXyy5POq5Kgn9NPbZoSvgHtsjuEuP3QA0wVc+G5mUXbYnwP PEyUgJZaj5xS+3E9EkBKEpJ0q1HTvWXkqkZpTDqOAmCmJCB6QHbUMFCUF56eSYET4wSgd3I2me0Hii/p5ISajUMAxMMiS6r2a9sfif105099xLmYgTDYJOF3UTjnWEx83gDpNANR8aQqhk5q+Y9okkVJv+CqYEZ/bkedKolJ2TcuXmtFS9yOrIoz20j46Qg85QFV2jGqojih7RM3pFb9aT9WK9Wx/TaM7KZnbRH1ifPzLTmw8=</latexit>

� F0(�) :=
<latexit sha1_base64="zdk+G+QM/RYHY3tI33JTYqa9PUk=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARKkiZqYIiCEVBXFawD+gMQyZN29AkMyQZoYxd+CtuXCji1t9w59+YtrPQ1gMXDufcy733hDGjSjvOt5VbWFxaXsmvFtbWNza37O2dhooSiUkdRyySrRApwqggdU01I61YEsRDRprh4HrsNx+IVDQS93oYE5+jnqBdipE2UmDveSHRCHrH8CZwSp6iPY6OLi4Du+iUnQngPHEzUgQZao H95XUinHAiNGZIqbbrxNpPkdQUMzIqeIkiMcID1CNtQwXiRPnp5P4RPDRKB3YjaUpoOFF/T6SIKzXkoenkSPfVrDcW//Paie6e+ykVcaKJwNNF3YRBHcFxGLBDJcGaDQ1BWFJzK8R9JBHWJrKCCcGdfXmeNCpl96RcuTstVq+yOPJgHxyAEnDBGaiCW1ADdYDBI3gGr+DNerJerHfrY9qas7KZXfAH1ucPRsWUVQ==</latexit>

F0(�A) � F (�A) +�
<latexit sha1_base64="qOn8lNoBL7pkwJOnj8HDIvrJuuk=">AAACDXicbVDLSgNBEJz1GeMr6tHLYBQiQtiNgh7jA/GoYIyQDUvvpLMZMrO7zswKIeQHvPgrXjwo4tW7N//GSczBV0FDTVU3011hKrg2rvvhTExOTc/M5uby8wuLS8uFldUrnWSKYY0lIlHXIWgUPMaa4UbgdaoQZCiwHnaPh379FpXmSXxpeik2JUQxb3MGxkpBYfM0cEu+5pGE4HDbj/CGnpb8COToveOfoDAQFIpu2R2B/iXemBTJGOdB4d1vJSyTGBsmQOuG56am2QdlOBM4yPuZxhRYFyJsWBqDRN3sj64Z0C2rtGg7UbZiQ0fq94k+SK17MrSdEkxH//aG4n9eIzPtg2afx2lmMGZfH7UzQU1Ch9HQFlfIjOhZAkxxuytlHVDAjA0wb0Pwfp/8l1xVyt5uuXKxV6wejePIkXWyQUrEI/ukSs7IOakRRu7IA3kiz8698+i8OK9frRPOeGaN/IDz9gmnYpoK</latexit>

Extractable work: F0(�A) + kBT logZA.
<latexit sha1_base64="lpl2bcb4dkcXOEYo/urUx6+4hic=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQEUJSBV22FcRlhb6wCWEynaRDJw9mJkIJXbnxV9y4UMSt3+DOv3HaZqHVAxcO59zLvfd4CaNCmuaXVlhaXlldK66XNja3tnf03b2OiFOOSRvHLOY9DwnCaETakkpGegknKPQY6Xqjq6nfvSdc0DhqyXFCnBAFEfUpRlJJrn547ZoVW9AgRG795HTkNmAL2iwO4J1bN1y9bBrmDPAvsXJSBjmarv5pD2KchiSSmCEh+paZSCdDXFLMyKRkp4IkCI9QQPqKRigkwslmb0zgsVIG0I+5qkjCmfpzIkOhEOPQU50hkkOx6E3F/7x+Kv1LJ6NRkkoS4fkiP2VQxnCaCRxQTrBkY0UQ5lTdCvEQcYSlSq6kQrAWX/5LOlXDOjOqt+flWiOPowgOwBGoAAtcgBq4AU3QBhg8gCfwAl61R+1Ze9Pe560FLZ/ZB7+gfXwDsMmWtQ==</latexit>



Work extraction and work of formation

1. Resource-theoretic thermo

Work extraction:

}�
<latexit sha1_base64="/VUI/ghGpVUjmpp6vnhsz9LHk6w=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BRTxGMA/JLmF2MpsMmZ1dZnqFEAL+gxcPinj1c7z5N04eB00saCiquunuClMpDLrut5NbWV1b38hvFra2d3b3ivsHDZNkmvE6S2SiWyE1XArF6yhQ8laqOY1DyZvh4GriNx+5NiJR9zhMeRDTnhKRYBSt9OCPiX/NJdJOseSW3SnIMvHmpARz1DrFL7+bsCzmCpmkxrQ9N8VgRDUKJvm44GeGp5QNaI+3LVU05iYYTQ8ekxOrdEmUaFsKyVT9PTGisTHDOLSdMcW+WfQm4n9eO8PoMhgJlWbIFZstijJJMCGT70lXaM5QDi2hTAt7K2F9qilDm1HBhuAtvrxMGpWyd1au3J2XqjdPszjycATHcAoeXEAVbqEGdWAQwzO8wpujnRfn3fmYteaceYSH8AfO5w94a5Cb</latexit>

Wanted: largest possible      such that LHS thermo-maj. RHS.�
<latexit sha1_base64="bdAS1DU9pLDwmRSuoG8etVlJoIw=">AAAB7XicbVBNS8NAEN34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbSbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsGpVqDg2upNLtgBmQIoYGCpTQTjSwKJDQCkY3U7/1BNoIFT/gOAE/YoNYhIIztFKzewsSWa9UdivuDHSZeDkpkxz1Xumr21c8jSBGLpkxHc9N0M+YRsElTIrd1EDC+IgNoGNpzCIwfja7dkJPrdKnodK2YqQz9fdExiJjxlFgOyOGQ7PoTcX/vE6K4ZWfiThJEWI+XxSmkqKi09dpX2jgKMeWMK6FvZXyIdOMow2oaEPwFl9eJs1qxTuvVO8vyrXrPI4COSYn5Ix45JLUyB2pkwbh5JE8k1fy5ijnxXl3PuatK04+c0T+wPn8AWHajwA=</latexit>

�A ⌦ |gihg|W 7! �A ⌦ |eihe|W
<latexit sha1_base64="BurvKJBXBz7qn6P9qXqN1XyujbU=">AAACO3icbVC7TgMxEPTxDOEVoKSxiJCoojtAgpJHQxkQSZBy0WnP2RwWtu9k+5CikP+i4SfoaGgoQIiWHudRkMBKlkczs9rdiTPBjfX9F29mdm5+YbGwVFxeWV1bL21s1k2aa4Y1lopU38RgUHCFNcutwJtMI8hYYCO+Ox/ojXvUhqfq2nYzbElIFO9wBtZRUekqNDyREJ2GqeUSDX1IQg0qERiK4UeTh6gRSsiMTWmYgJww45QZnTkqlf2KPyz6FwRjUCbjqkal57CdslyiskyAMc3Az2yrB9pyJrBfDHODGbA7SLDpoAI3utUb3t6nu45p006q3VOWDtnfHT2QxnRl7JwS7K2Z1gbkf1ozt53jVo+rLLeo2GhQJxfUxTAIkra5RmZF1wFgmrtdKbsFDcy6uIsuhGD65L+gvl8JDir7l4flk7NxHAWyTXbIHgnIETkhF6RKaoSRR/JK3smH9+S9eZ/e18g64417tshEed8/jeWvlQ==</latexit>

LHS: Must lie everwhere above that curve (note: concave).

F0(�A) � F (�A) +�
<latexit sha1_base64="qOn8lNoBL7pkwJOnj8HDIvrJuuk=">AAACDXicbVDLSgNBEJz1GeMr6tHLYBQiQtiNgh7jA/GoYIyQDUvvpLMZMrO7zswKIeQHvPgrXjwo4tW7N//GSczBV0FDTVU3011hKrg2rvvhTExOTc/M5uby8wuLS8uFldUrnWSKYY0lIlHXIWgUPMaa4UbgdaoQZCiwHnaPh379FpXmSXxpeik2JUQxb3MGxkpBYfM0cEu+5pGE4HDbj/CGnpb8COToveOfoDAQFIpu2R2B/iXemBTJGOdB4d1vJSyTGBsmQOuG56am2QdlOBM4yPuZxhRYFyJsWBqDRN3sj64Z0C2rtGg7UbZiQ0fq94k+SK17MrSdEkxH//aG4n9eIzPtg2afx2lmMGZfH7UzQU1Ch9HQFlfIjOhZAkxxuytlHVDAjA0wb0Pwfp/8l1xVyt5uuXKxV6wejePIkXWyQUrEI/ukSs7IOakRRu7IA3kiz8698+i8OK9frRPOeGaN/IDz9gmnYpoK</latexit>

Extractable work: F0(�A) + kBT logZA.
<latexit sha1_base64="lpl2bcb4dkcXOEYo/urUx6+4hic=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQEUJSBV22FcRlhb6wCWEynaRDJw9mJkIJXbnxV9y4UMSt3+DOv3HaZqHVAxcO59zLvfd4CaNCmuaXVlhaXlldK66XNja3tnf03b2OiFOOSRvHLOY9DwnCaETakkpGegknKPQY6Xqjq6nfvSdc0DhqyXFCnBAFEfUpRlJJrn547ZoVW9AgRG795HTkNmAL2iwO4J1bN1y9bBrmDPAvsXJSBjmarv5pD2KchiSSmCEh+paZSCdDXFLMyKRkp4IkCI9QQPqKRigkwslmb0zgsVIG0I+5qkjCmfpzIkOhEOPQU50hkkOx6E3F/7x+Kv1LJ6NRkkoS4fkiP2VQxnCaCRxQTrBkY0UQ5lTdCvEQcYSlSq6kQrAWX/5LOlXDOjOqt+flWiOPowgOwBGoAAtcgBq4AU3QBhg8gCfwAl61R+1Ze9Pe560FLZ/ZB7+gfXwDsMmWtQ==</latexit>

Work cost: F1(�A) + kBT logZA
<latexit sha1_base64="fVRxcMwKynZCblQA+QLmkisj84Y=">AAACCnicbVDLSgMxFM3UV62vqks30SJUhDJTBV22FcRlhb6wMwyZNNOGJpkhyQildO3GX3HjQhG3foE7/8a0nYVWD1w4nHMv994TxIwqbdtfVmZpeWV1Lbue29jc2t7J7+61VJRITJo4YpHsBEgRRgVpaqoZ6cSSIB4w0g6GV1O/fU+kopFo6FFMPI76goYUI20kP3947btUhHpUdBXtc+RXT06Hfg02oMuiPrzzq36+YJfsGeBf4qSkAFLU/fyn24twwonQmCGluo4da2+MpKaYkUnOTRSJER6iPukaKhAnyhvPXpnAY6P0YBhJU0LDmfpzYoy4UiMemE6O9EAtelPxP6+b6PDSG1MRJ5oIPF8UJgzqCE5zgT0qCdZsZAjCkppbIR4gibA26eVMCM7iy39Jq1xyzkrl2/NCpZbGkQUH4AgUgQMuQAXcgDpoAgwewBN4Aa/Wo/VsvVnv89aMlc7sg1+wPr4BxYCZBQ==</latexit>

F1(�A) + F (�A) =
<latexit sha1_base64="M6r/GXJhyE/aKnN7pc936JxfY5A=">AAACCHicbZDLSgMxFIYz9VbrrerShcEiVIQyUwXdCFWhuKxgL9AZhkyaaUOTzJBkhDJ06cZXceNCEbc+gjvfxnTahVZ/CHz85xxOzh/EjCpt219WbmFxaXklv1pYW9/Y3Cpu77RUlEhMmjhikewESBFGBWlqqhnpxJIgHjDSDobXk3r7nkhFI3GnRzHxOOoLGlKMtLH84n7dd6kI9ajsKtrnyL88Oq6X3T7iGV/4xZJdsTPBv+DMoARmavjFT7cX4YQToTFDSnUdO9ZeiqSmmJFxwU0UiREeoj7pGhSIE+Wl2SFjeGicHgwjaZ7QMHN/TqSIKzXigenkSA/UfG1i/lfrJjo891Iq4kQTgaeLwoRBHcFJKrBHJcGajQwgLKn5K8QDJBHWJruCCcGZP/kvtKoV56RSvT0t1a5mceTBHjgAZeCAM1ADN6ABmgCDB/AEXsCr9Wg9W2/W+7Q1Z81mdsEvWR/fnWqYbA==</latexit>

kBT logmin{� : �A  ��A}.
<latexit sha1_base64="d5poYGa3qKQ77FMqdAjC5DxZTDA=">AAACH3icbVDLSgMxFM34tr6qLt0Ei+CqzFRRceVj41Kh1UJThjtpOg1NMmOSEcrQP3Hjr7hxoYi469+Y1llo9UDgcM493NwTpYIb6/sjb2Z2bn5hcWm5tLK6tr5R3ty6NUmmKWvQRCS6GYFhgivWsNwK1kw1AxkJdhf1L8f+3QPThieqbgcpa0uIFe9yCtZJYfmoH17gOiYiiYnkiuREuHAHTonhsYTwnAh2X2gkBjmRhtWwXPGr/gT4LwkKUkEFrsPyJ+kkNJNMWSrAmFbgp7adg7acCjYskcywFGgfYtZyVIFkpp1P7hviPad0cDfR7imLJ+rPRA7SmIGM3KQE2zPT3lj8z2tltnvSzrlKM8sU/V7UzQS2CR6XhTtcM2rFwBGgmru/YtoDDdS6SkuuhGD65L/ktlYNDqq1m8PK2UVRxxLaQbtoHwXoGJ2hK3SNGoiiR/SMXtGb9+S9eO/ex/fojFdkttEveKMv4wmi5Q==</latexit>



Work extraction and work of formation

1. Resource-theoretic thermo

Work extraction:

}�
<latexit sha1_base64="/VUI/ghGpVUjmpp6vnhsz9LHk6w=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BRTxGMA/JLmF2MpsMmZ1dZnqFEAL+gxcPinj1c7z5N04eB00saCiquunuClMpDLrut5NbWV1b38hvFra2d3b3ivsHDZNkmvE6S2SiWyE1XArF6yhQ8laqOY1DyZvh4GriNx+5NiJR9zhMeRDTnhKRYBSt9OCPiX/NJdJOseSW3SnIMvHmpARz1DrFL7+bsCzmCpmkxrQ9N8VgRDUKJvm44GeGp5QNaI+3LVU05iYYTQ8ekxOrdEmUaFsKyVT9PTGisTHDOLSdMcW+WfQm4n9eO8PoMhgJlWbIFZstijJJMCGT70lXaM5QDi2hTAt7K2F9qilDm1HBhuAtvrxMGpWyd1au3J2XqjdPszjycATHcAoeXEAVbqEGdWAQwzO8wpujnRfn3fmYteaceYSH8AfO5w94a5Cb</latexit>

Wanted: largest possible      such that LHS thermo-maj. RHS.�
<latexit sha1_base64="bdAS1DU9pLDwmRSuoG8etVlJoIw=">AAAB7XicbVBNS8NAEN34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbSbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsGpVqDg2upNLtgBmQIoYGCpTQTjSwKJDQCkY3U7/1BNoIFT/gOAE/YoNYhIIztFKzewsSWa9UdivuDHSZeDkpkxz1Xumr21c8jSBGLpkxHc9N0M+YRsElTIrd1EDC+IgNoGNpzCIwfja7dkJPrdKnodK2YqQz9fdExiJjxlFgOyOGQ7PoTcX/vE6K4ZWfiThJEWI+XxSmkqKi09dpX2jgKMeWMK6FvZXyIdOMow2oaEPwFl9eJs1qxTuvVO8vyrXrPI4COSYn5Ix45JLUyB2pkwbh5JE8k1fy5ijnxXl3PuatK04+c0T+wPn8AWHajwA=</latexit>

�A ⌦ |gihg|W 7! �A ⌦ |eihe|W
<latexit sha1_base64="BurvKJBXBz7qn6P9qXqN1XyujbU=">AAACO3icbVC7TgMxEPTxDOEVoKSxiJCoojtAgpJHQxkQSZBy0WnP2RwWtu9k+5CikP+i4SfoaGgoQIiWHudRkMBKlkczs9rdiTPBjfX9F29mdm5+YbGwVFxeWV1bL21s1k2aa4Y1lopU38RgUHCFNcutwJtMI8hYYCO+Ox/ojXvUhqfq2nYzbElIFO9wBtZRUekqNDyREJ2GqeUSDX1IQg0qERiK4UeTh6gRSsiMTWmYgJww45QZnTkqlf2KPyz6FwRjUCbjqkal57CdslyiskyAMc3Az2yrB9pyJrBfDHODGbA7SLDpoAI3utUb3t6nu45p006q3VOWDtnfHT2QxnRl7JwS7K2Z1gbkf1ozt53jVo+rLLeo2GhQJxfUxTAIkra5RmZF1wFgmrtdKbsFDcy6uIsuhGD65L+gvl8JDir7l4flk7NxHAWyTXbIHgnIETkhF6RKaoSRR/JK3smH9+S9eZ/e18g64417tshEed8/jeWvlQ==</latexit>

LHS: Must lie everwhere above that curve (note: concave).

F0(�A) � F (�A) +�
<latexit sha1_base64="qOn8lNoBL7pkwJOnj8HDIvrJuuk=">AAACDXicbVDLSgNBEJz1GeMr6tHLYBQiQtiNgh7jA/GoYIyQDUvvpLMZMrO7zswKIeQHvPgrXjwo4tW7N//GSczBV0FDTVU3011hKrg2rvvhTExOTc/M5uby8wuLS8uFldUrnWSKYY0lIlHXIWgUPMaa4UbgdaoQZCiwHnaPh379FpXmSXxpeik2JUQxb3MGxkpBYfM0cEu+5pGE4HDbj/CGnpb8COToveOfoDAQFIpu2R2B/iXemBTJGOdB4d1vJSyTGBsmQOuG56am2QdlOBM4yPuZxhRYFyJsWBqDRN3sj64Z0C2rtGg7UbZiQ0fq94k+SK17MrSdEkxH//aG4n9eIzPtg2afx2lmMGZfH7UzQU1Ch9HQFlfIjOhZAkxxuytlHVDAjA0wb0Pwfp/8l1xVyt5uuXKxV6wejePIkXWyQUrEI/ukSs7IOakRRu7IA3kiz8698+i8OK9frRPOeGaN/IDz9gmnYpoK</latexit>

Extractable work: F0(�A) + kBT logZA.
<latexit sha1_base64="lpl2bcb4dkcXOEYo/urUx6+4hic=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQEUJSBV22FcRlhb6wCWEynaRDJw9mJkIJXbnxV9y4UMSt3+DOv3HaZqHVAxcO59zLvfd4CaNCmuaXVlhaXlldK66XNja3tnf03b2OiFOOSRvHLOY9DwnCaETakkpGegknKPQY6Xqjq6nfvSdc0DhqyXFCnBAFEfUpRlJJrn547ZoVW9AgRG795HTkNmAL2iwO4J1bN1y9bBrmDPAvsXJSBjmarv5pD2KchiSSmCEh+paZSCdDXFLMyKRkp4IkCI9QQPqKRigkwslmb0zgsVIG0I+5qkjCmfpzIkOhEOPQU50hkkOx6E3F/7x+Kv1LJ6NRkkoS4fkiP2VQxnCaCRxQTrBkY0UQ5lTdCvEQcYSlSq6kQrAWX/5LOlXDOjOqt+flWiOPowgOwBGoAAtcgBq4AU3QBhg8gCfwAl61R+1Ze9Pe560FLZ/ZB7+gfXwDsMmWtQ==</latexit>

Work cost: F1(�A) + kBT logZA
<latexit sha1_base64="fVRxcMwKynZCblQA+QLmkisj84Y=">AAACCnicbVDLSgMxFM3UV62vqks30SJUhDJTBV22FcRlhb6wMwyZNNOGJpkhyQildO3GX3HjQhG3foE7/8a0nYVWD1w4nHMv994TxIwqbdtfVmZpeWV1Lbue29jc2t7J7+61VJRITJo4YpHsBEgRRgVpaqoZ6cSSIB4w0g6GV1O/fU+kopFo6FFMPI76goYUI20kP3947btUhHpUdBXtc+RXT06Hfg02oMuiPrzzq36+YJfsGeBf4qSkAFLU/fyn24twwonQmCGluo4da2+MpKaYkUnOTRSJER6iPukaKhAnyhvPXpnAY6P0YBhJU0LDmfpzYoy4UiMemE6O9EAtelPxP6+b6PDSG1MRJ5oIPF8UJgzqCE5zgT0qCdZsZAjCkppbIR4gibA26eVMCM7iy39Jq1xyzkrl2/NCpZbGkQUH4AgUgQMuQAXcgDpoAgwewBN4Aa/Wo/VsvVnv89aMlc7sg1+wPr4BxYCZBQ==</latexit>

Fundamental irreversibility: F0 ⌧ F ⌧ F1.
<latexit sha1_base64="hIbZnAnHcDMoEpnwkpzSULHETSU=">AAACAHicbVDLSsNAFL3xWesr6sKFm8EiuApJFXRZFIrLCvYBTQmT6aQdOpmEmYlQQjf+ihsXirj1M9z5N07bLLT1wL0czrmXmXvClDOlXffbWlldW9/YLG2Vt3d29/btg8OWSjJJaJMkPJGdECvKmaBNzTSnnVRSHIectsPR7dRvP1KpWCIe9DilvRgPBIsYwdpIgX1cD1zkc47q8x74TER67AR2xXXcGdAy8QpSgQKNwP7y+wnJYio04VipruemupdjqRnhdFL2M0VTTEZ4QLuGChxT1ctnB0zQmVH6KEqkKaHRTP29keNYqXEcmskY66Fa9Kbif14309F1L2cizTQVZP5QlHGkEzRNA/WZpETzsSGYSGb+isgQS0y0yaxsQvAWT14mrarjXTjV+8tK7aaIowQncArn4MEV1OAOGtAEAhN4hld4s56sF+vd+piPrljFzhH8gfX5A0tHlPE=</latexit>



General	state	transiRons	—	with	a	catalyst

Allow	for	addiRonal	system	C	that	is	involved	but	doesn’t	change.

possible, if we can use an additional system σ as a catalyst, i.e., we
may have ρ↛ ρ′ and yet ρ⊗ σ→ ρ′⊗ σ. In the case of thermody-
namics, the catalyst σ may be thought of as a working body or
heat engine which undergoes a cyclic process and is returned
back into its original state. In deciding whether one can trans-
form ρ into ρ′, one therefore needs to ask whether there exists
a working body or other ancillas σ for which ρ⊗ σ→ ρ′⊗ σ (Fig.
1). Thus, thermo-majorization (Fig. 2) should only be applied to
total resources including all possible catalysts and working bodies
and not the system of interest itself. In the case of entanglement
theory, and when the catalyst is returned in exactly the same state,
the criteria for when one pure state may be transformed into
another have been found (6, 7) and they are called trumping
conditions. We will generalize and adapt the trumping conditions
to enable their application to the case of thermodynamics.

Family of Second Laws
Here, we consider all possible cyclic thermodynamical processes,
and show that transition laws are affected by using ancillary
systems which are returned back to their initial state. Rather
than a single free energy that determines which transitions are
possible, we find necessary and sufficient conditions for ther-
modynamic transitions which form not just one but a family of
second laws. We define the free energies

Fα
!
ρ; ρβ

"
dkTDα

!
ρkρβ

"
− kT logZ; [2]

with the Rényi divergences DαðρkρβÞ defined as

Dα
!
ρkρβ

"
=
sgnðαÞ
α− 1

log
X

i

pαi q
1−α
i ; [3]

where pi are the eigenvalues of ρ and qi the eigenvalues of the
thermal state of the system ρβ = e−βHS=Z with Hamiltonian HS,
partition function Z=

P
i;ge

−βEi , and β= 1=T.
We can then state quantum second laws, and ones that hold

for states block diagonal in the energy basis. In the latter case, we
find the following set of second laws:
In the presence of a heat bath of single fixed temperature, the

free energies Fαðρ; ρβÞ do not increase for α≥ 0 That is, ∀α≥ 0,
Fαðρ; ρβÞ≥Fαðρ′; ρβÞ, where ρ and ρ′ are the initial and final
state, respectively. Moreover, if Fαðρ; ρβÞ≥Fαðρ′; ρβÞ holds ∀α≥ 0,

then there exists a catalytic thermal operation that transforms
ρ to ρ′.
We say that the Fαðρ; ρβÞ are monotones––the system always

gets closer to the thermal state, thus the function always de-
creases. By including an auxiliary system as described in ref. 2,
the above statement of the second law is equivalent to the case
where one changes the Hamiltonian of the system, in which case
one could write Fαðρ; ρβÞ≥Fαðρ′; ρβ′Þ, where the initial Hamilto-
nian HS has been changed via external control to the final
Hamiltonian HS′ , with ρβ and ρβ′ being the respective thermal
states. This is described in SI Appendix, section I. Note that in
fact Fαðρ; ρβÞ is a monotone for all α∈ ð−∞;∞Þ but because we
are allowed to borrow a pure state and return it in a state arbi-
trarily close to its initial state, only α≥ 0 is relevant, as can be seen
by noting that if any of the probabilities pi in Eq. 3 are zero, then
for α< 0, Fαðρ; ρβÞ diverges and will thus always be monotonic.
This set of limitations is less stringent than thermo-majoriza-

tion. Not only do these second laws provide limitations, but they
are also sufficient––whenever the free energies of some state ρ
are all greater than for another state ρ′, one can transform ρ into
ρ′. We prove this in SI Appendix. Note that the monotonicity of
[2] establishes a continuous family of conditions, one for each
value of α. However, in the case of larger systems, one can per-
form a quick check, namely: we find that for any distribution p we
can construct smoothed distributions that are very close to p, and
in terms of these smoothed distributions, check two conditions in
terms of the two free energies for α= 0;∞ found in ref. 2. If such
conditions are satisfied on the smoothed distribution, it implies
that the infinite set of conditions is satisfied as well.
For α→ 1, Fαðρ; ρβÞ is equal to the ordinary Helmholtz free en-

ergy FðρÞ, hence our conditions include the ordinary second law
(combined with energy conservation), and we thus see that it is
merely one of many constraints on thermodynamical state transitions.
In the macroscopic regime, and for systems which are not

highly correlated, then Fαðρ; ρβÞ≈F1ðρ; ρβÞ for all α (2, 8), which
explains why the single constraint given by the usual second law
is more or less adequate in this limit. It was previously found that
the quantity FminðρÞ, defined in ref. 2, gives the maximal amount
of work extractable from a system in contact with a reservoir
under all thermal operations (2) (by transforming it to a thermal
state in equilibrium with the bath). This is also the relevant
quantity in a model of alternating adiabatic and isothermal
operations (9). We see this in our newly derived second laws as

Fig. 1. In the microregime, when can a state ρS with Hamiltonian HS be transformed to a state ρS′ and Hamiltonian HS′? To do so, one can couple the system to a
heat bath ρβ = e−βHR=Z with Hamiltonian HR and use any devices as long as they are returned back in their original state (thus wemay think of them as a catalyst––σ)
and we are allowed to perform any action as long as we preserve the overall energy (see below for a more detailed description of these operations, which we call
catalytic thermal operations). Loosely speaking, our second law says that ρS can transit to ρS′ if and only if ρS′ is closer to the thermal state ρβ of the system at inverse
temperature β with respect to all Rényi divergences. In the thermodynamic limit, all these quantities converge so that we recover the usual second law.
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for states block diagonal in the energy basis. In the latter case, we
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In the presence of a heat bath of single fixed temperature, the

free energies Fαðρ; ρβÞ do not increase for α≥ 0 That is, ∀α≥ 0,
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gets closer to the thermal state, thus the function always de-
creases. By including an auxiliary system as described in ref. 2,
the above statement of the second law is equivalent to the case
where one changes the Hamiltonian of the system, in which case
one could write Fαðρ; ρβÞ≥Fαðρ′; ρβ′Þ, where the initial Hamilto-
nian HS has been changed via external control to the final
Hamiltonian HS′ , with ρβ and ρβ′ being the respective thermal
states. This is described in SI Appendix, section I. Note that in
fact Fαðρ; ρβÞ is a monotone for all α∈ ð−∞;∞Þ but because we
are allowed to borrow a pure state and return it in a state arbi-
trarily close to its initial state, only α≥ 0 is relevant, as can be seen
by noting that if any of the probabilities pi in Eq. 3 are zero, then
for α< 0, Fαðρ; ρβÞ diverges and will thus always be monotonic.
This set of limitations is less stringent than thermo-majoriza-

tion. Not only do these second laws provide limitations, but they
are also sufficient––whenever the free energies of some state ρ
are all greater than for another state ρ′, one can transform ρ into
ρ′. We prove this in SI Appendix. Note that the monotonicity of
[2] establishes a continuous family of conditions, one for each
value of α. However, in the case of larger systems, one can per-
form a quick check, namely: we find that for any distribution p we
can construct smoothed distributions that are very close to p, and
in terms of these smoothed distributions, check two conditions in
terms of the two free energies for α= 0;∞ found in ref. 2. If such
conditions are satisfied on the smoothed distribution, it implies
that the infinite set of conditions is satisfied as well.
For α→ 1, Fαðρ; ρβÞ is equal to the ordinary Helmholtz free en-

ergy FðρÞ, hence our conditions include the ordinary second law
(combined with energy conservation), and we thus see that it is
merely one of many constraints on thermodynamical state transitions.
In the macroscopic regime, and for systems which are not

highly correlated, then Fαðρ; ρβÞ≈F1ðρ; ρβÞ for all α (2, 8), which
explains why the single constraint given by the usual second law
is more or less adequate in this limit. It was previously found that
the quantity FminðρÞ, defined in ref. 2, gives the maximal amount
of work extractable from a system in contact with a reservoir
under all thermal operations (2) (by transforming it to a thermal
state in equilibrium with the bath). This is also the relevant
quantity in a model of alternating adiabatic and isothermal
operations (9). We see this in our newly derived second laws as

Fig. 1. In the microregime, when can a state ρS with Hamiltonian HS be transformed to a state ρS′ and Hamiltonian HS′? To do so, one can couple the system to a
heat bath ρβ = e−βHR=Z with Hamiltonian HR and use any devices as long as they are returned back in their original state (thus wemay think of them as a catalyst––σ)
and we are allowed to perform any action as long as we preserve the overall energy (see below for a more detailed description of these operations, which we call
catalytic thermal operations). Loosely speaking, our second law says that ρS can transit to ρS′ if and only if ρS′ is closer to the thermal state ρβ of the system at inverse
temperature β with respect to all Rényi divergences. In the thermodynamic limit, all these quantities converge so that we recover the usual second law.
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possible, if we can use an additional system σ as a catalyst, i.e., we
may have ρ↛ ρ′ and yet ρ⊗ σ→ ρ′⊗ σ. In the case of thermody-
namics, the catalyst σ may be thought of as a working body or
heat engine which undergoes a cyclic process and is returned
back into its original state. In deciding whether one can trans-
form ρ into ρ′, one therefore needs to ask whether there exists
a working body or other ancillas σ for which ρ⊗ σ→ ρ′⊗ σ (Fig.
1). Thus, thermo-majorization (Fig. 2) should only be applied to
total resources including all possible catalysts and working bodies
and not the system of interest itself. In the case of entanglement
theory, and when the catalyst is returned in exactly the same state,
the criteria for when one pure state may be transformed into
another have been found (6, 7) and they are called trumping
conditions. We will generalize and adapt the trumping conditions
to enable their application to the case of thermodynamics.

Family of Second Laws
Here, we consider all possible cyclic thermodynamical processes,
and show that transition laws are affected by using ancillary
systems which are returned back to their initial state. Rather
than a single free energy that determines which transitions are
possible, we find necessary and sufficient conditions for ther-
modynamic transitions which form not just one but a family of
second laws. We define the free energies
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where pi are the eigenvalues of ρ and qi the eigenvalues of the
thermal state of the system ρβ = e−βHS=Z with Hamiltonian HS,
partition function Z=
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We can then state quantum second laws, and ones that hold

for states block diagonal in the energy basis. In the latter case, we
find the following set of second laws:
In the presence of a heat bath of single fixed temperature, the

free energies Fαðρ; ρβÞ do not increase for α≥ 0 That is, ∀α≥ 0,
Fαðρ; ρβÞ≥Fαðρ′; ρβÞ, where ρ and ρ′ are the initial and final
state, respectively. Moreover, if Fαðρ; ρβÞ≥Fαðρ′; ρβÞ holds ∀α≥ 0,

then there exists a catalytic thermal operation that transforms
ρ to ρ′.
We say that the Fαðρ; ρβÞ are monotones––the system always

gets closer to the thermal state, thus the function always de-
creases. By including an auxiliary system as described in ref. 2,
the above statement of the second law is equivalent to the case
where one changes the Hamiltonian of the system, in which case
one could write Fαðρ; ρβÞ≥Fαðρ′; ρβ′Þ, where the initial Hamilto-
nian HS has been changed via external control to the final
Hamiltonian HS′ , with ρβ and ρβ′ being the respective thermal
states. This is described in SI Appendix, section I. Note that in
fact Fαðρ; ρβÞ is a monotone for all α∈ ð−∞;∞Þ but because we
are allowed to borrow a pure state and return it in a state arbi-
trarily close to its initial state, only α≥ 0 is relevant, as can be seen
by noting that if any of the probabilities pi in Eq. 3 are zero, then
for α< 0, Fαðρ; ρβÞ diverges and will thus always be monotonic.
This set of limitations is less stringent than thermo-majoriza-

tion. Not only do these second laws provide limitations, but they
are also sufficient––whenever the free energies of some state ρ
are all greater than for another state ρ′, one can transform ρ into
ρ′. We prove this in SI Appendix. Note that the monotonicity of
[2] establishes a continuous family of conditions, one for each
value of α. However, in the case of larger systems, one can per-
form a quick check, namely: we find that for any distribution p we
can construct smoothed distributions that are very close to p, and
in terms of these smoothed distributions, check two conditions in
terms of the two free energies for α= 0;∞ found in ref. 2. If such
conditions are satisfied on the smoothed distribution, it implies
that the infinite set of conditions is satisfied as well.
For α→ 1, Fαðρ; ρβÞ is equal to the ordinary Helmholtz free en-

ergy FðρÞ, hence our conditions include the ordinary second law
(combined with energy conservation), and we thus see that it is
merely one of many constraints on thermodynamical state transitions.
In the macroscopic regime, and for systems which are not

highly correlated, then Fαðρ; ρβÞ≈F1ðρ; ρβÞ for all α (2, 8), which
explains why the single constraint given by the usual second law
is more or less adequate in this limit. It was previously found that
the quantity FminðρÞ, defined in ref. 2, gives the maximal amount
of work extractable from a system in contact with a reservoir
under all thermal operations (2) (by transforming it to a thermal
state in equilibrium with the bath). This is also the relevant
quantity in a model of alternating adiabatic and isothermal
operations (9). We see this in our newly derived second laws as

Fig. 1. In the microregime, when can a state ρS with Hamiltonian HS be transformed to a state ρS′ and Hamiltonian HS′? To do so, one can couple the system to a
heat bath ρβ = e−βHR=Z with Hamiltonian HR and use any devices as long as they are returned back in their original state (thus wemay think of them as a catalyst––σ)
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possible, if we can use an additional system σ as a catalyst, i.e., we
may have ρ↛ ρ′ and yet ρ⊗ σ→ ρ′⊗ σ. In the case of thermody-
namics, the catalyst σ may be thought of as a working body or
heat engine which undergoes a cyclic process and is returned
back into its original state. In deciding whether one can trans-
form ρ into ρ′, one therefore needs to ask whether there exists
a working body or other ancillas σ for which ρ⊗ σ→ ρ′⊗ σ (Fig.
1). Thus, thermo-majorization (Fig. 2) should only be applied to
total resources including all possible catalysts and working bodies
and not the system of interest itself. In the case of entanglement
theory, and when the catalyst is returned in exactly the same state,
the criteria for when one pure state may be transformed into
another have been found (6, 7) and they are called trumping
conditions. We will generalize and adapt the trumping conditions
to enable their application to the case of thermodynamics.

Family of Second Laws
Here, we consider all possible cyclic thermodynamical processes,
and show that transition laws are affected by using ancillary
systems which are returned back to their initial state. Rather
than a single free energy that determines which transitions are
possible, we find necessary and sufficient conditions for ther-
modynamic transitions which form not just one but a family of
second laws. We define the free energies

Fα
!
ρ; ρβ

"
dkTDα

!
ρkρβ

"
− kT logZ; [2]

with the Rényi divergences DαðρkρβÞ defined as

Dα
!
ρkρβ

"
=
sgnðαÞ
α− 1

log
X

i

pαi q
1−α
i ; [3]

where pi are the eigenvalues of ρ and qi the eigenvalues of the
thermal state of the system ρβ = e−βHS=Z with Hamiltonian HS,
partition function Z=

P
i;ge

−βEi , and β= 1=T.
We can then state quantum second laws, and ones that hold

for states block diagonal in the energy basis. In the latter case, we
find the following set of second laws:
In the presence of a heat bath of single fixed temperature, the

free energies Fαðρ; ρβÞ do not increase for α≥ 0 That is, ∀α≥ 0,
Fαðρ; ρβÞ≥Fαðρ′; ρβÞ, where ρ and ρ′ are the initial and final
state, respectively. Moreover, if Fαðρ; ρβÞ≥Fαðρ′; ρβÞ holds ∀α≥ 0,

then there exists a catalytic thermal operation that transforms
ρ to ρ′.
We say that the Fαðρ; ρβÞ are monotones––the system always

gets closer to the thermal state, thus the function always de-
creases. By including an auxiliary system as described in ref. 2,
the above statement of the second law is equivalent to the case
where one changes the Hamiltonian of the system, in which case
one could write Fαðρ; ρβÞ≥Fαðρ′; ρβ′Þ, where the initial Hamilto-
nian HS has been changed via external control to the final
Hamiltonian HS′ , with ρβ and ρβ′ being the respective thermal
states. This is described in SI Appendix, section I. Note that in
fact Fαðρ; ρβÞ is a monotone for all α∈ ð−∞;∞Þ but because we
are allowed to borrow a pure state and return it in a state arbi-
trarily close to its initial state, only α≥ 0 is relevant, as can be seen
by noting that if any of the probabilities pi in Eq. 3 are zero, then
for α< 0, Fαðρ; ρβÞ diverges and will thus always be monotonic.
This set of limitations is less stringent than thermo-majoriza-

tion. Not only do these second laws provide limitations, but they
are also sufficient––whenever the free energies of some state ρ
are all greater than for another state ρ′, one can transform ρ into
ρ′. We prove this in SI Appendix. Note that the monotonicity of
[2] establishes a continuous family of conditions, one for each
value of α. However, in the case of larger systems, one can per-
form a quick check, namely: we find that for any distribution p we
can construct smoothed distributions that are very close to p, and
in terms of these smoothed distributions, check two conditions in
terms of the two free energies for α= 0;∞ found in ref. 2. If such
conditions are satisfied on the smoothed distribution, it implies
that the infinite set of conditions is satisfied as well.
For α→ 1, Fαðρ; ρβÞ is equal to the ordinary Helmholtz free en-

ergy FðρÞ, hence our conditions include the ordinary second law
(combined with energy conservation), and we thus see that it is
merely one of many constraints on thermodynamical state transitions.
In the macroscopic regime, and for systems which are not

highly correlated, then Fαðρ; ρβÞ≈F1ðρ; ρβÞ for all α (2, 8), which
explains why the single constraint given by the usual second law
is more or less adequate in this limit. It was previously found that
the quantity FminðρÞ, defined in ref. 2, gives the maximal amount
of work extractable from a system in contact with a reservoir
under all thermal operations (2) (by transforming it to a thermal
state in equilibrium with the bath). This is also the relevant
quantity in a model of alternating adiabatic and isothermal
operations (9). We see this in our newly derived second laws as

Fig. 1. In the microregime, when can a state ρS with Hamiltonian HS be transformed to a state ρS′ and Hamiltonian HS′? To do so, one can couple the system to a
heat bath ρβ = e−βHR=Z with Hamiltonian HR and use any devices as long as they are returned back in their original state (thus wemay think of them as a catalyst––σ)
and we are allowed to perform any action as long as we preserve the overall energy (see below for a more detailed description of these operations, which we call
catalytic thermal operations). Loosely speaking, our second law says that ρS can transit to ρS′ if and only if ρS′ is closer to the thermal state ρβ of the system at inverse
temperature β with respect to all Rényi divergences. In the thermodynamic limit, all these quantities converge so that we recover the usual second law.

3276 | www.pnas.org/cgi/doi/10.1073/pnas.1411728112 Brandão et al.

Brandão	et	al.,	The	second	laws	of	quantum	thermodynamics,	PNAS	112,	3275	(2015).

⌧R = exp(�kBTHR)/Z
<latexit sha1_base64="xLOz79ErlFsdWwuEbDuwW415Kao=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahLqxJFXQjlLrpspa+sAlhMp20QycPZiZiCQU3/oobF4q49Sfc+TdO2yy09cCFwzn3cu89bsSokIbxrWWWlldW17LruY3Nre0dfXevJcKYY9LEIQt5x0WCMBqQpqSSkU7ECfJdRtru8Gbit+8JFzQMGnIUEdtH/YB6FCOpJEc/sCSKnfq1RR6iwikcOhXYgFWnfnJ25+h5o2hMAReJmZI8SFFz9C+rF+LYJ4HEDAnRNY1I2gnikmJGxjkrFiRCeIj6pKtogHwi7GT6wxgeK6UHvZCrCiScqr8nEuQLMfJd1ekjORDz3kT8z+vG0ruyExpEsSQBni3yYgZlCCeBwB7lBEs2UgRhTtWtEA8QR1iq2HIqBHP+5UXSKhXN82Lp9iJfrqRxZMEhOAIFYIJLUAZVUANNgMEjeAav4E170l60d+1j1prR0pl98Afa5w/RSpWw</latexit>

[USRC , HS +HR +HC ] = 0
<latexit sha1_base64="WsScKkpyujNSaNGaJn0BNTMfaTE=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLICglqYJuhEI3XdbWtIU0hMl00g6dTMLMRCghG3/FjQtF3PoZ7vwbp4+FVg9cOJxzL/feEySMSmVZX0ZhZXVtfaO4Wdra3tndM/cPOjJOBSYOjlksegGShFFOHEUVI71EEBQFjHSDcX3qdx+IkDTm92qSEC9CQ05DipHSkm8euY6ftVv1/KLht88bfktX3bu1fLNsVawZ4F9iL0gZLND0zc/+IMZpRLjCDEnp2laivAwJRTEjeamfSpIgPEZD4mrKUUSkl80eyOGpVgYwjIUuruBM/TmRoUjKSRTozgipkVz2puJ/npuq8MbLKE9SRTieLwpTBlUMp2nAARUEKzbRBGFB9a0Qj5BAWOnMSjoEe/nlv6RTrdiXlerdVblWW8RRBMfgBJwBG1yDGmiAJnAABjl4Ai/g1Xg0no03433eWjAWM4fgF4yPb+uclKs=</latexit>

When	is	a	transiRon
possible?⇢S ! ⇢0S

<latexit sha1_base64="E3H8Vglgei9ZnjgoO3ST9cfkK1Y=">AAAB+XicbZDLSsNAFIYnXmu9RV26CRbRVUmqoMuiG5eV2gs0IUym03boZCbMnBRK6Ju4caGIW9/EnW/jpM1CW38Y+PjPOZwzf5RwpsF1v6219Y3Nre3STnl3b//g0D46bmuZKkJbRHKpuhHWlDNBW8CA026iKI4jTjvR+D6vdyZUaSbFE0wTGsR4KNiAEQzGCm3bVyMZNn2QOVyEzdCuuFV3LmcVvAIqqFAjtL/8viRpTAUQjrXueW4CQYYVMMLprOynmiaYjPGQ9gwKHFMdZPPLZ865cfrOQCrzBDhz9/dEhmOtp3FkOmMMI71cy83/ar0UBrdBxkSSAhVksWiQcgekk8fg9JmiBPjUACaKmVsdMsIKEzBhlU0I3vKXV6Fdq3pX1drjdaV+V8RRQqfoDF0iD92gOnpADdRCBE3QM3pFb1ZmvVjv1seidc0qZk7QH1mfPzn9k2M=</latexit>

TrR
h
USRC (⇢S ⌦ �C ⌦ ⌧R)U

†
SRC

i
= ⇢0S ⌦ �C .

<latexit sha1_base64="b315kTZjNkwF0n0ZlhTl0BP+T/k="></latexit>

(Blockdiagonal	states!)

1. Resource-theoretic thermo

General	state	transiRons	—	with	a	catalyst

Allow	for	addiRonal	system	C	that	is	involved	but	doesn’t	change.



possible, if we can use an additional system σ as a catalyst, i.e., we
may have ρ↛ ρ′ and yet ρ⊗ σ→ ρ′⊗ σ. In the case of thermody-
namics, the catalyst σ may be thought of as a working body or
heat engine which undergoes a cyclic process and is returned
back into its original state. In deciding whether one can trans-
form ρ into ρ′, one therefore needs to ask whether there exists
a working body or other ancillas σ for which ρ⊗ σ→ ρ′⊗ σ (Fig.
1). Thus, thermo-majorization (Fig. 2) should only be applied to
total resources including all possible catalysts and working bodies
and not the system of interest itself. In the case of entanglement
theory, and when the catalyst is returned in exactly the same state,
the criteria for when one pure state may be transformed into
another have been found (6, 7) and they are called trumping
conditions. We will generalize and adapt the trumping conditions
to enable their application to the case of thermodynamics.

Family of Second Laws
Here, we consider all possible cyclic thermodynamical processes,
and show that transition laws are affected by using ancillary
systems which are returned back to their initial state. Rather
than a single free energy that determines which transitions are
possible, we find necessary and sufficient conditions for ther-
modynamic transitions which form not just one but a family of
second laws. We define the free energies

Fα
!
ρ; ρβ

"
dkTDα

!
ρkρβ

"
− kT logZ; [2]

with the Rényi divergences DαðρkρβÞ defined as

Dα
!
ρkρβ

"
=
sgnðαÞ
α− 1

log
X

i

pαi q
1−α
i ; [3]

where pi are the eigenvalues of ρ and qi the eigenvalues of the
thermal state of the system ρβ = e−βHS=Z with Hamiltonian HS,
partition function Z=

P
i;ge

−βEi , and β= 1=T.
We can then state quantum second laws, and ones that hold

for states block diagonal in the energy basis. In the latter case, we
find the following set of second laws:
In the presence of a heat bath of single fixed temperature, the

free energies Fαðρ; ρβÞ do not increase for α≥ 0 That is, ∀α≥ 0,
Fαðρ; ρβÞ≥Fαðρ′; ρβÞ, where ρ and ρ′ are the initial and final
state, respectively. Moreover, if Fαðρ; ρβÞ≥Fαðρ′; ρβÞ holds ∀α≥ 0,

then there exists a catalytic thermal operation that transforms
ρ to ρ′.
We say that the Fαðρ; ρβÞ are monotones––the system always

gets closer to the thermal state, thus the function always de-
creases. By including an auxiliary system as described in ref. 2,
the above statement of the second law is equivalent to the case
where one changes the Hamiltonian of the system, in which case
one could write Fαðρ; ρβÞ≥Fαðρ′; ρβ′Þ, where the initial Hamilto-
nian HS has been changed via external control to the final
Hamiltonian HS′ , with ρβ and ρβ′ being the respective thermal
states. This is described in SI Appendix, section I. Note that in
fact Fαðρ; ρβÞ is a monotone for all α∈ ð−∞;∞Þ but because we
are allowed to borrow a pure state and return it in a state arbi-
trarily close to its initial state, only α≥ 0 is relevant, as can be seen
by noting that if any of the probabilities pi in Eq. 3 are zero, then
for α< 0, Fαðρ; ρβÞ diverges and will thus always be monotonic.
This set of limitations is less stringent than thermo-majoriza-

tion. Not only do these second laws provide limitations, but they
are also sufficient––whenever the free energies of some state ρ
are all greater than for another state ρ′, one can transform ρ into
ρ′. We prove this in SI Appendix. Note that the monotonicity of
[2] establishes a continuous family of conditions, one for each
value of α. However, in the case of larger systems, one can per-
form a quick check, namely: we find that for any distribution p we
can construct smoothed distributions that are very close to p, and
in terms of these smoothed distributions, check two conditions in
terms of the two free energies for α= 0;∞ found in ref. 2. If such
conditions are satisfied on the smoothed distribution, it implies
that the infinite set of conditions is satisfied as well.
For α→ 1, Fαðρ; ρβÞ is equal to the ordinary Helmholtz free en-

ergy FðρÞ, hence our conditions include the ordinary second law
(combined with energy conservation), and we thus see that it is
merely one of many constraints on thermodynamical state transitions.
In the macroscopic regime, and for systems which are not

highly correlated, then Fαðρ; ρβÞ≈F1ðρ; ρβÞ for all α (2, 8), which
explains why the single constraint given by the usual second law
is more or less adequate in this limit. It was previously found that
the quantity FminðρÞ, defined in ref. 2, gives the maximal amount
of work extractable from a system in contact with a reservoir
under all thermal operations (2) (by transforming it to a thermal
state in equilibrium with the bath). This is also the relevant
quantity in a model of alternating adiabatic and isothermal
operations (9). We see this in our newly derived second laws as

Fig. 1. In the microregime, when can a state ρS with Hamiltonian HS be transformed to a state ρS′ and Hamiltonian HS′? To do so, one can couple the system to a
heat bath ρβ = e−βHR=Z with Hamiltonian HR and use any devices as long as they are returned back in their original state (thus wemay think of them as a catalyst––σ)
and we are allowed to perform any action as long as we preserve the overall energy (see below for a more detailed description of these operations, which we call
catalytic thermal operations). Loosely speaking, our second law says that ρS can transit to ρS′ if and only if ρS′ is closer to the thermal state ρβ of the system at inverse
temperature β with respect to all Rényi divergences. In the thermodynamic limit, all these quantities converge so that we recover the usual second law.
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�F↵
<latexit sha1_base64="2joYAxKEo9KIYvc0AyvjHVs3U24=">AAAB93icbVBNS8NAEN3Ur1o/GvXoZbEInkoignorKuKxgrGFJoTJdtMu3WzC7kaoob/EiwcVr/4Vb/4bt20OWn0w8Hhvhpl5UcaZ0o7zZVWWlldW16rrtY3Nre26vbN7r9JcEuqRlKeyG4GinAnqaaY57WaSQhJx2olGl1O/80ClYqm40+OMBgkMBIsZAW2k0K77V5RrwNehDzwbQmg3nKYzA/5L3JI0UIl2aH/6/ZTkCRWacFCq5zqZDgqQmhFOJzU/VzQDMoIB7RkqIKEqKGaHT/ChUfo4TqUpofFM/TlRQKLUOIlMZwJ6qBa9qfif18t1fBYUTGS5poLMF8U5xzrF0xRwn0lKNB8bAkQycysmQ5BAtMmqZkJwF1/+S7zj5nnTvT1ptC7KNKpoHx2gI+SiU9RCN6iNPERQjp7QC3q1Hq1n6816n7dWrHJmD/2C9fENdReSgg==</latexit><latexit sha1_base64="2joYAxKEo9KIYvc0AyvjHVs3U24=">AAAB93icbVBNS8NAEN3Ur1o/GvXoZbEInkoignorKuKxgrGFJoTJdtMu3WzC7kaoob/EiwcVr/4Vb/4bt20OWn0w8Hhvhpl5UcaZ0o7zZVWWlldW16rrtY3Nre26vbN7r9JcEuqRlKeyG4GinAnqaaY57WaSQhJx2olGl1O/80ClYqm40+OMBgkMBIsZAW2k0K77V5RrwNehDzwbQmg3nKYzA/5L3JI0UIl2aH/6/ZTkCRWacFCq5zqZDgqQmhFOJzU/VzQDMoIB7RkqIKEqKGaHT/ChUfo4TqUpofFM/TlRQKLUOIlMZwJ6qBa9qfif18t1fBYUTGS5poLMF8U5xzrF0xRwn0lKNB8bAkQycysmQ5BAtMmqZkJwF1/+S7zj5nnTvT1ptC7KNKpoHx2gI+SiU9RCN6iNPERQjp7QC3q1Hq1n6816n7dWrHJmD/2C9fENdReSgg==</latexit><latexit sha1_base64="2joYAxKEo9KIYvc0AyvjHVs3U24=">AAAB93icbVBNS8NAEN3Ur1o/GvXoZbEInkoignorKuKxgrGFJoTJdtMu3WzC7kaoob/EiwcVr/4Vb/4bt20OWn0w8Hhvhpl5UcaZ0o7zZVWWlldW16rrtY3Nre26vbN7r9JcEuqRlKeyG4GinAnqaaY57WaSQhJx2olGl1O/80ClYqm40+OMBgkMBIsZAW2k0K77V5RrwNehDzwbQmg3nKYzA/5L3JI0UIl2aH/6/ZTkCRWacFCq5zqZDgqQmhFOJzU/VzQDMoIB7RkqIKEqKGaHT/ChUfo4TqUpofFM/TlRQKLUOIlMZwJ6qBa9qfif18t1fBYUTGS5poLMF8U5xzrF0xRwn0lKNB8bAkQycysmQ5BAtMmqZkJwF1/+S7zj5nnTvT1ptC7KNKpoHx2gI+SiU9RCN6iNPERQjp7QC3q1Hq1n6816n7dWrHJmD/2C9fENdReSgg==</latexit><latexit sha1_base64="2joYAxKEo9KIYvc0AyvjHVs3U24=">AAAB93icbVBNS8NAEN3Ur1o/GvXoZbEInkoignorKuKxgrGFJoTJdtMu3WzC7kaoob/EiwcVr/4Vb/4bt20OWn0w8Hhvhpl5UcaZ0o7zZVWWlldW16rrtY3Nre26vbN7r9JcEuqRlKeyG4GinAnqaaY57WaSQhJx2olGl1O/80ClYqm40+OMBgkMBIsZAW2k0K77V5RrwNehDzwbQmg3nKYzA/5L3JI0UIl2aH/6/ZTkCRWacFCq5zqZDgqQmhFOJzU/VzQDMoIB7RkqIKEqKGaHT/ChUfo4TqUpofFM/TlRQKLUOIlMZwJ6qBa9qfif18t1fBYUTGS5poLMF8U5xzrF0xRwn0lKNB8bAkQycysmQ5BAtMmqZkJwF1/+S7zj5nnTvT1ptC7KNKpoHx2gI+SiU9RCN6iNPERQjp7QC3q1Hq1n6816n7dWrHJmD/2C9fENdReSgg==</latexit>

✏ =
1

100
, N = 1030.

<latexit sha1_base64="eUHWXH2rHtxDEs6LCZnrv8wsfEI=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoMgImFPBbUIBG2sJIIxgVwMe5u5ZMne3rG7J4Qj/8HGv2JjoWJrZee/cfNRaOKDgcd7M8zM82PBtSHk28nMzS8sLmWXcyura+sb+c2tOx0likGVRSJSdZ9qEFxC1XAjoB4roKEvoOb3Lod+7QGU5pG8Nf0YmiHtSB5wRo2VWvkDD2LNRSRLXqAowy5OXUIGhx5IHVMG+Lrkkvv0mAyKrXyBFMkIeJa4E1JAE1Ra+S+vHbEkBGmYoFo3XBKbZkqV4UzAIOclGuyOHu1Aw1JJQ9DNdPTTAO9ZpY2DSNmSBo/U3xMpDbXuh77tDKnp6mlvKP7nNRITnDVTLuPEgGTjRUEisInwMCDc5gqYEX1LKFPc3opZl9psjI0xZ0Nwp1+eJdWj4nnRvTkplC8maWTRDtpF+8hFp6iMrlAFVRFDj+gZvaI358l5cd6dj3FrxpnMbKM/cD5/AC8unAI=</latexit><latexit sha1_base64="eUHWXH2rHtxDEs6LCZnrv8wsfEI=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoMgImFPBbUIBG2sJIIxgVwMe5u5ZMne3rG7J4Qj/8HGv2JjoWJrZee/cfNRaOKDgcd7M8zM82PBtSHk28nMzS8sLmWXcyura+sb+c2tOx0likGVRSJSdZ9qEFxC1XAjoB4roKEvoOb3Lod+7QGU5pG8Nf0YmiHtSB5wRo2VWvkDD2LNRSRLXqAowy5OXUIGhx5IHVMG+Lrkkvv0mAyKrXyBFMkIeJa4E1JAE1Ra+S+vHbEkBGmYoFo3XBKbZkqV4UzAIOclGuyOHu1Aw1JJQ9DNdPTTAO9ZpY2DSNmSBo/U3xMpDbXuh77tDKnp6mlvKP7nNRITnDVTLuPEgGTjRUEisInwMCDc5gqYEX1LKFPc3opZl9psjI0xZ0Nwp1+eJdWj4nnRvTkplC8maWTRDtpF+8hFp6iMrlAFVRFDj+gZvaI358l5cd6dj3FrxpnMbKM/cD5/AC8unAI=</latexit><latexit sha1_base64="eUHWXH2rHtxDEs6LCZnrv8wsfEI=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoMgImFPBbUIBG2sJIIxgVwMe5u5ZMne3rG7J4Qj/8HGv2JjoWJrZee/cfNRaOKDgcd7M8zM82PBtSHk28nMzS8sLmWXcyura+sb+c2tOx0likGVRSJSdZ9qEFxC1XAjoB4roKEvoOb3Lod+7QGU5pG8Nf0YmiHtSB5wRo2VWvkDD2LNRSRLXqAowy5OXUIGhx5IHVMG+Lrkkvv0mAyKrXyBFMkIeJa4E1JAE1Ra+S+vHbEkBGmYoFo3XBKbZkqV4UzAIOclGuyOHu1Aw1JJQ9DNdPTTAO9ZpY2DSNmSBo/U3xMpDbXuh77tDKnp6mlvKP7nNRITnDVTLuPEgGTjRUEisInwMCDc5gqYEX1LKFPc3opZl9psjI0xZ0Nwp1+eJdWj4nnRvTkplC8maWTRDtpF+8hFp6iMrlAFVRFDj+gZvaI358l5cd6dj3FrxpnMbKM/cD5/AC8unAI=</latexit><latexit sha1_base64="eUHWXH2rHtxDEs6LCZnrv8wsfEI=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoMgImFPBbUIBG2sJIIxgVwMe5u5ZMne3rG7J4Qj/8HGv2JjoWJrZee/cfNRaOKDgcd7M8zM82PBtSHk28nMzS8sLmWXcyura+sb+c2tOx0likGVRSJSdZ9qEFxC1XAjoB4roKEvoOb3Lod+7QGU5pG8Nf0YmiHtSB5wRo2VWvkDD2LNRSRLXqAowy5OXUIGhx5IHVMG+Lrkkvv0mAyKrXyBFMkIeJa4E1JAE1Ra+S+vHbEkBGmYoFo3XBKbZkqV4UzAIOclGuyOHu1Aw1JJQ9DNdPTTAO9ZpY2DSNmSBo/U3xMpDbXuh77tDKnp6mlvKP7nNRITnDVTLuPEgGTjRUEisInwMCDc5gqYEX1LKFPc3opZl9psjI0xZ0Nwp1+eJdWj4nnRvTkplC8maWTRDtpF+8hFp6iMrlAFVRFDj+gZvaI358l5cd6dj3FrxpnMbKM/cD5/AC8unAI=</latexit>

Some                 hence indeed impossible.�F↵ > 0
<latexit sha1_base64="nzCdnlcZFc1Z13W5N7Gqmk5mAb8=">AAAB+XicbVBNS8NAEN3Ur1q/Uj16WSyCp5KIoF6kqIjHCsYWmlAm2027dLMJuxulxP4ULx5UvPpPvPlv3LY5aPXBwOO9GWbmhSlnSjvOl1VaWFxaXimvVtbWNza37Or2nUoySahHEp7IdgiKciaop5nmtJ1KCnHIaSscXkz81j2ViiXiVo9SGsTQFyxiBLSRunbVv6RcA77q+sDTAZw5Xbvm1J0p8F/iFqSGCjS79qffS0gWU6EJB6U6rpPqIAepGeF0XPEzRVMgQ+jTjqECYqqCfHr6GO8bpYejRJoSGk/VnxM5xEqN4tB0xqAHat6biP95nUxHJ0HORJppKshsUZRxrBM8yQH3mKRE85EhQCQzt2IyAAlEm7QqJgR3/uW/xDusn9bdm6Na47xIo4x20R46QC46Rg10jZrIQwQ9oCf0gl6tR+vZerPeZ60lq5jZQb9gfXwDcMaTBA==</latexit><latexit sha1_base64="nzCdnlcZFc1Z13W5N7Gqmk5mAb8=">AAAB+XicbVBNS8NAEN3Ur1q/Uj16WSyCp5KIoF6kqIjHCsYWmlAm2027dLMJuxulxP4ULx5UvPpPvPlv3LY5aPXBwOO9GWbmhSlnSjvOl1VaWFxaXimvVtbWNza37Or2nUoySahHEp7IdgiKciaop5nmtJ1KCnHIaSscXkz81j2ViiXiVo9SGsTQFyxiBLSRunbVv6RcA77q+sDTAZw5Xbvm1J0p8F/iFqSGCjS79qffS0gWU6EJB6U6rpPqIAepGeF0XPEzRVMgQ+jTjqECYqqCfHr6GO8bpYejRJoSGk/VnxM5xEqN4tB0xqAHat6biP95nUxHJ0HORJppKshsUZRxrBM8yQH3mKRE85EhQCQzt2IyAAlEm7QqJgR3/uW/xDusn9bdm6Na47xIo4x20R46QC46Rg10jZrIQwQ9oCf0gl6tR+vZerPeZ60lq5jZQb9gfXwDcMaTBA==</latexit><latexit sha1_base64="nzCdnlcZFc1Z13W5N7Gqmk5mAb8=">AAAB+XicbVBNS8NAEN3Ur1q/Uj16WSyCp5KIoF6kqIjHCsYWmlAm2027dLMJuxulxP4ULx5UvPpPvPlv3LY5aPXBwOO9GWbmhSlnSjvOl1VaWFxaXimvVtbWNza37Or2nUoySahHEp7IdgiKciaop5nmtJ1KCnHIaSscXkz81j2ViiXiVo9SGsTQFyxiBLSRunbVv6RcA77q+sDTAZw5Xbvm1J0p8F/iFqSGCjS79qffS0gWU6EJB6U6rpPqIAepGeF0XPEzRVMgQ+jTjqECYqqCfHr6GO8bpYejRJoSGk/VnxM5xEqN4tB0xqAHat6biP95nUxHJ0HORJppKshsUZRxrBM8yQH3mKRE85EhQCQzt2IyAAlEm7QqJgR3/uW/xDusn9bdm6Na47xIo4x20R46QC46Rg10jZrIQwQ9oCf0gl6tR+vZerPeZ60lq5jZQb9gfXwDcMaTBA==</latexit><latexit sha1_base64="nzCdnlcZFc1Z13W5N7Gqmk5mAb8=">AAAB+XicbVBNS8NAEN3Ur1q/Uj16WSyCp5KIoF6kqIjHCsYWmlAm2027dLMJuxulxP4ULx5UvPpPvPlv3LY5aPXBwOO9GWbmhSlnSjvOl1VaWFxaXimvVtbWNza37Or2nUoySahHEp7IdgiKciaop5nmtJ1KCnHIaSscXkz81j2ViiXiVo9SGsTQFyxiBLSRunbVv6RcA77q+sDTAZw5Xbvm1J0p8F/iFqSGCjS79qffS0gWU6EJB6U6rpPqIAepGeF0XPEzRVMgQ+jTjqECYqqCfHr6GO8bpYejRJoSGk/VnxM5xEqN4tB0xqAHat6biP95nUxHJ0HORJppKshsUZRxrBM8yQH3mKRE85EhQCQzt2IyAAlEm7QqJgR3/uW/xDusn9bdm6Na47xIo4x20R46QC46Rg10jZrIQwQ9oCf0gl6tR+vZerPeZ60lq5jZQb9gfXwDcMaTBA==</latexit>



How does the thermodynamic limit enter?

1. Resource-theoretic thermo

Theorem:	Possible	if	and	only	if																																					for	allF↵(⇢S) � F↵(⇢
0
S)

<latexit sha1_base64="0ozbZfAzGdt1ax0TBviDfOXfjSY=">AAACD3icbZDLSsNAFIYnXmu9RV26GSxq3ZSkCrosCuKyor1AE8JkOmmGTiZxZiKU0Ddw46u4caGIW7fufBunbRa29YeBn++cw5nz+wmjUlnWj7GwuLS8slpYK65vbG5tmzu7TRmnApMGjlks2j6ShFFOGooqRtqJICjyGWn5/atRvfVIhKQxv1eDhLgR6nEaUIyURp55dO05iCUhKjsijL27E6dHHuAUPNbUM0tWxRoLzhs7NyWQq+6Z3043xmlEuMIMSdmxrUS5GRKKYkaGRSeVJEG4j3qkoy1HEZFuNr5nCA816cIgFvpxBcf070SGIikHka87I6RCOVsbwf9qnVQFF25GeZIqwvFkUZAyqGI4Cgd2qSBYsYE2CAuq/wpxiATCSkdY1CHYsyfPm2a1Yp9WqrdnpdplHkcB7IMDUAY2OAc1cAPqoAEweAIv4A28G8/Gq/FhfE5aF4x8Zg9Myfj6BRS2m2k=</latexit>

↵ � 0.
<latexit sha1_base64="mE9T/fh+YG0YepbiNmDLcWyVHNM=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgadmNgh6DXjxGMA/ILqF3MkmGzD4yMxsIS77DiwdFvPox3vwbJ8keNLGgoajqprsrSARX2nG+rcLG5tb2TnG3tLd/cHhUPj5pqjiVlDVoLGLZDlAxwSPW0FwL1k4kwzAQrBWM7ud+a8Kk4nH0pKcJ80McRLzPKWoj+R6KZIjegI2JY3fLFcd2FiDrxM1JBXLUu+UvrxfTNGSRpgKV6rhOov0MpeZUsFnJSxVLkI5wwDqGRhgy5WeLo2fkwig90o+lqUiThfp7IsNQqWkYmM4Q9VCtenPxP6+T6v6tn/EoSTWL6HJRPxVEx2SeAOlxyagWU0OQSm5uJXSIEqk2OZVMCO7qy+ukWbXdK7v6eF2p3eVxFOEMzuESXLiBGjxAHRpAYQzP8Apv1sR6sd6tj2VrwcpnTuEPrM8f0sOReQ==</latexit>

“Second	laws”	of	thermodynamics.	Note:	F↵=1 = F.
<latexit sha1_base64="oS9uvWcLSTOiugW0MqKWea6qZrg=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBU0iqoJdCUSgeK9gPaEPYbLft0s0m7G6EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvDDhTGnX/bbW1jc2t7YLO8Xdvf2Dkn141FJxKgltkpjHshNiRTkTtKmZ5rSTSIqjkNN2OL6d+e1HKhWLxYOeJNSP8FCwASNYGymwS/Ug62GejHDVm1brTmCXXcedA60SLydlyNEI7K9ePyZpRIUmHCvV9dxE+xmWmhFOp8VeqmiCyRgPaddQgSOq/Gx++BSdGaWPBrE0JTSaq78nMhwpNYlC0xlhPVLL3kz8z+umenDtZ0wkqaaCLBYNUo50jGYpoD6TlGg+MQQTycytiIywxESbrIomBG/55VXSqjjehVO5vyzXbvI4CnACp3AOHlxBDe6gAU0gkMIzvMKb9WS9WO/Wx6J1zcpnjuEPrM8fl1eSYw==</latexit>



How does the thermodynamic limit enter?

1. Resource-theoretic thermo

Brandão et al., Phys. Rev. Lett. 111, 250404 (2013):
Allowing small errors    , we have

1

n
F (")
↵ (⇢⌦n)

n!1�! F (⇢).
<latexit sha1_base64="jiXj6D50XqdYPhgfmRFptm5wPbI="></latexit><latexit sha1_base64="jiXj6D50XqdYPhgfmRFptm5wPbI="></latexit><latexit sha1_base64="jiXj6D50XqdYPhgfmRFptm5wPbI="></latexit><latexit sha1_base64="jiXj6D50XqdYPhgfmRFptm5wPbI="></latexit>

"
<latexit sha1_base64="q2hPMkGNOCosIhJBGAMU+F+r6Rw=">AAAB8nicbZBNS8NAEIY39avWr6pHL8EieCqJCHosevFYwX5AGspmO2mXbnbD7qRQQn+GFw+KePXXePPfuG1z0NYXFh7emWFn3igV3KDnfTuljc2t7Z3ybmVv/+DwqHp80jYq0wxaTAmluxE1ILiEFnIU0E010CQS0InG9/N6ZwLacCWfcJpCmNCh5DFnFK0V9CZUQ2q4ULJfrXl1byF3HfwCaqRQs1/96g0UyxKQyAQ1JvC9FMOcauRMwKzSywyklI3pEAKLkiZgwnyx8sy9sM7AjZW2T6K7cH9P5DQxZppEtjOhODKrtbn5Xy3IML4Ncy7TDEGy5UdxJlxU7vx+d8A1MBRTC5Rpbnd12YhqytCmVLEh+Ksnr0P7qu5bfryuNe6KOMrkjJyTS+KTG9IgD6RJWoQRRZ7JK3lz0Hlx3p2PZWvJKWZOyR85nz+50ZGH</latexit><latexit sha1_base64="q2hPMkGNOCosIhJBGAMU+F+r6Rw=">AAAB8nicbZBNS8NAEIY39avWr6pHL8EieCqJCHosevFYwX5AGspmO2mXbnbD7qRQQn+GFw+KePXXePPfuG1z0NYXFh7emWFn3igV3KDnfTuljc2t7Z3ybmVv/+DwqHp80jYq0wxaTAmluxE1ILiEFnIU0E010CQS0InG9/N6ZwLacCWfcJpCmNCh5DFnFK0V9CZUQ2q4ULJfrXl1byF3HfwCaqRQs1/96g0UyxKQyAQ1JvC9FMOcauRMwKzSywyklI3pEAKLkiZgwnyx8sy9sM7AjZW2T6K7cH9P5DQxZppEtjOhODKrtbn5Xy3IML4Ncy7TDEGy5UdxJlxU7vx+d8A1MBRTC5Rpbnd12YhqytCmVLEh+Ksnr0P7qu5bfryuNe6KOMrkjJyTS+KTG9IgD6RJWoQRRZ7JK3lz0Hlx3p2PZWvJKWZOyR85nz+50ZGH</latexit><latexit sha1_base64="q2hPMkGNOCosIhJBGAMU+F+r6Rw=">AAAB8nicbZBNS8NAEIY39avWr6pHL8EieCqJCHosevFYwX5AGspmO2mXbnbD7qRQQn+GFw+KePXXePPfuG1z0NYXFh7emWFn3igV3KDnfTuljc2t7Z3ybmVv/+DwqHp80jYq0wxaTAmluxE1ILiEFnIU0E010CQS0InG9/N6ZwLacCWfcJpCmNCh5DFnFK0V9CZUQ2q4ULJfrXl1byF3HfwCaqRQs1/96g0UyxKQyAQ1JvC9FMOcauRMwKzSywyklI3pEAKLkiZgwnyx8sy9sM7AjZW2T6K7cH9P5DQxZppEtjOhODKrtbn5Xy3IML4Ncy7TDEGy5UdxJlxU7vx+d8A1MBRTC5Rpbnd12YhqytCmVLEh+Ksnr0P7qu5bfryuNe6KOMrkjJyTS+KTG9IgD6RJWoQRRZ7JK3lz0Hlx3p2PZWvJKWZOyR85nz+50ZGH</latexit><latexit sha1_base64="q2hPMkGNOCosIhJBGAMU+F+r6Rw=">AAAB8nicbZBNS8NAEIY39avWr6pHL8EieCqJCHosevFYwX5AGspmO2mXbnbD7qRQQn+GFw+KePXXePPfuG1z0NYXFh7emWFn3igV3KDnfTuljc2t7Z3ybmVv/+DwqHp80jYq0wxaTAmluxE1ILiEFnIU0E010CQS0InG9/N6ZwLacCWfcJpCmNCh5DFnFK0V9CZUQ2q4ULJfrXl1byF3HfwCaqRQs1/96g0UyxKQyAQ1JvC9FMOcauRMwKzSywyklI3pEAKLkiZgwnyx8sy9sM7AjZW2T6K7cH9P5DQxZppEtjOhODKrtbn5Xy3IML4Ncy7TDEGy5UdxJlxU7vx+d8A1MBRTC5Rpbnd12YhqytCmVLEh+Ksnr0P7qu5bfryuNe6KOMrkjJyTS+KTG9IgD6RJWoQRRZ7JK3lz0Hlx3p2PZWvJKWZOyR85nz+50ZGH</latexit>

Theorem:	Possible	if	and	only	if																																					for	allF↵(⇢S) � F↵(⇢
0
S)
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For large numbers n of weakly interacting particles, 
it is only the free energy F=U-TS that remains relevant.
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“Second	laws”	of	thermodynamics.	Note:	F↵=1 = F.
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For large numbers n of weakly interacting particles, 
it is only the free energy F=U-TS that remains relevant.
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(Rates of) work cost and extractable work become F. 
Reversibility is restored in the thermodynamic limit!
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Building on earlier work with my students Jakob Scharlau and

Michele Pastena, and with Matteo Lostaglio.
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possible, if we can use an additional system σ as a catalyst, i.e., we
may have ρ↛ ρ′ and yet ρ⊗ σ→ ρ′⊗ σ. In the case of thermody-
namics, the catalyst σ may be thought of as a working body or
heat engine which undergoes a cyclic process and is returned
back into its original state. In deciding whether one can trans-
form ρ into ρ′, one therefore needs to ask whether there exists
a working body or other ancillas σ for which ρ⊗ σ→ ρ′⊗ σ (Fig.
1). Thus, thermo-majorization (Fig. 2) should only be applied to
total resources including all possible catalysts and working bodies
and not the system of interest itself. In the case of entanglement
theory, and when the catalyst is returned in exactly the same state,
the criteria for when one pure state may be transformed into
another have been found (6, 7) and they are called trumping
conditions. We will generalize and adapt the trumping conditions
to enable their application to the case of thermodynamics.

Family of Second Laws
Here, we consider all possible cyclic thermodynamical processes,
and show that transition laws are affected by using ancillary
systems which are returned back to their initial state. Rather
than a single free energy that determines which transitions are
possible, we find necessary and sufficient conditions for ther-
modynamic transitions which form not just one but a family of
second laws. We define the free energies

Fα
!
ρ; ρβ

"
dkTDα

!
ρkρβ

"
− kT logZ; [2]

with the Rényi divergences DαðρkρβÞ defined as

Dα
!
ρkρβ

"
=
sgnðαÞ
α− 1

log
X

i

pαi q
1−α
i ; [3]

where pi are the eigenvalues of ρ and qi the eigenvalues of the
thermal state of the system ρβ = e−βHS=Z with Hamiltonian HS,
partition function Z=

P
i;ge

−βEi , and β= 1=T.
We can then state quantum second laws, and ones that hold

for states block diagonal in the energy basis. In the latter case, we
find the following set of second laws:
In the presence of a heat bath of single fixed temperature, the

free energies Fαðρ; ρβÞ do not increase for α≥ 0 That is, ∀α≥ 0,
Fαðρ; ρβÞ≥Fαðρ′; ρβÞ, where ρ and ρ′ are the initial and final
state, respectively. Moreover, if Fαðρ; ρβÞ≥Fαðρ′; ρβÞ holds ∀α≥ 0,

then there exists a catalytic thermal operation that transforms
ρ to ρ′.
We say that the Fαðρ; ρβÞ are monotones––the system always

gets closer to the thermal state, thus the function always de-
creases. By including an auxiliary system as described in ref. 2,
the above statement of the second law is equivalent to the case
where one changes the Hamiltonian of the system, in which case
one could write Fαðρ; ρβÞ≥Fαðρ′; ρβ′Þ, where the initial Hamilto-
nian HS has been changed via external control to the final
Hamiltonian HS′ , with ρβ and ρβ′ being the respective thermal
states. This is described in SI Appendix, section I. Note that in
fact Fαðρ; ρβÞ is a monotone for all α∈ ð−∞;∞Þ but because we
are allowed to borrow a pure state and return it in a state arbi-
trarily close to its initial state, only α≥ 0 is relevant, as can be seen
by noting that if any of the probabilities pi in Eq. 3 are zero, then
for α< 0, Fαðρ; ρβÞ diverges and will thus always be monotonic.
This set of limitations is less stringent than thermo-majoriza-

tion. Not only do these second laws provide limitations, but they
are also sufficient––whenever the free energies of some state ρ
are all greater than for another state ρ′, one can transform ρ into
ρ′. We prove this in SI Appendix. Note that the monotonicity of
[2] establishes a continuous family of conditions, one for each
value of α. However, in the case of larger systems, one can per-
form a quick check, namely: we find that for any distribution p we
can construct smoothed distributions that are very close to p, and
in terms of these smoothed distributions, check two conditions in
terms of the two free energies for α= 0;∞ found in ref. 2. If such
conditions are satisfied on the smoothed distribution, it implies
that the infinite set of conditions is satisfied as well.
For α→ 1, Fαðρ; ρβÞ is equal to the ordinary Helmholtz free en-

ergy FðρÞ, hence our conditions include the ordinary second law
(combined with energy conservation), and we thus see that it is
merely one of many constraints on thermodynamical state transitions.
In the macroscopic regime, and for systems which are not

highly correlated, then Fαðρ; ρβÞ≈F1ðρ; ρβÞ for all α (2, 8), which
explains why the single constraint given by the usual second law
is more or less adequate in this limit. It was previously found that
the quantity FminðρÞ, defined in ref. 2, gives the maximal amount
of work extractable from a system in contact with a reservoir
under all thermal operations (2) (by transforming it to a thermal
state in equilibrium with the bath). This is also the relevant
quantity in a model of alternating adiabatic and isothermal
operations (9). We see this in our newly derived second laws as

Fig. 1. In the microregime, when can a state ρS with Hamiltonian HS be transformed to a state ρS′ and Hamiltonian HS′? To do so, one can couple the system to a
heat bath ρβ = e−βHR=Z with Hamiltonian HR and use any devices as long as they are returned back in their original state (thus wemay think of them as a catalyst––σ)
and we are allowed to perform any action as long as we preserve the overall energy (see below for a more detailed description of these operations, which we call
catalytic thermal operations). Loosely speaking, our second law says that ρS can transit to ρS′ if and only if ρS′ is closer to the thermal state ρβ of the system at inverse
temperature β with respect to all Rényi divergences. In the thermodynamic limit, all these quantities converge so that we recover the usual second law.

3276 | www.pnas.org/cgi/doi/10.1073/pnas.1411728112 Brandão et al.

Brandão	et	al.,	The	second	laws	of	quantum	thermodynamics,	PNAS	112,	3275	(2015).

⌧R = exp(�kBTHR)/Z
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When	is	a	transiRon
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“Second	laws”	of	thermodynamics.	Note:	F↵=1 = F.
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(Blockdiagonal	states!)

Allow	for	addiRonal	system	C	that	is	involved	but	doesn’t	change.
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possible, if we can use an additional system σ as a catalyst, i.e., we
may have ρ↛ ρ′ and yet ρ⊗ σ→ ρ′⊗ σ. In the case of thermody-
namics, the catalyst σ may be thought of as a working body or
heat engine which undergoes a cyclic process and is returned
back into its original state. In deciding whether one can trans-
form ρ into ρ′, one therefore needs to ask whether there exists
a working body or other ancillas σ for which ρ⊗ σ→ ρ′⊗ σ (Fig.
1). Thus, thermo-majorization (Fig. 2) should only be applied to
total resources including all possible catalysts and working bodies
and not the system of interest itself. In the case of entanglement
theory, and when the catalyst is returned in exactly the same state,
the criteria for when one pure state may be transformed into
another have been found (6, 7) and they are called trumping
conditions. We will generalize and adapt the trumping conditions
to enable their application to the case of thermodynamics.

Family of Second Laws
Here, we consider all possible cyclic thermodynamical processes,
and show that transition laws are affected by using ancillary
systems which are returned back to their initial state. Rather
than a single free energy that determines which transitions are
possible, we find necessary and sufficient conditions for ther-
modynamic transitions which form not just one but a family of
second laws. We define the free energies

Fα
!
ρ; ρβ

"
dkTDα

!
ρkρβ

"
− kT logZ; [2]

with the Rényi divergences DαðρkρβÞ defined as
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ρkρβ

"
=
sgnðαÞ
α− 1

log
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pαi q
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where pi are the eigenvalues of ρ and qi the eigenvalues of the
thermal state of the system ρβ = e−βHS=Z with Hamiltonian HS,
partition function Z=

P
i;ge

−βEi , and β= 1=T.
We can then state quantum second laws, and ones that hold

for states block diagonal in the energy basis. In the latter case, we
find the following set of second laws:
In the presence of a heat bath of single fixed temperature, the

free energies Fαðρ; ρβÞ do not increase for α≥ 0 That is, ∀α≥ 0,
Fαðρ; ρβÞ≥Fαðρ′; ρβÞ, where ρ and ρ′ are the initial and final
state, respectively. Moreover, if Fαðρ; ρβÞ≥Fαðρ′; ρβÞ holds ∀α≥ 0,

then there exists a catalytic thermal operation that transforms
ρ to ρ′.
We say that the Fαðρ; ρβÞ are monotones––the system always

gets closer to the thermal state, thus the function always de-
creases. By including an auxiliary system as described in ref. 2,
the above statement of the second law is equivalent to the case
where one changes the Hamiltonian of the system, in which case
one could write Fαðρ; ρβÞ≥Fαðρ′; ρβ′Þ, where the initial Hamilto-
nian HS has been changed via external control to the final
Hamiltonian HS′ , with ρβ and ρβ′ being the respective thermal
states. This is described in SI Appendix, section I. Note that in
fact Fαðρ; ρβÞ is a monotone for all α∈ ð−∞;∞Þ but because we
are allowed to borrow a pure state and return it in a state arbi-
trarily close to its initial state, only α≥ 0 is relevant, as can be seen
by noting that if any of the probabilities pi in Eq. 3 are zero, then
for α< 0, Fαðρ; ρβÞ diverges and will thus always be monotonic.
This set of limitations is less stringent than thermo-majoriza-

tion. Not only do these second laws provide limitations, but they
are also sufficient––whenever the free energies of some state ρ
are all greater than for another state ρ′, one can transform ρ into
ρ′. We prove this in SI Appendix. Note that the monotonicity of
[2] establishes a continuous family of conditions, one for each
value of α. However, in the case of larger systems, one can per-
form a quick check, namely: we find that for any distribution p we
can construct smoothed distributions that are very close to p, and
in terms of these smoothed distributions, check two conditions in
terms of the two free energies for α= 0;∞ found in ref. 2. If such
conditions are satisfied on the smoothed distribution, it implies
that the infinite set of conditions is satisfied as well.
For α→ 1, Fαðρ; ρβÞ is equal to the ordinary Helmholtz free en-

ergy FðρÞ, hence our conditions include the ordinary second law
(combined with energy conservation), and we thus see that it is
merely one of many constraints on thermodynamical state transitions.
In the macroscopic regime, and for systems which are not

highly correlated, then Fαðρ; ρβÞ≈F1ðρ; ρβÞ for all α (2, 8), which
explains why the single constraint given by the usual second law
is more or less adequate in this limit. It was previously found that
the quantity FminðρÞ, defined in ref. 2, gives the maximal amount
of work extractable from a system in contact with a reservoir
under all thermal operations (2) (by transforming it to a thermal
state in equilibrium with the bath). This is also the relevant
quantity in a model of alternating adiabatic and isothermal
operations (9). We see this in our newly derived second laws as

Fig. 1. In the microregime, when can a state ρS with Hamiltonian HS be transformed to a state ρS′ and Hamiltonian HS′? To do so, one can couple the system to a
heat bath ρβ = e−βHR=Z with Hamiltonian HR and use any devices as long as they are returned back in their original state (thus wemay think of them as a catalyst––σ)
and we are allowed to perform any action as long as we preserve the overall energy (see below for a more detailed description of these operations, which we call
catalytic thermal operations). Loosely speaking, our second law says that ρS can transit to ρS′ if and only if ρS′ is closer to the thermal state ρβ of the system at inverse
temperature β with respect to all Rényi divergences. In the thermodynamic limit, all these quantities converge so that we recover the usual second law.
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possible, if we can use an additional system σ as a catalyst, i.e., we
may have ρ↛ ρ′ and yet ρ⊗ σ→ ρ′⊗ σ. In the case of thermody-
namics, the catalyst σ may be thought of as a working body or
heat engine which undergoes a cyclic process and is returned
back into its original state. In deciding whether one can trans-
form ρ into ρ′, one therefore needs to ask whether there exists
a working body or other ancillas σ for which ρ⊗ σ→ ρ′⊗ σ (Fig.
1). Thus, thermo-majorization (Fig. 2) should only be applied to
total resources including all possible catalysts and working bodies
and not the system of interest itself. In the case of entanglement
theory, and when the catalyst is returned in exactly the same state,
the criteria for when one pure state may be transformed into
another have been found (6, 7) and they are called trumping
conditions. We will generalize and adapt the trumping conditions
to enable their application to the case of thermodynamics.

Family of Second Laws
Here, we consider all possible cyclic thermodynamical processes,
and show that transition laws are affected by using ancillary
systems which are returned back to their initial state. Rather
than a single free energy that determines which transitions are
possible, we find necessary and sufficient conditions for ther-
modynamic transitions which form not just one but a family of
second laws. We define the free energies

Fα
!
ρ; ρβ

"
dkTDα

!
ρkρβ

"
− kT logZ; [2]

with the Rényi divergences DαðρkρβÞ defined as

Dα
!
ρkρβ

"
=
sgnðαÞ
α− 1

log
X

i

pαi q
1−α
i ; [3]

where pi are the eigenvalues of ρ and qi the eigenvalues of the
thermal state of the system ρβ = e−βHS=Z with Hamiltonian HS,
partition function Z=

P
i;ge

−βEi , and β= 1=T.
We can then state quantum second laws, and ones that hold

for states block diagonal in the energy basis. In the latter case, we
find the following set of second laws:
In the presence of a heat bath of single fixed temperature, the

free energies Fαðρ; ρβÞ do not increase for α≥ 0 That is, ∀α≥ 0,
Fαðρ; ρβÞ≥Fαðρ′; ρβÞ, where ρ and ρ′ are the initial and final
state, respectively. Moreover, if Fαðρ; ρβÞ≥Fαðρ′; ρβÞ holds ∀α≥ 0,

then there exists a catalytic thermal operation that transforms
ρ to ρ′.
We say that the Fαðρ; ρβÞ are monotones––the system always

gets closer to the thermal state, thus the function always de-
creases. By including an auxiliary system as described in ref. 2,
the above statement of the second law is equivalent to the case
where one changes the Hamiltonian of the system, in which case
one could write Fαðρ; ρβÞ≥Fαðρ′; ρβ′Þ, where the initial Hamilto-
nian HS has been changed via external control to the final
Hamiltonian HS′ , with ρβ and ρβ′ being the respective thermal
states. This is described in SI Appendix, section I. Note that in
fact Fαðρ; ρβÞ is a monotone for all α∈ ð−∞;∞Þ but because we
are allowed to borrow a pure state and return it in a state arbi-
trarily close to its initial state, only α≥ 0 is relevant, as can be seen
by noting that if any of the probabilities pi in Eq. 3 are zero, then
for α< 0, Fαðρ; ρβÞ diverges and will thus always be monotonic.
This set of limitations is less stringent than thermo-majoriza-

tion. Not only do these second laws provide limitations, but they
are also sufficient––whenever the free energies of some state ρ
are all greater than for another state ρ′, one can transform ρ into
ρ′. We prove this in SI Appendix. Note that the monotonicity of
[2] establishes a continuous family of conditions, one for each
value of α. However, in the case of larger systems, one can per-
form a quick check, namely: we find that for any distribution p we
can construct smoothed distributions that are very close to p, and
in terms of these smoothed distributions, check two conditions in
terms of the two free energies for α= 0;∞ found in ref. 2. If such
conditions are satisfied on the smoothed distribution, it implies
that the infinite set of conditions is satisfied as well.
For α→ 1, Fαðρ; ρβÞ is equal to the ordinary Helmholtz free en-

ergy FðρÞ, hence our conditions include the ordinary second law
(combined with energy conservation), and we thus see that it is
merely one of many constraints on thermodynamical state transitions.
In the macroscopic regime, and for systems which are not

highly correlated, then Fαðρ; ρβÞ≈F1ðρ; ρβÞ for all α (2, 8), which
explains why the single constraint given by the usual second law
is more or less adequate in this limit. It was previously found that
the quantity FminðρÞ, defined in ref. 2, gives the maximal amount
of work extractable from a system in contact with a reservoir
under all thermal operations (2) (by transforming it to a thermal
state in equilibrium with the bath). This is also the relevant
quantity in a model of alternating adiabatic and isothermal
operations (9). We see this in our newly derived second laws as

Fig. 1. In the microregime, when can a state ρS with Hamiltonian HS be transformed to a state ρS′ and Hamiltonian HS′? To do so, one can couple the system to a
heat bath ρβ = e−βHR=Z with Hamiltonian HR and use any devices as long as they are returned back in their original state (thus wemay think of them as a catalyst––σ)
and we are allowed to perform any action as long as we preserve the overall energy (see below for a more detailed description of these operations, which we call
catalytic thermal operations). Loosely speaking, our second law says that ρS can transit to ρS′ if and only if ρS′ is closer to the thermal state ρβ of the system at inverse
temperature β with respect to all Rényi divergences. In the thermodynamic limit, all these quantities converge so that we recover the usual second law.
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possible, if we can use an additional system σ as a catalyst, i.e., we
may have ρ↛ ρ′ and yet ρ⊗ σ→ ρ′⊗ σ. In the case of thermody-
namics, the catalyst σ may be thought of as a working body or
heat engine which undergoes a cyclic process and is returned
back into its original state. In deciding whether one can trans-
form ρ into ρ′, one therefore needs to ask whether there exists
a working body or other ancillas σ for which ρ⊗ σ→ ρ′⊗ σ (Fig.
1). Thus, thermo-majorization (Fig. 2) should only be applied to
total resources including all possible catalysts and working bodies
and not the system of interest itself. In the case of entanglement
theory, and when the catalyst is returned in exactly the same state,
the criteria for when one pure state may be transformed into
another have been found (6, 7) and they are called trumping
conditions. We will generalize and adapt the trumping conditions
to enable their application to the case of thermodynamics.

Family of Second Laws
Here, we consider all possible cyclic thermodynamical processes,
and show that transition laws are affected by using ancillary
systems which are returned back to their initial state. Rather
than a single free energy that determines which transitions are
possible, we find necessary and sufficient conditions for ther-
modynamic transitions which form not just one but a family of
second laws. We define the free energies

Fα
!
ρ; ρβ

"
dkTDα
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ρkρβ
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− kT logZ; [2]

with the Rényi divergences DαðρkρβÞ defined as
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where pi are the eigenvalues of ρ and qi the eigenvalues of the
thermal state of the system ρβ = e−βHS=Z with Hamiltonian HS,
partition function Z=

P
i;ge

−βEi , and β= 1=T.
We can then state quantum second laws, and ones that hold

for states block diagonal in the energy basis. In the latter case, we
find the following set of second laws:
In the presence of a heat bath of single fixed temperature, the

free energies Fαðρ; ρβÞ do not increase for α≥ 0 That is, ∀α≥ 0,
Fαðρ; ρβÞ≥Fαðρ′; ρβÞ, where ρ and ρ′ are the initial and final
state, respectively. Moreover, if Fαðρ; ρβÞ≥Fαðρ′; ρβÞ holds ∀α≥ 0,

then there exists a catalytic thermal operation that transforms
ρ to ρ′.
We say that the Fαðρ; ρβÞ are monotones––the system always

gets closer to the thermal state, thus the function always de-
creases. By including an auxiliary system as described in ref. 2,
the above statement of the second law is equivalent to the case
where one changes the Hamiltonian of the system, in which case
one could write Fαðρ; ρβÞ≥Fαðρ′; ρβ′Þ, where the initial Hamilto-
nian HS has been changed via external control to the final
Hamiltonian HS′ , with ρβ and ρβ′ being the respective thermal
states. This is described in SI Appendix, section I. Note that in
fact Fαðρ; ρβÞ is a monotone for all α∈ ð−∞;∞Þ but because we
are allowed to borrow a pure state and return it in a state arbi-
trarily close to its initial state, only α≥ 0 is relevant, as can be seen
by noting that if any of the probabilities pi in Eq. 3 are zero, then
for α< 0, Fαðρ; ρβÞ diverges and will thus always be monotonic.
This set of limitations is less stringent than thermo-majoriza-

tion. Not only do these second laws provide limitations, but they
are also sufficient––whenever the free energies of some state ρ
are all greater than for another state ρ′, one can transform ρ into
ρ′. We prove this in SI Appendix. Note that the monotonicity of
[2] establishes a continuous family of conditions, one for each
value of α. However, in the case of larger systems, one can per-
form a quick check, namely: we find that for any distribution p we
can construct smoothed distributions that are very close to p, and
in terms of these smoothed distributions, check two conditions in
terms of the two free energies for α= 0;∞ found in ref. 2. If such
conditions are satisfied on the smoothed distribution, it implies
that the infinite set of conditions is satisfied as well.
For α→ 1, Fαðρ; ρβÞ is equal to the ordinary Helmholtz free en-

ergy FðρÞ, hence our conditions include the ordinary second law
(combined with energy conservation), and we thus see that it is
merely one of many constraints on thermodynamical state transitions.
In the macroscopic regime, and for systems which are not

highly correlated, then Fαðρ; ρβÞ≈F1ðρ; ρβÞ for all α (2, 8), which
explains why the single constraint given by the usual second law
is more or less adequate in this limit. It was previously found that
the quantity FminðρÞ, defined in ref. 2, gives the maximal amount
of work extractable from a system in contact with a reservoir
under all thermal operations (2) (by transforming it to a thermal
state in equilibrium with the bath). This is also the relevant
quantity in a model of alternating adiabatic and isothermal
operations (9). We see this in our newly derived second laws as

Fig. 1. In the microregime, when can a state ρS with Hamiltonian HS be transformed to a state ρS′ and Hamiltonian HS′? To do so, one can couple the system to a
heat bath ρβ = e−βHR=Z with Hamiltonian HR and use any devices as long as they are returned back in their original state (thus wemay think of them as a catalyst––σ)
and we are allowed to perform any action as long as we preserve the overall energy (see below for a more detailed description of these operations, which we call
catalytic thermal operations). Loosely speaking, our second law says that ρS can transit to ρS′ if and only if ρS′ is closer to the thermal state ρβ of the system at inverse
temperature β with respect to all Rényi divergences. In the thermodynamic limit, all these quantities converge so that we recover the usual second law.

3276 | www.pnas.org/cgi/doi/10.1073/pnas.1411728112 Brandão et al.

⌧R = exp(�kBTHR)/Z
<latexit sha1_base64="xLOz79ErlFsdWwuEbDuwW415Kao=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahLqxJFXQjlLrpspa+sAlhMp20QycPZiZiCQU3/oobF4q49Sfc+TdO2yy09cCFwzn3cu89bsSokIbxrWWWlldW17LruY3Nre0dfXevJcKYY9LEIQt5x0WCMBqQpqSSkU7ECfJdRtru8Gbit+8JFzQMGnIUEdtH/YB6FCOpJEc/sCSKnfq1RR6iwikcOhXYgFWnfnJ25+h5o2hMAReJmZI8SFFz9C+rF+LYJ4HEDAnRNY1I2gnikmJGxjkrFiRCeIj6pKtogHwi7GT6wxgeK6UHvZCrCiScqr8nEuQLMfJd1ekjORDz3kT8z+vG0ruyExpEsSQBni3yYgZlCCeBwB7lBEs2UgRhTtWtEA8QR1iq2HIqBHP+5UXSKhXN82Lp9iJfrqRxZMEhOAIFYIJLUAZVUANNgMEjeAav4E170l60d+1j1prR0pl98Afa5w/RSpWw</latexit>

[USRC , HS +HR +HC ] = 0
<latexit sha1_base64="WsScKkpyujNSaNGaJn0BNTMfaTE=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLICglqYJuhEI3XdbWtIU0hMl00g6dTMLMRCghG3/FjQtF3PoZ7vwbp4+FVg9cOJxzL/feEySMSmVZX0ZhZXVtfaO4Wdra3tndM/cPOjJOBSYOjlksegGShFFOHEUVI71EEBQFjHSDcX3qdx+IkDTm92qSEC9CQ05DipHSkm8euY6ftVv1/KLht88bfktX3bu1fLNsVawZ4F9iL0gZLND0zc/+IMZpRLjCDEnp2laivAwJRTEjeamfSpIgPEZD4mrKUUSkl80eyOGpVgYwjIUuruBM/TmRoUjKSRTozgipkVz2puJ/npuq8MbLKE9SRTieLwpTBlUMp2nAARUEKzbRBGFB9a0Qj5BAWOnMSjoEe/nlv6RTrdiXlerdVblWW8RRBMfgBJwBG1yDGmiAJnAABjl4Ai/g1Xg0no03433eWjAWM4fgF4yPb+uclKs=</latexit>

When	is	a	transiRon
possible?⇢S ! ⇢0S

<latexit sha1_base64="E3H8Vglgei9ZnjgoO3ST9cfkK1Y=">AAAB+XicbZDLSsNAFIYnXmu9RV26CRbRVUmqoMuiG5eV2gs0IUym03boZCbMnBRK6Ju4caGIW9/EnW/jpM1CW38Y+PjPOZwzf5RwpsF1v6219Y3Nre3STnl3b//g0D46bmuZKkJbRHKpuhHWlDNBW8CA026iKI4jTjvR+D6vdyZUaSbFE0wTGsR4KNiAEQzGCm3bVyMZNn2QOVyEzdCuuFV3LmcVvAIqqFAjtL/8viRpTAUQjrXueW4CQYYVMMLprOynmiaYjPGQ9gwKHFMdZPPLZ865cfrOQCrzBDhz9/dEhmOtp3FkOmMMI71cy83/ar0UBrdBxkSSAhVksWiQcgekk8fg9JmiBPjUACaKmVsdMsIKEzBhlU0I3vKXV6Fdq3pX1drjdaV+V8RRQqfoDF0iD92gOnpADdRCBE3QM3pFb1ZmvVjv1seidc0qZk7QH1mfPzn9k2M=</latexit>

(Blockdiagonal	states!)

Own	work:	allow	correla=ons	between	catalyst	and	system.
[1]	MM,	Phys.	Rev.	X	8,	041051	(2018).

Single-shot interpretation of the free energy

2. Single-shot interpretation of F



possible, if we can use an additional system σ as a catalyst, i.e., we
may have ρ↛ ρ′ and yet ρ⊗ σ→ ρ′⊗ σ. In the case of thermody-
namics, the catalyst σ may be thought of as a working body or
heat engine which undergoes a cyclic process and is returned
back into its original state. In deciding whether one can trans-
form ρ into ρ′, one therefore needs to ask whether there exists
a working body or other ancillas σ for which ρ⊗ σ→ ρ′⊗ σ (Fig.
1). Thus, thermo-majorization (Fig. 2) should only be applied to
total resources including all possible catalysts and working bodies
and not the system of interest itself. In the case of entanglement
theory, and when the catalyst is returned in exactly the same state,
the criteria for when one pure state may be transformed into
another have been found (6, 7) and they are called trumping
conditions. We will generalize and adapt the trumping conditions
to enable their application to the case of thermodynamics.

Family of Second Laws
Here, we consider all possible cyclic thermodynamical processes,
and show that transition laws are affected by using ancillary
systems which are returned back to their initial state. Rather
than a single free energy that determines which transitions are
possible, we find necessary and sufficient conditions for ther-
modynamic transitions which form not just one but a family of
second laws. We define the free energies
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where pi are the eigenvalues of ρ and qi the eigenvalues of the
thermal state of the system ρβ = e−βHS=Z with Hamiltonian HS,
partition function Z=

P
i;ge

−βEi , and β= 1=T.
We can then state quantum second laws, and ones that hold

for states block diagonal in the energy basis. In the latter case, we
find the following set of second laws:
In the presence of a heat bath of single fixed temperature, the

free energies Fαðρ; ρβÞ do not increase for α≥ 0 That is, ∀α≥ 0,
Fαðρ; ρβÞ≥Fαðρ′; ρβÞ, where ρ and ρ′ are the initial and final
state, respectively. Moreover, if Fαðρ; ρβÞ≥Fαðρ′; ρβÞ holds ∀α≥ 0,

then there exists a catalytic thermal operation that transforms
ρ to ρ′.
We say that the Fαðρ; ρβÞ are monotones––the system always

gets closer to the thermal state, thus the function always de-
creases. By including an auxiliary system as described in ref. 2,
the above statement of the second law is equivalent to the case
where one changes the Hamiltonian of the system, in which case
one could write Fαðρ; ρβÞ≥Fαðρ′; ρβ′Þ, where the initial Hamilto-
nian HS has been changed via external control to the final
Hamiltonian HS′ , with ρβ and ρβ′ being the respective thermal
states. This is described in SI Appendix, section I. Note that in
fact Fαðρ; ρβÞ is a monotone for all α∈ ð−∞;∞Þ but because we
are allowed to borrow a pure state and return it in a state arbi-
trarily close to its initial state, only α≥ 0 is relevant, as can be seen
by noting that if any of the probabilities pi in Eq. 3 are zero, then
for α< 0, Fαðρ; ρβÞ diverges and will thus always be monotonic.
This set of limitations is less stringent than thermo-majoriza-

tion. Not only do these second laws provide limitations, but they
are also sufficient––whenever the free energies of some state ρ
are all greater than for another state ρ′, one can transform ρ into
ρ′. We prove this in SI Appendix. Note that the monotonicity of
[2] establishes a continuous family of conditions, one for each
value of α. However, in the case of larger systems, one can per-
form a quick check, namely: we find that for any distribution p we
can construct smoothed distributions that are very close to p, and
in terms of these smoothed distributions, check two conditions in
terms of the two free energies for α= 0;∞ found in ref. 2. If such
conditions are satisfied on the smoothed distribution, it implies
that the infinite set of conditions is satisfied as well.
For α→ 1, Fαðρ; ρβÞ is equal to the ordinary Helmholtz free en-

ergy FðρÞ, hence our conditions include the ordinary second law
(combined with energy conservation), and we thus see that it is
merely one of many constraints on thermodynamical state transitions.
In the macroscopic regime, and for systems which are not

highly correlated, then Fαðρ; ρβÞ≈F1ðρ; ρβÞ for all α (2, 8), which
explains why the single constraint given by the usual second law
is more or less adequate in this limit. It was previously found that
the quantity FminðρÞ, defined in ref. 2, gives the maximal amount
of work extractable from a system in contact with a reservoir
under all thermal operations (2) (by transforming it to a thermal
state in equilibrium with the bath). This is also the relevant
quantity in a model of alternating adiabatic and isothermal
operations (9). We see this in our newly derived second laws as

Fig. 1. In the microregime, when can a state ρS with Hamiltonian HS be transformed to a state ρS′ and Hamiltonian HS′? To do so, one can couple the system to a
heat bath ρβ = e−βHR=Z with Hamiltonian HR and use any devices as long as they are returned back in their original state (thus wemay think of them as a catalyst––σ)
and we are allowed to perform any action as long as we preserve the overall energy (see below for a more detailed description of these operations, which we call
catalytic thermal operations). Loosely speaking, our second law says that ρS can transit to ρS′ if and only if ρS′ is closer to the thermal state ρβ of the system at inverse
temperature β with respect to all Rényi divergences. In the thermodynamic limit, all these quantities converge so that we recover the usual second law.
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explains why the single constraint given by the usual second law
is more or less adequate in this limit. It was previously found that
the quantity FminðρÞ, defined in ref. 2, gives the maximal amount
of work extractable from a system in contact with a reservoir
under all thermal operations (2) (by transforming it to a thermal
state in equilibrium with the bath). This is also the relevant
quantity in a model of alternating adiabatic and isothermal
operations (9). We see this in our newly derived second laws as
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and we are allowed to perform any action as long as we preserve the overall energy (see below for a more detailed description of these operations, which we call
catalytic thermal operations). Loosely speaking, our second law says that ρS can transit to ρS′ if and only if ρS′ is closer to the thermal state ρβ of the system at inverse
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2. Single-shot interpretation of F

Theorem. Let ⇢A, ⇢0A be block-diagonal states. Then, for every " > 0, there
is a thermal operation T", a state ⇢0A(") with k⇢0A � ⇢0A(")k < " and a finite-
dimensional catalyst �C such that

T"(⇢A ⌦ �C) = ⇢0A(")�C

if and only if F (⇢A) � F (⇢0A).
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Theorem. Let ⇢A, ⇢0A be block-diagonal states. Then, for every " > 0, there
is a thermal operation T", a state ⇢0A(") with k⇢0A � ⇢0A(")k < " and a finite-
dimensional catalyst �C such that

T"(⇢A ⌦ �C) = ⇢0A(")�C

if and only if F (⇢A) � F (⇢0A).
<latexit sha1_base64="xdKa3azOOJMUpCSOt7BfJCTz2BE="></latexit><latexit sha1_base64="xdKa3azOOJMUpCSOt7BfJCTz2BE="></latexit><latexit sha1_base64="xdKa3azOOJMUpCSOt7BfJCTz2BE="></latexit><latexit sha1_base64="xdKa3azOOJMUpCSOt7BfJCTz2BE="></latexit>

“Single-shot” interpretation of
F (⇢) = tr(⇢H) + kBT tr(⇢ log ⇢).
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means that
TrC!AC = ⇢0A, TrA!AC = �C .
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possible, if we can use an additional system σ as a catalyst, i.e., we
may have ρ↛ ρ′ and yet ρ⊗ σ→ ρ′⊗ σ. In the case of thermody-
namics, the catalyst σ may be thought of as a working body or
heat engine which undergoes a cyclic process and is returned
back into its original state. In deciding whether one can trans-
form ρ into ρ′, one therefore needs to ask whether there exists
a working body or other ancillas σ for which ρ⊗ σ→ ρ′⊗ σ (Fig.
1). Thus, thermo-majorization (Fig. 2) should only be applied to
total resources including all possible catalysts and working bodies
and not the system of interest itself. In the case of entanglement
theory, and when the catalyst is returned in exactly the same state,
the criteria for when one pure state may be transformed into
another have been found (6, 7) and they are called trumping
conditions. We will generalize and adapt the trumping conditions
to enable their application to the case of thermodynamics.

Family of Second Laws
Here, we consider all possible cyclic thermodynamical processes,
and show that transition laws are affected by using ancillary
systems which are returned back to their initial state. Rather
than a single free energy that determines which transitions are
possible, we find necessary and sufficient conditions for ther-
modynamic transitions which form not just one but a family of
second laws. We define the free energies

Fα
!
ρ; ρβ

"
dkTDα

!
ρkρβ

"
− kT logZ; [2]

with the Rényi divergences DαðρkρβÞ defined as

Dα
!
ρkρβ

"
=
sgnðαÞ
α− 1

log
X

i

pαi q
1−α
i ; [3]

where pi are the eigenvalues of ρ and qi the eigenvalues of the
thermal state of the system ρβ = e−βHS=Z with Hamiltonian HS,
partition function Z=

P
i;ge

−βEi , and β= 1=T.
We can then state quantum second laws, and ones that hold

for states block diagonal in the energy basis. In the latter case, we
find the following set of second laws:
In the presence of a heat bath of single fixed temperature, the

free energies Fαðρ; ρβÞ do not increase for α≥ 0 That is, ∀α≥ 0,
Fαðρ; ρβÞ≥Fαðρ′; ρβÞ, where ρ and ρ′ are the initial and final
state, respectively. Moreover, if Fαðρ; ρβÞ≥Fαðρ′; ρβÞ holds ∀α≥ 0,

then there exists a catalytic thermal operation that transforms
ρ to ρ′.
We say that the Fαðρ; ρβÞ are monotones––the system always

gets closer to the thermal state, thus the function always de-
creases. By including an auxiliary system as described in ref. 2,
the above statement of the second law is equivalent to the case
where one changes the Hamiltonian of the system, in which case
one could write Fαðρ; ρβÞ≥Fαðρ′; ρβ′Þ, where the initial Hamilto-
nian HS has been changed via external control to the final
Hamiltonian HS′ , with ρβ and ρβ′ being the respective thermal
states. This is described in SI Appendix, section I. Note that in
fact Fαðρ; ρβÞ is a monotone for all α∈ ð−∞;∞Þ but because we
are allowed to borrow a pure state and return it in a state arbi-
trarily close to its initial state, only α≥ 0 is relevant, as can be seen
by noting that if any of the probabilities pi in Eq. 3 are zero, then
for α< 0, Fαðρ; ρβÞ diverges and will thus always be monotonic.
This set of limitations is less stringent than thermo-majoriza-

tion. Not only do these second laws provide limitations, but they
are also sufficient––whenever the free energies of some state ρ
are all greater than for another state ρ′, one can transform ρ into
ρ′. We prove this in SI Appendix. Note that the monotonicity of
[2] establishes a continuous family of conditions, one for each
value of α. However, in the case of larger systems, one can per-
form a quick check, namely: we find that for any distribution p we
can construct smoothed distributions that are very close to p, and
in terms of these smoothed distributions, check two conditions in
terms of the two free energies for α= 0;∞ found in ref. 2. If such
conditions are satisfied on the smoothed distribution, it implies
that the infinite set of conditions is satisfied as well.
For α→ 1, Fαðρ; ρβÞ is equal to the ordinary Helmholtz free en-

ergy FðρÞ, hence our conditions include the ordinary second law
(combined with energy conservation), and we thus see that it is
merely one of many constraints on thermodynamical state transitions.
In the macroscopic regime, and for systems which are not

highly correlated, then Fαðρ; ρβÞ≈F1ðρ; ρβÞ for all α (2, 8), which
explains why the single constraint given by the usual second law
is more or less adequate in this limit. It was previously found that
the quantity FminðρÞ, defined in ref. 2, gives the maximal amount
of work extractable from a system in contact with a reservoir
under all thermal operations (2) (by transforming it to a thermal
state in equilibrium with the bath). This is also the relevant
quantity in a model of alternating adiabatic and isothermal
operations (9). We see this in our newly derived second laws as

Fig. 1. In the microregime, when can a state ρS with Hamiltonian HS be transformed to a state ρS′ and Hamiltonian HS′? To do so, one can couple the system to a
heat bath ρβ = e−βHR=Z with Hamiltonian HR and use any devices as long as they are returned back in their original state (thus wemay think of them as a catalyst––σ)
and we are allowed to perform any action as long as we preserve the overall energy (see below for a more detailed description of these operations, which we call
catalytic thermal operations). Loosely speaking, our second law says that ρS can transit to ρS′ if and only if ρS′ is closer to the thermal state ρβ of the system at inverse
temperature β with respect to all Rényi divergences. In the thermodynamic limit, all these quantities converge so that we recover the usual second law.
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possible, if we can use an additional system σ as a catalyst, i.e., we
may have ρ↛ ρ′ and yet ρ⊗ σ→ ρ′⊗ σ. In the case of thermody-
namics, the catalyst σ may be thought of as a working body or
heat engine which undergoes a cyclic process and is returned
back into its original state. In deciding whether one can trans-
form ρ into ρ′, one therefore needs to ask whether there exists
a working body or other ancillas σ for which ρ⊗ σ→ ρ′⊗ σ (Fig.
1). Thus, thermo-majorization (Fig. 2) should only be applied to
total resources including all possible catalysts and working bodies
and not the system of interest itself. In the case of entanglement
theory, and when the catalyst is returned in exactly the same state,
the criteria for when one pure state may be transformed into
another have been found (6, 7) and they are called trumping
conditions. We will generalize and adapt the trumping conditions
to enable their application to the case of thermodynamics.

Family of Second Laws
Here, we consider all possible cyclic thermodynamical processes,
and show that transition laws are affected by using ancillary
systems which are returned back to their initial state. Rather
than a single free energy that determines which transitions are
possible, we find necessary and sufficient conditions for ther-
modynamic transitions which form not just one but a family of
second laws. We define the free energies

Fα
!
ρ; ρβ

"
dkTDα

!
ρkρβ

"
− kT logZ; [2]

with the Rényi divergences DαðρkρβÞ defined as

Dα
!
ρkρβ

"
=
sgnðαÞ
α− 1

log
X

i

pαi q
1−α
i ; [3]

where pi are the eigenvalues of ρ and qi the eigenvalues of the
thermal state of the system ρβ = e−βHS=Z with Hamiltonian HS,
partition function Z=

P
i;ge

−βEi , and β= 1=T.
We can then state quantum second laws, and ones that hold

for states block diagonal in the energy basis. In the latter case, we
find the following set of second laws:
In the presence of a heat bath of single fixed temperature, the

free energies Fαðρ; ρβÞ do not increase for α≥ 0 That is, ∀α≥ 0,
Fαðρ; ρβÞ≥Fαðρ′; ρβÞ, where ρ and ρ′ are the initial and final
state, respectively. Moreover, if Fαðρ; ρβÞ≥Fαðρ′; ρβÞ holds ∀α≥ 0,

then there exists a catalytic thermal operation that transforms
ρ to ρ′.
We say that the Fαðρ; ρβÞ are monotones––the system always

gets closer to the thermal state, thus the function always de-
creases. By including an auxiliary system as described in ref. 2,
the above statement of the second law is equivalent to the case
where one changes the Hamiltonian of the system, in which case
one could write Fαðρ; ρβÞ≥Fαðρ′; ρβ′Þ, where the initial Hamilto-
nian HS has been changed via external control to the final
Hamiltonian HS′ , with ρβ and ρβ′ being the respective thermal
states. This is described in SI Appendix, section I. Note that in
fact Fαðρ; ρβÞ is a monotone for all α∈ ð−∞;∞Þ but because we
are allowed to borrow a pure state and return it in a state arbi-
trarily close to its initial state, only α≥ 0 is relevant, as can be seen
by noting that if any of the probabilities pi in Eq. 3 are zero, then
for α< 0, Fαðρ; ρβÞ diverges and will thus always be monotonic.
This set of limitations is less stringent than thermo-majoriza-

tion. Not only do these second laws provide limitations, but they
are also sufficient––whenever the free energies of some state ρ
are all greater than for another state ρ′, one can transform ρ into
ρ′. We prove this in SI Appendix. Note that the monotonicity of
[2] establishes a continuous family of conditions, one for each
value of α. However, in the case of larger systems, one can per-
form a quick check, namely: we find that for any distribution p we
can construct smoothed distributions that are very close to p, and
in terms of these smoothed distributions, check two conditions in
terms of the two free energies for α= 0;∞ found in ref. 2. If such
conditions are satisfied on the smoothed distribution, it implies
that the infinite set of conditions is satisfied as well.
For α→ 1, Fαðρ; ρβÞ is equal to the ordinary Helmholtz free en-

ergy FðρÞ, hence our conditions include the ordinary second law
(combined with energy conservation), and we thus see that it is
merely one of many constraints on thermodynamical state transitions.
In the macroscopic regime, and for systems which are not

highly correlated, then Fαðρ; ρβÞ≈F1ðρ; ρβÞ for all α (2, 8), which
explains why the single constraint given by the usual second law
is more or less adequate in this limit. It was previously found that
the quantity FminðρÞ, defined in ref. 2, gives the maximal amount
of work extractable from a system in contact with a reservoir
under all thermal operations (2) (by transforming it to a thermal
state in equilibrium with the bath). This is also the relevant
quantity in a model of alternating adiabatic and isothermal
operations (9). We see this in our newly derived second laws as

Fig. 1. In the microregime, when can a state ρS with Hamiltonian HS be transformed to a state ρS′ and Hamiltonian HS′? To do so, one can couple the system to a
heat bath ρβ = e−βHR=Z with Hamiltonian HR and use any devices as long as they are returned back in their original state (thus wemay think of them as a catalyst––σ)
and we are allowed to perform any action as long as we preserve the overall energy (see below for a more detailed description of these operations, which we call
catalytic thermal operations). Loosely speaking, our second law says that ρS can transit to ρS′ if and only if ρS′ is closer to the thermal state ρβ of the system at inverse
temperature β with respect to all Rényi divergences. In the thermodynamic limit, all these quantities converge so that we recover the usual second law.
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possible, if we can use an additional system σ as a catalyst, i.e., we
may have ρ↛ ρ′ and yet ρ⊗ σ→ ρ′⊗ σ. In the case of thermody-
namics, the catalyst σ may be thought of as a working body or
heat engine which undergoes a cyclic process and is returned
back into its original state. In deciding whether one can trans-
form ρ into ρ′, one therefore needs to ask whether there exists
a working body or other ancillas σ for which ρ⊗ σ→ ρ′⊗ σ (Fig.
1). Thus, thermo-majorization (Fig. 2) should only be applied to
total resources including all possible catalysts and working bodies
and not the system of interest itself. In the case of entanglement
theory, and when the catalyst is returned in exactly the same state,
the criteria for when one pure state may be transformed into
another have been found (6, 7) and they are called trumping
conditions. We will generalize and adapt the trumping conditions
to enable their application to the case of thermodynamics.

Family of Second Laws
Here, we consider all possible cyclic thermodynamical processes,
and show that transition laws are affected by using ancillary
systems which are returned back to their initial state. Rather
than a single free energy that determines which transitions are
possible, we find necessary and sufficient conditions for ther-
modynamic transitions which form not just one but a family of
second laws. We define the free energies

Fα
!
ρ; ρβ

"
dkTDα

!
ρkρβ

"
− kT logZ; [2]

with the Rényi divergences DαðρkρβÞ defined as
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!
ρkρβ

"
=
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α− 1

log
X

i

pαi q
1−α
i ; [3]

where pi are the eigenvalues of ρ and qi the eigenvalues of the
thermal state of the system ρβ = e−βHS=Z with Hamiltonian HS,
partition function Z=

P
i;ge

−βEi , and β= 1=T.
We can then state quantum second laws, and ones that hold

for states block diagonal in the energy basis. In the latter case, we
find the following set of second laws:
In the presence of a heat bath of single fixed temperature, the

free energies Fαðρ; ρβÞ do not increase for α≥ 0 That is, ∀α≥ 0,
Fαðρ; ρβÞ≥Fαðρ′; ρβÞ, where ρ and ρ′ are the initial and final
state, respectively. Moreover, if Fαðρ; ρβÞ≥Fαðρ′; ρβÞ holds ∀α≥ 0,

then there exists a catalytic thermal operation that transforms
ρ to ρ′.
We say that the Fαðρ; ρβÞ are monotones––the system always

gets closer to the thermal state, thus the function always de-
creases. By including an auxiliary system as described in ref. 2,
the above statement of the second law is equivalent to the case
where one changes the Hamiltonian of the system, in which case
one could write Fαðρ; ρβÞ≥Fαðρ′; ρβ′Þ, where the initial Hamilto-
nian HS has been changed via external control to the final
Hamiltonian HS′ , with ρβ and ρβ′ being the respective thermal
states. This is described in SI Appendix, section I. Note that in
fact Fαðρ; ρβÞ is a monotone for all α∈ ð−∞;∞Þ but because we
are allowed to borrow a pure state and return it in a state arbi-
trarily close to its initial state, only α≥ 0 is relevant, as can be seen
by noting that if any of the probabilities pi in Eq. 3 are zero, then
for α< 0, Fαðρ; ρβÞ diverges and will thus always be monotonic.
This set of limitations is less stringent than thermo-majoriza-

tion. Not only do these second laws provide limitations, but they
are also sufficient––whenever the free energies of some state ρ
are all greater than for another state ρ′, one can transform ρ into
ρ′. We prove this in SI Appendix. Note that the monotonicity of
[2] establishes a continuous family of conditions, one for each
value of α. However, in the case of larger systems, one can per-
form a quick check, namely: we find that for any distribution p we
can construct smoothed distributions that are very close to p, and
in terms of these smoothed distributions, check two conditions in
terms of the two free energies for α= 0;∞ found in ref. 2. If such
conditions are satisfied on the smoothed distribution, it implies
that the infinite set of conditions is satisfied as well.
For α→ 1, Fαðρ; ρβÞ is equal to the ordinary Helmholtz free en-

ergy FðρÞ, hence our conditions include the ordinary second law
(combined with energy conservation), and we thus see that it is
merely one of many constraints on thermodynamical state transitions.
In the macroscopic regime, and for systems which are not

highly correlated, then Fαðρ; ρβÞ≈F1ðρ; ρβÞ for all α (2, 8), which
explains why the single constraint given by the usual second law
is more or less adequate in this limit. It was previously found that
the quantity FminðρÞ, defined in ref. 2, gives the maximal amount
of work extractable from a system in contact with a reservoir
under all thermal operations (2) (by transforming it to a thermal
state in equilibrium with the bath). This is also the relevant
quantity in a model of alternating adiabatic and isothermal
operations (9). We see this in our newly derived second laws as

Fig. 1. In the microregime, when can a state ρS with Hamiltonian HS be transformed to a state ρS′ and Hamiltonian HS′? To do so, one can couple the system to a
heat bath ρβ = e−βHR=Z with Hamiltonian HR and use any devices as long as they are returned back in their original state (thus wemay think of them as a catalyst––σ)
and we are allowed to perform any action as long as we preserve the overall energy (see below for a more detailed description of these operations, which we call
catalytic thermal operations). Loosely speaking, our second law says that ρS can transit to ρS′ if and only if ρS′ is closer to the thermal state ρβ of the system at inverse
temperature β with respect to all Rényi divergences. In the thermodynamic limit, all these quantities converge so that we recover the usual second law.
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[USRC , HS +HR +HC ] = 0
<latexit sha1_base64="WsScKkpyujNSaNGaJn0BNTMfaTE=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLICglqYJuhEI3XdbWtIU0hMl00g6dTMLMRCghG3/FjQtF3PoZ7vwbp4+FVg9cOJxzL/feEySMSmVZX0ZhZXVtfaO4Wdra3tndM/cPOjJOBSYOjlksegGShFFOHEUVI71EEBQFjHSDcX3qdx+IkDTm92qSEC9CQ05DipHSkm8euY6ftVv1/KLht88bfktX3bu1fLNsVawZ4F9iL0gZLND0zc/+IMZpRLjCDEnp2laivAwJRTEjeamfSpIgPEZD4mrKUUSkl80eyOGpVgYwjIUuruBM/TmRoUjKSRTozgipkVz2puJ/npuq8MbLKE9SRTieLwpTBlUMp2nAARUEKzbRBGFB9a0Qj5BAWOnMSjoEe/nlv6RTrdiXlerdVblWW8RRBMfgBJwBG1yDGmiAJnAABjl4Ai/g1Xg0no03433eWjAWM4fgF4yPb+uclKs=</latexit>

When	is	a	transiRon
possible?⇢S ! ⇢0S

<latexit sha1_base64="E3H8Vglgei9ZnjgoO3ST9cfkK1Y=">AAAB+XicbZDLSsNAFIYnXmu9RV26CRbRVUmqoMuiG5eV2gs0IUym03boZCbMnBRK6Ju4caGIW9/EnW/jpM1CW38Y+PjPOZwzf5RwpsF1v6219Y3Nre3STnl3b//g0D46bmuZKkJbRHKpuhHWlDNBW8CA026iKI4jTjvR+D6vdyZUaSbFE0wTGsR4KNiAEQzGCm3bVyMZNn2QOVyEzdCuuFV3LmcVvAIqqFAjtL/8viRpTAUQjrXueW4CQYYVMMLprOynmiaYjPGQ9gwKHFMdZPPLZ865cfrOQCrzBDhz9/dEhmOtp3FkOmMMI71cy83/ar0UBrdBxkSSAhVksWiQcgekk8fg9JmiBPjUACaKmVsdMsIKEzBhlU0I3vKXV6Fdq3pX1drjdaV+V8RRQqfoDF0iD92gOnpADdRCBE3QM3pFb1ZmvVjv1seidc0qZk7QH1mfPzn9k2M=</latexit>

(Blockdiagonal	states!)

[1]	MM,	Phys.	Rev.	X	8,	041051	(2018).

Single-shot interpretation of the free energy

• Fluctuation-free work of formation: If  
then transition possible while work bit 

• Almost fluct.-free work extraction: If  
then transition possible while work bit (for arbitrary          )

� > F (⇢0A)� F (⇢A) > 0,
<latexit sha1_base64="LtMgq9QuZX1bWdoppv/TdmmBROk=">AAACB3icbZDLSgMxFIYzXmu9jboUJFjEClpmRNBVqSjisoK9QGcYMmmmDc0kQ5IRSunOja/ixoUibn0Fd76NaTsLbf0h8PGfczg5f5gwqrTjfFtz8wuLS8u5lfzq2vrGpr21XVcilZjUsGBCNkOkCKOc1DTVjDQTSVAcMtIIe1ejeuOBSEUFv9f9hPgx6nAaUYy0sQJ7z7smTKPyTdGTXXEYXB6dTNBQ2TkO7IJTcsaCs+BmUACZqoH95bUFTmPCNWZIqZbrJNofIKkpZmSY91JFEoR7qENaBjmKifIH4zuG8MA4bRgJaR7XcOz+nhigWKl+HJrOGOmumq6NzP9qrVRHF/6A8iTVhOPJoihlUAs4CgW2qSRYs74BhCU1f4W4iyTC2kSXNyG40yfPQv205Bq+OytUKlkcObAL9kERuOAcVMAtqIIawOARPINX8GY9WS/Wu/UxaZ2zspkd8EfW5w9MvJb/</latexit><latexit sha1_base64="LtMgq9QuZX1bWdoppv/TdmmBROk=">AAACB3icbZDLSgMxFIYzXmu9jboUJFjEClpmRNBVqSjisoK9QGcYMmmmDc0kQ5IRSunOja/ixoUibn0Fd76NaTsLbf0h8PGfczg5f5gwqrTjfFtz8wuLS8u5lfzq2vrGpr21XVcilZjUsGBCNkOkCKOc1DTVjDQTSVAcMtIIe1ejeuOBSEUFv9f9hPgx6nAaUYy0sQJ7z7smTKPyTdGTXXEYXB6dTNBQ2TkO7IJTcsaCs+BmUACZqoH95bUFTmPCNWZIqZbrJNofIKkpZmSY91JFEoR7qENaBjmKifIH4zuG8MA4bRgJaR7XcOz+nhigWKl+HJrOGOmumq6NzP9qrVRHF/6A8iTVhOPJoihlUAs4CgW2qSRYs74BhCU1f4W4iyTC2kSXNyG40yfPQv205Bq+OytUKlkcObAL9kERuOAcVMAtqIIawOARPINX8GY9WS/Wu/UxaZ2zspkd8EfW5w9MvJb/</latexit><latexit sha1_base64="LtMgq9QuZX1bWdoppv/TdmmBROk=">AAACB3icbZDLSgMxFIYzXmu9jboUJFjEClpmRNBVqSjisoK9QGcYMmmmDc0kQ5IRSunOja/ixoUibn0Fd76NaTsLbf0h8PGfczg5f5gwqrTjfFtz8wuLS8u5lfzq2vrGpr21XVcilZjUsGBCNkOkCKOc1DTVjDQTSVAcMtIIe1ejeuOBSEUFv9f9hPgx6nAaUYy0sQJ7z7smTKPyTdGTXXEYXB6dTNBQ2TkO7IJTcsaCs+BmUACZqoH95bUFTmPCNWZIqZbrJNofIKkpZmSY91JFEoR7qENaBjmKifIH4zuG8MA4bRgJaR7XcOz+nhigWKl+HJrOGOmumq6NzP9qrVRHF/6A8iTVhOPJoihlUAs4CgW2qSRYs74BhCU1f4W4iyTC2kSXNyG40yfPQv205Bq+OytUKlkcObAL9kERuOAcVMAtqIIawOARPINX8GY9WS/Wu/UxaZ2zspkd8EfW5w9MvJb/</latexit><latexit sha1_base64="LtMgq9QuZX1bWdoppv/TdmmBROk=">AAACB3icbZDLSgMxFIYzXmu9jboUJFjEClpmRNBVqSjisoK9QGcYMmmmDc0kQ5IRSunOja/ixoUibn0Fd76NaTsLbf0h8PGfczg5f5gwqrTjfFtz8wuLS8u5lfzq2vrGpr21XVcilZjUsGBCNkOkCKOc1DTVjDQTSVAcMtIIe1ejeuOBSEUFv9f9hPgx6nAaUYy0sQJ7z7smTKPyTdGTXXEYXB6dTNBQ2TkO7IJTcsaCs+BmUACZqoH95bUFTmPCNWZIqZbrJNofIKkpZmSY91JFEoR7qENaBjmKifIH4zuG8MA4bRgJaR7XcOz+nhigWKl+HJrOGOmumq6NzP9qrVRHF/6A8iTVhOPJoihlUAs4CgW2qSRYs74BhCU1f4W4iyTC2kSXNyG40yfPQv205Bq+OytUKlkcObAL9kERuOAcVMAtqIIawOARPINX8GY9WS/Wu/UxaZ2zspkd8EfW5w9MvJb/</latexit>

|eiW 7! |giW .
<latexit sha1_base64="lPjb21NV2x0867XBB93MBQSUyqs=">AAACCHicbVDLSsNAFJ3UV62vqEsXBovgqiQi6LLgxmUF+4AmhMn0ph06MwkzE6GkXbrxV9y4UMStn+DOv3HaBtHWAwOHc+7lzjlRyqjSrvtllVZW19Y3ypuVre2d3T17/6ClkkwSaJKEJbITYQWMCmhqqhl0UgmYRwza0fB66rfvQSqaiDs9SiHguC9oTAnWRgrt4zH4Eos+g7Dtc5wqnTjj/o9UC+2qW3NncJaJV5AqKtAI7U+/l5CMg9CEYaW6npvqIMdSU8JgUvEzBSkmQ9yHrqECc1BBPgsycU6N0nPiRJontDNTf2/kmCs14pGZ5FgP1KI3Ff/zupmOr4KcijTTIMj8UJwxx6SdtuL0qASi2cgQTCQ1f3XIAEtMtOmuYkrwFiMvk9Z5zTP89qJarxd1lNEROkFnyEOXqI5uUAM1EUEP6Am9oFfr0Xq23qz3+WjJKnYO0R9YH98QE5n3</latexit><latexit sha1_base64="lPjb21NV2x0867XBB93MBQSUyqs=">AAACCHicbVDLSsNAFJ3UV62vqEsXBovgqiQi6LLgxmUF+4AmhMn0ph06MwkzE6GkXbrxV9y4UMStn+DOv3HaBtHWAwOHc+7lzjlRyqjSrvtllVZW19Y3ypuVre2d3T17/6ClkkwSaJKEJbITYQWMCmhqqhl0UgmYRwza0fB66rfvQSqaiDs9SiHguC9oTAnWRgrt4zH4Eos+g7Dtc5wqnTjj/o9UC+2qW3NncJaJV5AqKtAI7U+/l5CMg9CEYaW6npvqIMdSU8JgUvEzBSkmQ9yHrqECc1BBPgsycU6N0nPiRJontDNTf2/kmCs14pGZ5FgP1KI3Ff/zupmOr4KcijTTIMj8UJwxx6SdtuL0qASi2cgQTCQ1f3XIAEtMtOmuYkrwFiMvk9Z5zTP89qJarxd1lNEROkFnyEOXqI5uUAM1EUEP6Am9oFfr0Xq23qz3+WjJKnYO0R9YH98QE5n3</latexit><latexit sha1_base64="lPjb21NV2x0867XBB93MBQSUyqs=">AAACCHicbVDLSsNAFJ3UV62vqEsXBovgqiQi6LLgxmUF+4AmhMn0ph06MwkzE6GkXbrxV9y4UMStn+DOv3HaBtHWAwOHc+7lzjlRyqjSrvtllVZW19Y3ypuVre2d3T17/6ClkkwSaJKEJbITYQWMCmhqqhl0UgmYRwza0fB66rfvQSqaiDs9SiHguC9oTAnWRgrt4zH4Eos+g7Dtc5wqnTjj/o9UC+2qW3NncJaJV5AqKtAI7U+/l5CMg9CEYaW6npvqIMdSU8JgUvEzBSkmQ9yHrqECc1BBPgsycU6N0nPiRJontDNTf2/kmCs14pGZ5FgP1KI3Ff/zupmOr4KcijTTIMj8UJwxx6SdtuL0qASi2cgQTCQ1f3XIAEtMtOmuYkrwFiMvk9Z5zTP89qJarxd1lNEROkFnyEOXqI5uUAM1EUEP6Am9oFfr0Xq23qz3+WjJKnYO0R9YH98QE5n3</latexit><latexit sha1_base64="lPjb21NV2x0867XBB93MBQSUyqs=">AAACCHicbVDLSsNAFJ3UV62vqEsXBovgqiQi6LLgxmUF+4AmhMn0ph06MwkzE6GkXbrxV9y4UMStn+DOv3HaBtHWAwOHc+7lzjlRyqjSrvtllVZW19Y3ypuVre2d3T17/6ClkkwSaJKEJbITYQWMCmhqqhl0UgmYRwza0fB66rfvQSqaiDs9SiHguC9oTAnWRgrt4zH4Eos+g7Dtc5wqnTjj/o9UC+2qW3NncJaJV5AqKtAI7U+/l5CMg9CEYaW6npvqIMdSU8JgUvEzBSkmQ9yHrqECc1BBPgsycU6N0nPiRJontDNTf2/kmCs14pGZ5FgP1KI3Ff/zupmOr4KcijTTIMj8UJwxx6SdtuL0qASi2cgQTCQ1f3XIAEtMtOmuYkrwFiMvk9Z5zTP89qJarxd1lNEROkFnyEOXqI5uUAM1EUEP6Am9oFfr0Xq23qz3+WjJKnYO0R9YH98QE5n3</latexit>

F (⇢A)� F (⇢0A) > � > 0,
<latexit sha1_base64="RYMzNKGekz7hV/8NQV8ocvauZIw=">AAACB3icbZDLSgMxFIYzXmu9jboUJFjEClpmRNBVqSjisoK9QGcYMmmmDc0kQ5IRSunOja/ixoUibn0Fd76NaTsLbf0h8PGfczg5f5gwqrTjfFtz8wuLS8u5lfzq2vrGpr21XVcilZjUsGBCNkOkCKOc1DTVjDQTSVAcMtIIe1ejeuOBSEUFv9f9hPgx6nAaUYy0sQJ776boya4ILo9OJnRosOxdE6ZR2TkO7IJTcsaCs+BmUACZqoH95bUFTmPCNWZIqZbrJNofIKkpZmSY91JFEoR7qENaBjmKifIH4zuG8MA4bRgJaR7XcOz+nhigWKl+HJrOGOmumq6NzP9qrVRHF/6A8iTVhOPJoihlUAs4CgW2qSRYs74BhCU1f4W4iyTC2kSXNyG40yfPQv205Bq+OytUKlkcObAL9kERuOAcVMAtqIIawOARPINX8GY9WS/Wu/UxaZ2zspkd8EfW5w9FcZb/</latexit><latexit sha1_base64="RYMzNKGekz7hV/8NQV8ocvauZIw=">AAACB3icbZDLSgMxFIYzXmu9jboUJFjEClpmRNBVqSjisoK9QGcYMmmmDc0kQ5IRSunOja/ixoUibn0Fd76NaTsLbf0h8PGfczg5f5gwqrTjfFtz8wuLS8u5lfzq2vrGpr21XVcilZjUsGBCNkOkCKOc1DTVjDQTSVAcMtIIe1ejeuOBSEUFv9f9hPgx6nAaUYy0sQJ776boya4ILo9OJnRosOxdE6ZR2TkO7IJTcsaCs+BmUACZqoH95bUFTmPCNWZIqZbrJNofIKkpZmSY91JFEoR7qENaBjmKifIH4zuG8MA4bRgJaR7XcOz+nhigWKl+HJrOGOmumq6NzP9qrVRHF/6A8iTVhOPJoihlUAs4CgW2qSRYs74BhCU1f4W4iyTC2kSXNyG40yfPQv205Bq+OytUKlkcObAL9kERuOAcVMAtqIIawOARPINX8GY9WS/Wu/UxaZ2zspkd8EfW5w9FcZb/</latexit><latexit sha1_base64="RYMzNKGekz7hV/8NQV8ocvauZIw=">AAACB3icbZDLSgMxFIYzXmu9jboUJFjEClpmRNBVqSjisoK9QGcYMmmmDc0kQ5IRSunOja/ixoUibn0Fd76NaTsLbf0h8PGfczg5f5gwqrTjfFtz8wuLS8u5lfzq2vrGpr21XVcilZjUsGBCNkOkCKOc1DTVjDQTSVAcMtIIe1ejeuOBSEUFv9f9hPgx6nAaUYy0sQJ776boya4ILo9OJnRosOxdE6ZR2TkO7IJTcsaCs+BmUACZqoH95bUFTmPCNWZIqZbrJNofIKkpZmSY91JFEoR7qENaBjmKifIH4zuG8MA4bRgJaR7XcOz+nhigWKl+HJrOGOmumq6NzP9qrVRHF/6A8iTVhOPJoihlUAs4CgW2qSRYs74BhCU1f4W4iyTC2kSXNyG40yfPQv205Bq+OytUKlkcObAL9kERuOAcVMAtqIIawOARPINX8GY9WS/Wu/UxaZ2zspkd8EfW5w9FcZb/</latexit><latexit sha1_base64="RYMzNKGekz7hV/8NQV8ocvauZIw=">AAACB3icbZDLSgMxFIYzXmu9jboUJFjEClpmRNBVqSjisoK9QGcYMmmmDc0kQ5IRSunOja/ixoUibn0Fd76NaTsLbf0h8PGfczg5f5gwqrTjfFtz8wuLS8u5lfzq2vrGpr21XVcilZjUsGBCNkOkCKOc1DTVjDQTSVAcMtIIe1ejeuOBSEUFv9f9hPgx6nAaUYy0sQJ776boya4ILo9OJnRosOxdE6ZR2TkO7IJTcsaCs+BmUACZqoH95bUFTmPCNWZIqZbrJNofIKkpZmSY91JFEoR7qENaBjmKifIH4zuG8MA4bRgJaR7XcOz+nhigWKl+HJrOGOmumq6NzP9qrVRHF/6A8iTVhOPJoihlUAs4CgW2qSRYs74BhCU1f4W4iyTC2kSXNyG40yfPQv205Bq+OytUKlkcObAL9kERuOAcVMAtqIIawOARPINX8GY9WS/Wu/UxaZ2zspkd8EfW5w9FcZb/</latexit>

� > 0
<latexit sha1_base64="wF3HzjXsQNXgkSlSAy5p+N3HcHQ=">AAAB73icbZBNS8NAEIY39avWr6pHL4tF8FQSEfQkBS8eK9gPaEPZbCbt0s0m7k6EEvonvHhQxKt/x5v/xm2bg7a+sPDwzgw78wapFAZd99spra1vbG6Vtys7u3v7B9XDo7ZJMs2hxROZ6G7ADEihoIUCJXRTDSwOJHSC8e2s3nkCbUSiHnCSgh+zoRKR4Ayt1e2HIJHduINqza27c9FV8AqokULNQfWrHyY8i0Ehl8yYnuem6OdMo+ASppV+ZiBlfMyG0LOoWAzGz+f7TumZdUIaJdo+hXTu/p7IWWzMJA5sZ8xwZJZrM/O/Wi/D6NrPhUozBMUXH0WZpJjQ2fE0FBo4yokFxrWwu1I+YppxtBFVbAje8smr0L6oe5bvL2uNRhFHmZyQU3JOPHJFGuSONEmLcCLJM3klb86j8+K8Ox+L1pJTzByTP3I+fwCGo4+c</latexit><latexit sha1_base64="wF3HzjXsQNXgkSlSAy5p+N3HcHQ=">AAAB73icbZBNS8NAEIY39avWr6pHL4tF8FQSEfQkBS8eK9gPaEPZbCbt0s0m7k6EEvonvHhQxKt/x5v/xm2bg7a+sPDwzgw78wapFAZd99spra1vbG6Vtys7u3v7B9XDo7ZJMs2hxROZ6G7ADEihoIUCJXRTDSwOJHSC8e2s3nkCbUSiHnCSgh+zoRKR4Ayt1e2HIJHduINqza27c9FV8AqokULNQfWrHyY8i0Ehl8yYnuem6OdMo+ASppV+ZiBlfMyG0LOoWAzGz+f7TumZdUIaJdo+hXTu/p7IWWzMJA5sZ8xwZJZrM/O/Wi/D6NrPhUozBMUXH0WZpJjQ2fE0FBo4yokFxrWwu1I+YppxtBFVbAje8smr0L6oe5bvL2uNRhFHmZyQU3JOPHJFGuSONEmLcCLJM3klb86j8+K8Ox+L1pJTzByTP3I+fwCGo4+c</latexit><latexit sha1_base64="wF3HzjXsQNXgkSlSAy5p+N3HcHQ=">AAAB73icbZBNS8NAEIY39avWr6pHL4tF8FQSEfQkBS8eK9gPaEPZbCbt0s0m7k6EEvonvHhQxKt/x5v/xm2bg7a+sPDwzgw78wapFAZd99spra1vbG6Vtys7u3v7B9XDo7ZJMs2hxROZ6G7ADEihoIUCJXRTDSwOJHSC8e2s3nkCbUSiHnCSgh+zoRKR4Ayt1e2HIJHduINqza27c9FV8AqokULNQfWrHyY8i0Ehl8yYnuem6OdMo+ASppV+ZiBlfMyG0LOoWAzGz+f7TumZdUIaJdo+hXTu/p7IWWzMJA5sZ8xwZJZrM/O/Wi/D6NrPhUozBMUXH0WZpJjQ2fE0FBo4yokFxrWwu1I+YppxtBFVbAje8smr0L6oe5bvL2uNRhFHmZyQU3JOPHJFGuSONEmLcCLJM3klb86j8+K8Ox+L1pJTzByTP3I+fwCGo4+c</latexit><latexit sha1_base64="wF3HzjXsQNXgkSlSAy5p+N3HcHQ=">AAAB73icbZBNS8NAEIY39avWr6pHL4tF8FQSEfQkBS8eK9gPaEPZbCbt0s0m7k6EEvonvHhQxKt/x5v/xm2bg7a+sPDwzgw78wapFAZd99spra1vbG6Vtys7u3v7B9XDo7ZJMs2hxROZ6G7ADEihoIUCJXRTDSwOJHSC8e2s3nkCbUSiHnCSgh+zoRKR4Ayt1e2HIJHduINqza27c9FV8AqokULNQfWrHyY8i0Ehl8yYnuem6OdMo+ASppV+ZiBlfMyG0LOoWAzGz+f7TumZdUIaJdo+hXTu/p7IWWzMJA5sZ8xwZJZrM/O/Wi/D6NrPhUozBMUXH0WZpJjQ2fE0FBo4yokFxrWwu1I+YppxtBFVbAje8smr0L6oe5bvL2uNRhFHmZyQU3JOPHJFGuSONEmLcCLJM3klb86j8+K8Ox+L1pJTzByTP3I+fwCGo4+c</latexit>

|gihg|W 7! (1� �)|eihe|W + � 1/d.
<latexit sha1_base64="LCkI0Ufk66KkUk2ytvbEHryhYyk="></latexit><latexit sha1_base64="LCkI0Ufk66KkUk2ytvbEHryhYyk="></latexit><latexit sha1_base64="LCkI0Ufk66KkUk2ytvbEHryhYyk="></latexit><latexit sha1_base64="LCkI0Ufk66KkUk2ytvbEHryhYyk="></latexit>

2. Single-shot interpretation of F



Intuition: why does only              survive?

2. Single-shot interpretation of F

F ⌘ F1
<latexit sha1_base64="Oe3e1CmH/7G52yT0hOjhG8ujUrg=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqexWQY8FoXisYD9gu5Rsmm1Ds8mazBbK0p/hxYMiXv013vw3pu0etPXBwOO9GWbmhYngBlz32ylsbG5t7xR3S3v7B4dH5eOTtlGppqxFlVC6GxLDBJesBRwE6yaakTgUrBOO7+Z+Z8K04Uo+wjRhQUyGkkecErCS3+ixp5RPcKPv9csVt+ougNeJl5MKytHsl796A0XTmEmgghjje24CQUY0cCrYrNRLDUsIHZMh8y2VJGYmyBYnz/CFVQY4UtqWBLxQf09kJDZmGoe2MyYwMqveXPzP81OIboOMyyQFJulyUZQKDArP/8cDrhkFMbWEUM3trZiOiCYUbEolG4K3+vI6adeq3lW19nBdqdfzOIroDJ2jS+ShG1RH96iJWogihZ7RK3pzwHlx3p2PZWvByWdO0R84nz9o5ZCs</latexit>



Intuition: why does only              survive?

2. Single-shot interpretation of F

F ⌘ F1
<latexit sha1_base64="Oe3e1CmH/7G52yT0hOjhG8ujUrg=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqexWQY8FoXisYD9gu5Rsmm1Ds8mazBbK0p/hxYMiXv013vw3pu0etPXBwOO9GWbmhYngBlz32ylsbG5t7xR3S3v7B4dH5eOTtlGppqxFlVC6GxLDBJesBRwE6yaakTgUrBOO7+Z+Z8K04Uo+wjRhQUyGkkecErCS3+ixp5RPcKPv9csVt+ougNeJl5MKytHsl796A0XTmEmgghjje24CQUY0cCrYrNRLDUsIHZMh8y2VJGYmyBYnz/CFVQY4UtqWBLxQf09kJDZmGoe2MyYwMqveXPzP81OIboOMyyQFJulyUZQKDArP/8cDrhkFMbWEUM3trZiOiCYUbEolG4K3+vI6adeq3lW19nBdqdfzOIroDJ2jS+ShG1RH96iJWogihZ7RK3pzwHlx3p2PZWvByWdO0R84nz9o5ZCs</latexit>

The	“free	energies”	are	related	to	the	Rényi	entropies:

H↵(⇢) =
1

1� ↵
log tr (⇢↵) , H1(⇢) ⌘ H(⇢) = �tr(⇢ log ⇢).

<latexit sha1_base64="KrPU+4SegGE9bdAfqooJRTWKcf8="></latexit>



Intuition: why does only              survive?

2. Single-shot interpretation of F

F ⌘ F1
<latexit sha1_base64="Oe3e1CmH/7G52yT0hOjhG8ujUrg=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqexWQY8FoXisYD9gu5Rsmm1Ds8mazBbK0p/hxYMiXv013vw3pu0etPXBwOO9GWbmhYngBlz32ylsbG5t7xR3S3v7B4dH5eOTtlGppqxFlVC6GxLDBJesBRwE6yaakTgUrBOO7+Z+Z8K04Uo+wjRhQUyGkkecErCS3+ixp5RPcKPv9csVt+ougNeJl5MKytHsl796A0XTmEmgghjje24CQUY0cCrYrNRLDUsIHZMh8y2VJGYmyBYnz/CFVQY4UtqWBLxQf09kJDZmGoe2MyYwMqveXPzP81OIboOMyyQFJulyUZQKDArP/8cDrhkFMbWEUM3trZiOiCYUbEolG4K3+vI6adeq3lW19nBdqdfzOIroDJ2jS+ShG1RH96iJWogihZ7RK3pzwHlx3p2PZWvByWdO0R84nz9o5ZCs</latexit>

The	“free	energies”	are	related	to	the	Rényi	entropies:

H↵(⇢) =
1

1� ↵
log tr (⇢↵) , H1(⇢) ⌘ H(⇢) = �tr(⇢ log ⇢).

<latexit sha1_base64="KrPU+4SegGE9bdAfqooJRTWKcf8="></latexit>

Among	those,	only								is	subaddi=ve:H1
<latexit sha1_base64="RBs6CcAOf9hEjoQtq54gWvvd2sA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeClx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKD42BNyhX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uw1s/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVe+qWru/rtTreRxFOINzuAQPbqAODWhCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gDDNY1y</latexit>

H(⇢AB)  H(⇢A) +H(⇢B).
<latexit sha1_base64="M40xh6VZlAFrqsIWyS82zKqj5n0=">AAACDnicbZDLSsNAFIYnXmu9RV26GSyFFqEkVdBlWzddVrAXaEKYTCft0EkmzkyEEvoEbnwVNy4UcevanW/jtM1CW38Y+PjPOZw5vx8zKpVlfRtr6xubW9u5nfzu3v7BoXl03JE8EZi0MWdc9HwkCaMRaSuqGOnFgqDQZ6Trj29m9e4DEZLy6E5NYuKGaBjRgGKktOWZxWbJESPupfXGtOwwcg8zo14+z6hRrnhmwapYc8FVsDMogEwtz/xyBhwnIYkUZkjKvm3Fyk2RUBQzMs07iSQxwmM0JH2NEQqJdNP5OVNY1M4ABlzoFyk4d39PpCiUchL6ujNEaiSXazPzv1o/UcG1m9IoThSJ8GJRkDCoOJxlAwdUEKzYRAPCguq/QjxCAmGlE8zrEOzlk1ehU63YF5Xq7WWhVsviyIFTcAZKwAZXoAaaoAXaAINH8AxewZvxZLwY78bHonXNyGZOwB8Znz/SdJoL</latexit>



Intuition: why does only              survive?

2. Single-shot interpretation of F

F ⌘ F1
<latexit sha1_base64="Oe3e1CmH/7G52yT0hOjhG8ujUrg=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqexWQY8FoXisYD9gu5Rsmm1Ds8mazBbK0p/hxYMiXv013vw3pu0etPXBwOO9GWbmhYngBlz32ylsbG5t7xR3S3v7B4dH5eOTtlGppqxFlVC6GxLDBJesBRwE6yaakTgUrBOO7+Z+Z8K04Uo+wjRhQUyGkkecErCS3+ixp5RPcKPv9csVt+ougNeJl5MKytHsl796A0XTmEmgghjje24CQUY0cCrYrNRLDUsIHZMh8y2VJGYmyBYnz/CFVQY4UtqWBLxQf09kJDZmGoe2MyYwMqveXPzP81OIboOMyyQFJulyUZQKDArP/8cDrhkFMbWEUM3trZiOiCYUbEolG4K3+vI6adeq3lW19nBdqdfzOIroDJ2jS+ShG1RH96iJWogihZ7RK3pzwHlx3p2PZWvByWdO0R84nz9o5ZCs</latexit>

The	“free	energies”	are	related	to	the	Rényi	entropies:

H↵(⇢) =
1

1� ↵
log tr (⇢↵) , H1(⇢) ⌘ H(⇢) = �tr(⇢ log ⇢).

<latexit sha1_base64="KrPU+4SegGE9bdAfqooJRTWKcf8="></latexit>

Among	those,	only								is	subaddi=ve:H1
<latexit sha1_base64="RBs6CcAOf9hEjoQtq54gWvvd2sA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeClx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKD42BNyhX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uw1s/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVe+qWru/rtTreRxFOINzuAQPbqAODWhCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gDDNY1y</latexit>

H(⇢AB)  H(⇢A) +H(⇢B).
<latexit sha1_base64="M40xh6VZlAFrqsIWyS82zKqj5n0=">AAACDnicbZDLSsNAFIYnXmu9RV26GSyFFqEkVdBlWzddVrAXaEKYTCft0EkmzkyEEvoEbnwVNy4UcevanW/jtM1CW38Y+PjPOZw5vx8zKpVlfRtr6xubW9u5nfzu3v7BoXl03JE8EZi0MWdc9HwkCaMRaSuqGOnFgqDQZ6Trj29m9e4DEZLy6E5NYuKGaBjRgGKktOWZxWbJESPupfXGtOwwcg8zo14+z6hRrnhmwapYc8FVsDMogEwtz/xyBhwnIYkUZkjKvm3Fyk2RUBQzMs07iSQxwmM0JH2NEQqJdNP5OVNY1M4ABlzoFyk4d39PpCiUchL6ujNEaiSXazPzv1o/UcG1m9IoThSJ8GJRkDCoOJxlAwdUEKzYRAPCguq/QjxCAmGlE8zrEOzlk1ehU63YF5Xq7WWhVsviyIFTcAZKwAZXoAaaoAXaAINH8AxewZvxZLwY78bHonXNyGZOwB8Znz/SdJoL</latexit>

For	all	others,	there	exist	states	such	that
H↵(⇢AB) > H↵(⇢A) +H↵(⇢B).

<latexit sha1_base64="/hw3e3tEPwgbmwHNJc+plY2OKB0=">AAACIXicbZDLSsNAFIYn9VbrLerSzWARWoSQVMGupK2bLivYCzQhTKaTdujkwsxEKKGv4sZXceNCke7El3HaZmFbfxj4+c45nDm/FzMqpGl+a7mt7Z3dvfx+4eDw6PhEPz3riCjhmLRxxCLe85AgjIakLalkpBdzggKPka43fpjXu8+ECxqFT3ISEydAw5D6FCOpkKtXm66NWDxCJZuPIjetN6ZleA9Xab18vQoaZcPVi6ZhLgQ3jZWZIsjUcvWZPYhwEpBQYoaE6FtmLJ0UcUkxI9OCnQgSIzxGQ9JXNkQBEU66uHAKrxQZQD/i6oUSLujfiRQFQkwCT3UGSI7Eem0O/6v1E+lXnZSGcSJJiJeL/IRBGcF5XHBAOcGSTZRBmFP1V4hHiCMsVagFFYK1fvKm6VQM68aoPN4Wa7Usjjy4AJegBCxwB2qgCVqgDTB4AW/gA3xqr9q79qXNlq05LZs5ByvSfn4BbVehzA==</latexit>



Intuition: why does only              survive?

2. Single-shot interpretation of F

F ⌘ F1
<latexit sha1_base64="Oe3e1CmH/7G52yT0hOjhG8ujUrg=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqexWQY8FoXisYD9gu5Rsmm1Ds8mazBbK0p/hxYMiXv013vw3pu0etPXBwOO9GWbmhYngBlz32ylsbG5t7xR3S3v7B4dH5eOTtlGppqxFlVC6GxLDBJesBRwE6yaakTgUrBOO7+Z+Z8K04Uo+wjRhQUyGkkecErCS3+ixp5RPcKPv9csVt+ougNeJl5MKytHsl796A0XTmEmgghjje24CQUY0cCrYrNRLDUsIHZMh8y2VJGYmyBYnz/CFVQY4UtqWBLxQf09kJDZmGoe2MyYwMqveXPzP81OIboOMyyQFJulyUZQKDArP/8cDrhkFMbWEUM3trZiOiCYUbEolG4K3+vI6adeq3lW19nBdqdfzOIroDJ2jS+ShG1RH96iJWogihZ7RK3pzwHlx3p2PZWvByWdO0R84nz9o5ZCs</latexit>

The	“free	energies”	are	related	to	the	Rényi	entropies:

H↵(⇢) =
1

1� ↵
log tr (⇢↵) , H1(⇢) ⌘ H(⇢) = �tr(⇢ log ⇢).

<latexit sha1_base64="KrPU+4SegGE9bdAfqooJRTWKcf8="></latexit>

Among	those,	only								is	subaddi=ve:H1
<latexit sha1_base64="RBs6CcAOf9hEjoQtq54gWvvd2sA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeClx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKD42BNyhX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uw1s/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVe+qWru/rtTreRxFOINzuAQPbqAODWhCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gDDNY1y</latexit>

H(⇢AB)  H(⇢A) +H(⇢B).
<latexit sha1_base64="M40xh6VZlAFrqsIWyS82zKqj5n0=">AAACDnicbZDLSsNAFIYnXmu9RV26GSyFFqEkVdBlWzddVrAXaEKYTCft0EkmzkyEEvoEbnwVNy4UcevanW/jtM1CW38Y+PjPOZw5vx8zKpVlfRtr6xubW9u5nfzu3v7BoXl03JE8EZi0MWdc9HwkCaMRaSuqGOnFgqDQZ6Trj29m9e4DEZLy6E5NYuKGaBjRgGKktOWZxWbJESPupfXGtOwwcg8zo14+z6hRrnhmwapYc8FVsDMogEwtz/xyBhwnIYkUZkjKvm3Fyk2RUBQzMs07iSQxwmM0JH2NEQqJdNP5OVNY1M4ABlzoFyk4d39PpCiUchL6ujNEaiSXazPzv1o/UcG1m9IoThSJ8GJRkDCoOJxlAwdUEKzYRAPCguq/QjxCAmGlE8zrEOzlk1ehU63YF5Xq7WWhVsviyIFTcAZKwAZXoAaaoAXaAINH8AxewZvxZLwY78bHonXNyGZOwB8Znz/SdJoL</latexit>

For	all	others,	there	exist	states	such	that
H↵(⇢AB) > H↵(⇢A) +H↵(⇢B).

<latexit sha1_base64="/hw3e3tEPwgbmwHNJc+plY2OKB0=">AAACIXicbZDLSsNAFIYn9VbrLerSzWARWoSQVMGupK2bLivYCzQhTKaTdujkwsxEKKGv4sZXceNCke7El3HaZmFbfxj4+c45nDm/FzMqpGl+a7mt7Z3dvfx+4eDw6PhEPz3riCjhmLRxxCLe85AgjIakLalkpBdzggKPka43fpjXu8+ECxqFT3ISEydAw5D6FCOpkKtXm66NWDxCJZuPIjetN6ZleA9Xab18vQoaZcPVi6ZhLgQ3jZWZIsjUcvWZPYhwEpBQYoaE6FtmLJ0UcUkxI9OCnQgSIzxGQ9JXNkQBEU66uHAKrxQZQD/i6oUSLujfiRQFQkwCT3UGSI7Eem0O/6v1E+lXnZSGcSJJiJeL/IRBGcF5XHBAOcGSTZRBmFP1V4hHiCMsVagFFYK1fvKm6VQM68aoPN4Wa7Usjjy4AJegBCxwB2qgCVqgDTB4AW/gA3xqr9q79qXNlq05LZs5ByvSfn4BbVehzA==</latexit>

Therefore,	correlaRons	can	“increase	the				-disorder”	
and	lead	to	automaRc	saRsfacRon	of	the				-free	energy	condiRons.

↵
<latexit sha1_base64="+wSBPeL8nxBdvzPXA2qswhGhfpg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AIzPjxw=</latexit>

↵
<latexit sha1_base64="+wSBPeL8nxBdvzPXA2qswhGhfpg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AIzPjxw=</latexit>
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3. Coherence and clocks

Coherence

Thermal	operaRons	are	=me-transla=on-covariant:

T � U(t) = U(t) � T .
<latexit sha1_base64="YymXDq9v2n6mNcAoSLackn2c0kE=">AAACKXicbVDLSsNAFJ34rPUVdelmsAh1E5Iq6EYounFZoWkLTSiT6aQdOpmEmYlQQn7Hjb/iRkFRt/6Ik7aIbT0wcOace7n3niBhVCrb/jRWVtfWNzZLW+Xtnd29ffPgsCXjVGDi4pjFohMgSRjlxFVUMdJJBEFRwEg7GN0WfvuBCElj3lTjhPgRGnAaUoyUlnpm3YuQGmLEsmbuYSow/BXcvKrOrue/CyXN3OqZFduyJ4DLxJmRCpih0TNfvX6M04hwhRmSsuvYifIzJBTFjORlL5UkQXiEBqSrKUcRkX42uTSHp1rpwzAW+nEFJ+rfjgxFUo6jQFcWO8pFrxD/87qpCq/8jPIkVYTj6aAwZVDFsIgN9qkgWLGxJggLqneFeIgEwkqHW9YhOIsnL5NWzXLOrdr9RaV+M4ujBI7BCagCB1yCOrgDDeACDB7BM3gD78aT8WJ8GF/T0hVj1nME5mB8/wCRl6do</latexit>

If																																																													thenU(t) = exp(�iHt) • exp(iHt)
<latexit sha1_base64="vKJXp8GMVRWowOHm8qO7pWbxil4=">AAACE3icbVC7SgNBFJ2Nrxhfq5Y2g0GIgmE3CtoIQRtLBROFbAizkxsdMvtg5q4YlvyDjb9iY6GIrY2df+PsZgtfBwYO59zLnXP8WAqNjvNplaamZ2bnyvOVhcWl5RV7da2to0RxaPFIRurKZxqkCKGFAiVcxQpY4Eu49IcnmX95C0qLKLzAUQzdgF2HYiA4QyP17B0vYHjDmUxb4xpuH3lwF9d2xSlue34iJSDNlUzo2VWn7uSgf4lbkCopcNazP7x+xJMAQuSSad1xnRi7KVMouIRxxUs0xIwP2TV0DA1ZALqb5pnGdMsofTqIlHkh0lz9vpGyQOtR4JvJLIH+7WXif14nwcFhNxVhnCCEfHJokEiKEc0Kon2hgKMcGcK4EuavlN8wxTiaGiumBPd35L+k3ai7e/XG+X61eVzUUSYbZJPUiEsOSJOckjPSIpzck0fyTF6sB+vJerXeJqMlq9hZJz9gvX8BgdKdRw==</latexit>



3. Coherence and clocks

Coherence

Thermal	operaRons	are	=me-transla=on-covariant:

T � U(t) = U(t) � T .
<latexit sha1_base64="YymXDq9v2n6mNcAoSLackn2c0kE=">AAACKXicbVDLSsNAFJ34rPUVdelmsAh1E5Iq6EYounFZoWkLTSiT6aQdOpmEmYlQQn7Hjb/iRkFRt/6Ik7aIbT0wcOace7n3niBhVCrb/jRWVtfWNzZLW+Xtnd29ffPgsCXjVGDi4pjFohMgSRjlxFVUMdJJBEFRwEg7GN0WfvuBCElj3lTjhPgRGnAaUoyUlnpm3YuQGmLEsmbuYSow/BXcvKrOrue/CyXN3OqZFduyJ4DLxJmRCpih0TNfvX6M04hwhRmSsuvYifIzJBTFjORlL5UkQXiEBqSrKUcRkX42uTSHp1rpwzAW+nEFJ+rfjgxFUo6jQFcWO8pFrxD/87qpCq/8jPIkVYTj6aAwZVDFsIgN9qkgWLGxJggLqneFeIgEwkqHW9YhOIsnL5NWzXLOrdr9RaV+M4ujBI7BCagCB1yCOrgDDeACDB7BM3gD78aT8WJ8GF/T0hVj1nME5mB8/wCRl6do</latexit>

If																																																													thenU(t) = exp(�iHt) • exp(iHt)
<latexit sha1_base64="vKJXp8GMVRWowOHm8qO7pWbxil4=">AAACE3icbVC7SgNBFJ2Nrxhfq5Y2g0GIgmE3CtoIQRtLBROFbAizkxsdMvtg5q4YlvyDjb9iY6GIrY2df+PsZgtfBwYO59zLnXP8WAqNjvNplaamZ2bnyvOVhcWl5RV7da2to0RxaPFIRurKZxqkCKGFAiVcxQpY4Eu49IcnmX95C0qLKLzAUQzdgF2HYiA4QyP17B0vYHjDmUxb4xpuH3lwF9d2xSlue34iJSDNlUzo2VWn7uSgf4lbkCopcNazP7x+xJMAQuSSad1xnRi7KVMouIRxxUs0xIwP2TV0DA1ZALqb5pnGdMsofTqIlHkh0lz9vpGyQOtR4JvJLIH+7WXif14nwcFhNxVhnCCEfHJokEiKEc0Kon2hgKMcGcK4EuavlN8wxTiaGiumBPd35L+k3ai7e/XG+X61eVzUUSYbZJPUiEsOSJOckjPSIpzck0fyTF6sB+vJerXeJqMlq9hZJz9gvX8BgdKdRw==</latexit>

⇢
<latexit sha1_base64="fXWzfE8+9j5T5gmJKLOhKMYBmno=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadmNouYW8KK3COYByRJmJ7PZIbMzy8ysEEJ+wYsHRbz6Q978G2eTCD4LGoqqbrq7wpQzbTzv3SksLa+srhXXSxubW9s75d29lpaZIrRJJJeqE2JNORO0aZjhtJMqipOQ03Y4usz99h1Vmklxa8YpDRI8FCxiBJtc6qlY9ssVz615fu3MR7+J73ozVGCBRr/81htIkiVUGMKx1l3fS00wwcowwum01Ms0TTEZ4SHtWipwQnUwmd06RUdWGaBIKlvCoJn6dWKCE63HSWg7E2xi/dPLxb+8bmaii2DCRJoZKsh8UZRxZCTKH0cDpigxfGwJJorZWxGJscLE2HhKNoTPT9H/pFV1/RO3enNaqV8v4ijCARzCMfhwDnW4ggY0gUAM9/AIT07iPDjPzsu8teAsZvbhG5zXD5QNjqA=</latexit>

⇢0
<latexit sha1_base64="mH9lsYLzLR1/h6ChnKR/PEXWIzI=">AAAB7HicdVDLSgNBEOyNrxhfUY9eBoPoadmNouYW8KK3CG4iJEuYncwmQ2ZnlplZISz5Bi8eFPHqB3nzb5w8BJ8FDUVVN91dUcqZNp737hQWFpeWV4qrpbX1jc2t8vZOU8tMERoQyaW6jbCmnAkaGGY4vU0VxUnEaSsaXkz81h1VmklxY0YpDRPcFyxmBBsrBR01kIfdcsVza55fO/XRb+K73hQVmKPRLb91epJkCRWGcKx12/dSE+ZYGUY4HZc6maYpJkPcp21LBU6oDvPpsWN0YJUeiqWyJQyaql8ncpxoPUoi25lgM9A/vYn4l9fOTHwe5kykmaGCzBbFGUdGosnnqMcUJYaPLMFEMXsrIgOsMDE2n5IN4fNT9D9pVl3/2K1en1TqV/M4irAH+3AEPpxBHS6hAQEQYHAPj/DkCOfBeXZeZq0FZz6zC9/gvH4A9biO0Q==</latexit>

T
<latexit sha1_base64="UNIS9RbPVUfnGbiV9f9h5XaBTaY=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZcFN7qr0BdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLG5tb2Tnm3srd/cHhUPT7papkqQjtEcqn6IdaUM0E7hhlO+4miOA457YXTu9zvPVGlmRRtM0toEOOxYBEj2FjJH8TYTAjmWXs+rNbcursAWideQWpQoDWsfg1GkqQxFYZwrLXvuYkJMqwMI5zOK4NU0wSTKR5T31KBY6qDbBF5ji6sMkKRVPYJgxbq740Mx1rP4tBO5hH1qpeL/3l+aqLbIGMiSQ0VZPlRlHJkJMrvRyOmKDF8ZgkmitmsiEywwsTYliq2BG/15HXSbdS9q3rj8brWfCjqKMMZnMMleHADTbiHFnSAgIRneIU3xzgvzrvzsRwtOcXOKfyB8/kDkJaRdQ==</latexit>



3. Coherence and clocks

Coherence

Thermal	operaRons	are	=me-transla=on-covariant:

T � U(t) = U(t) � T .
<latexit sha1_base64="YymXDq9v2n6mNcAoSLackn2c0kE=">AAACKXicbVDLSsNAFJ34rPUVdelmsAh1E5Iq6EYounFZoWkLTSiT6aQdOpmEmYlQQn7Hjb/iRkFRt/6Ik7aIbT0wcOace7n3niBhVCrb/jRWVtfWNzZLW+Xtnd29ffPgsCXjVGDi4pjFohMgSRjlxFVUMdJJBEFRwEg7GN0WfvuBCElj3lTjhPgRGnAaUoyUlnpm3YuQGmLEsmbuYSow/BXcvKrOrue/CyXN3OqZFduyJ4DLxJmRCpih0TNfvX6M04hwhRmSsuvYifIzJBTFjORlL5UkQXiEBqSrKUcRkX42uTSHp1rpwzAW+nEFJ+rfjgxFUo6jQFcWO8pFrxD/87qpCq/8jPIkVYTj6aAwZVDFsIgN9qkgWLGxJggLqneFeIgEwkqHW9YhOIsnL5NWzXLOrdr9RaV+M4ujBI7BCagCB1yCOrgDDeACDB7BM3gD78aT8WJ8GF/T0hVj1nME5mB8/wCRl6do</latexit>

If																																																													thenU(t) = exp(�iHt) • exp(iHt)
<latexit sha1_base64="vKJXp8GMVRWowOHm8qO7pWbxil4=">AAACE3icbVC7SgNBFJ2Nrxhfq5Y2g0GIgmE3CtoIQRtLBROFbAizkxsdMvtg5q4YlvyDjb9iY6GIrY2df+PsZgtfBwYO59zLnXP8WAqNjvNplaamZ2bnyvOVhcWl5RV7da2to0RxaPFIRurKZxqkCKGFAiVcxQpY4Eu49IcnmX95C0qLKLzAUQzdgF2HYiA4QyP17B0vYHjDmUxb4xpuH3lwF9d2xSlue34iJSDNlUzo2VWn7uSgf4lbkCopcNazP7x+xJMAQuSSad1xnRi7KVMouIRxxUs0xIwP2TV0DA1ZALqb5pnGdMsofTqIlHkh0lz9vpGyQOtR4JvJLIH+7WXif14nwcFhNxVhnCCEfHJokEiKEc0Kon2hgKMcGcK4EuavlN8wxTiaGiumBPd35L+k3ai7e/XG+X61eVzUUSYbZJPUiEsOSJOckjPSIpzck0fyTF6sB+vJerXeJqMlq9hZJz9gvX8BgdKdRw==</latexit>

⇢
<latexit sha1_base64="fXWzfE8+9j5T5gmJKLOhKMYBmno=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadmNouYW8KK3COYByRJmJ7PZIbMzy8ysEEJ+wYsHRbz6Q978G2eTCD4LGoqqbrq7wpQzbTzv3SksLa+srhXXSxubW9s75d29lpaZIrRJJJeqE2JNORO0aZjhtJMqipOQ03Y4usz99h1Vmklxa8YpDRI8FCxiBJtc6qlY9ssVz615fu3MR7+J73ozVGCBRr/81htIkiVUGMKx1l3fS00wwcowwum01Ms0TTEZ4SHtWipwQnUwmd06RUdWGaBIKlvCoJn6dWKCE63HSWg7E2xi/dPLxb+8bmaii2DCRJoZKsh8UZRxZCTKH0cDpigxfGwJJorZWxGJscLE2HhKNoTPT9H/pFV1/RO3enNaqV8v4ijCARzCMfhwDnW4ggY0gUAM9/AIT07iPDjPzsu8teAsZvbhG5zXD5QNjqA=</latexit>

⇢0
<latexit sha1_base64="mH9lsYLzLR1/h6ChnKR/PEXWIzI=">AAAB7HicdVDLSgNBEOyNrxhfUY9eBoPoadmNouYW8KK3CG4iJEuYncwmQ2ZnlplZISz5Bi8eFPHqB3nzb5w8BJ8FDUVVN91dUcqZNp737hQWFpeWV4qrpbX1jc2t8vZOU8tMERoQyaW6jbCmnAkaGGY4vU0VxUnEaSsaXkz81h1VmklxY0YpDRPcFyxmBBsrBR01kIfdcsVza55fO/XRb+K73hQVmKPRLb91epJkCRWGcKx12/dSE+ZYGUY4HZc6maYpJkPcp21LBU6oDvPpsWN0YJUeiqWyJQyaql8ncpxoPUoi25lgM9A/vYn4l9fOTHwe5kykmaGCzBbFGUdGosnnqMcUJYaPLMFEMXsrIgOsMDE2n5IN4fNT9D9pVl3/2K1en1TqV/M4irAH+3AEPpxBHS6hAQEQYHAPj/DkCOfBeXZeZq0FZz6zC9/gvH4A9biO0Q==</latexit>

T
<latexit sha1_base64="UNIS9RbPVUfnGbiV9f9h5XaBTaY=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZcFN7qr0BdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLG5tb2Tnm3srd/cHhUPT7papkqQjtEcqn6IdaUM0E7hhlO+4miOA457YXTu9zvPVGlmRRtM0toEOOxYBEj2FjJH8TYTAjmWXs+rNbcursAWideQWpQoDWsfg1GkqQxFYZwrLXvuYkJMqwMI5zOK4NU0wSTKR5T31KBY6qDbBF5ji6sMkKRVPYJgxbq740Mx1rP4tBO5hH1qpeL/3l+aqLbIGMiSQ0VZPlRlHJkJMrvRyOmKDF8ZgkmitmsiEywwsTYliq2BG/15HXSbdS9q3rj8brWfCjqKMMZnMMleHADTbiHFnSAgIRneIU3xzgvzrvzsRwtOcXOKfyB8/kDkJaRdQ==</latexit>

incoherent

[H, ⇢] = 0
<latexit sha1_base64="Xaaw1qkOeXrBxCYxXES7pBI7xW4=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJ4kLJbBb0IRS89VrAfuF1KNs22odlkSbJCWfovvHhQxKv/xpv/xrTdg7Y+GHi8N8PMvDDhTBvX/XZWVtfWNzYLW8Xtnd29/dLBYUvLVBHaJJJL1QmxppwJ2jTMcNpJFMVxyGk7HN1N/fYTVZpJ8WDGCQ1iPBAsYgQbKz369fOuGsrgxu2Vym7FnQEtEy8nZcjR6JW+un1J0pgKQzjW2vfcxAQZVoYRTifFbqppgskID6hvqcAx1UE2u3iCTq3SR5FUtoRBM/X3RIZjrcdxaDtjbIZ60ZuK/3l+aqLrIGMiSQ0VZL4oSjkyEk3fR32mKDF8bAkmitlbERlihYmxIRVtCN7iy8ukVa14F5Xq/WW5dpvHUYBjOIEz8OAKalCHBjSBgIBneIU3RzsvzrvzMW9dcfKZI/gD5/MHdzKQIA==</latexit>



3. Coherence and clocks

Coherence

Thermal	operaRons	are	=me-transla=on-covariant:

T � U(t) = U(t) � T .
<latexit sha1_base64="YymXDq9v2n6mNcAoSLackn2c0kE=">AAACKXicbVDLSsNAFJ34rPUVdelmsAh1E5Iq6EYounFZoWkLTSiT6aQdOpmEmYlQQn7Hjb/iRkFRt/6Ik7aIbT0wcOace7n3niBhVCrb/jRWVtfWNzZLW+Xtnd29ffPgsCXjVGDi4pjFohMgSRjlxFVUMdJJBEFRwEg7GN0WfvuBCElj3lTjhPgRGnAaUoyUlnpm3YuQGmLEsmbuYSow/BXcvKrOrue/CyXN3OqZFduyJ4DLxJmRCpih0TNfvX6M04hwhRmSsuvYifIzJBTFjORlL5UkQXiEBqSrKUcRkX42uTSHp1rpwzAW+nEFJ+rfjgxFUo6jQFcWO8pFrxD/87qpCq/8jPIkVYTj6aAwZVDFsIgN9qkgWLGxJggLqneFeIgEwkqHW9YhOIsnL5NWzXLOrdr9RaV+M4ujBI7BCagCB1yCOrgDDeACDB7BM3gD78aT8WJ8GF/T0hVj1nME5mB8/wCRl6do</latexit>

If																																																													thenU(t) = exp(�iHt) • exp(iHt)
<latexit sha1_base64="vKJXp8GMVRWowOHm8qO7pWbxil4=">AAACE3icbVC7SgNBFJ2Nrxhfq5Y2g0GIgmE3CtoIQRtLBROFbAizkxsdMvtg5q4YlvyDjb9iY6GIrY2df+PsZgtfBwYO59zLnXP8WAqNjvNplaamZ2bnyvOVhcWl5RV7da2to0RxaPFIRurKZxqkCKGFAiVcxQpY4Eu49IcnmX95C0qLKLzAUQzdgF2HYiA4QyP17B0vYHjDmUxb4xpuH3lwF9d2xSlue34iJSDNlUzo2VWn7uSgf4lbkCopcNazP7x+xJMAQuSSad1xnRi7KVMouIRxxUs0xIwP2TV0DA1ZALqb5pnGdMsofTqIlHkh0lz9vpGyQOtR4JvJLIH+7WXif14nwcFhNxVhnCCEfHJokEiKEc0Kon2hgKMcGcK4EuavlN8wxTiaGiumBPd35L+k3ai7e/XG+X61eVzUUSYbZJPUiEsOSJOckjPSIpzck0fyTF6sB+vJerXeJqMlq9hZJz9gvX8BgdKdRw==</latexit>

⇢
<latexit sha1_base64="fXWzfE8+9j5T5gmJKLOhKMYBmno=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadmNouYW8KK3COYByRJmJ7PZIbMzy8ysEEJ+wYsHRbz6Q978G2eTCD4LGoqqbrq7wpQzbTzv3SksLa+srhXXSxubW9s75d29lpaZIrRJJJeqE2JNORO0aZjhtJMqipOQ03Y4usz99h1Vmklxa8YpDRI8FCxiBJtc6qlY9ssVz615fu3MR7+J73ozVGCBRr/81htIkiVUGMKx1l3fS00wwcowwum01Ms0TTEZ4SHtWipwQnUwmd06RUdWGaBIKlvCoJn6dWKCE63HSWg7E2xi/dPLxb+8bmaii2DCRJoZKsh8UZRxZCTKH0cDpigxfGwJJorZWxGJscLE2HhKNoTPT9H/pFV1/RO3enNaqV8v4ijCARzCMfhwDnW4ggY0gUAM9/AIT07iPDjPzsu8teAsZvbhG5zXD5QNjqA=</latexit>

⇢0
<latexit sha1_base64="mH9lsYLzLR1/h6ChnKR/PEXWIzI=">AAAB7HicdVDLSgNBEOyNrxhfUY9eBoPoadmNouYW8KK3CG4iJEuYncwmQ2ZnlplZISz5Bi8eFPHqB3nzb5w8BJ8FDUVVN91dUcqZNp737hQWFpeWV4qrpbX1jc2t8vZOU8tMERoQyaW6jbCmnAkaGGY4vU0VxUnEaSsaXkz81h1VmklxY0YpDRPcFyxmBBsrBR01kIfdcsVza55fO/XRb+K73hQVmKPRLb91epJkCRWGcKx12/dSE+ZYGUY4HZc6maYpJkPcp21LBU6oDvPpsWN0YJUeiqWyJQyaql8ncpxoPUoi25lgM9A/vYn4l9fOTHwe5kykmaGCzBbFGUdGosnnqMcUJYaPLMFEMXsrIgOsMDE2n5IN4fNT9D9pVl3/2K1en1TqV/M4irAH+3AEPpxBHS6hAQEQYHAPj/DkCOfBeXZeZq0FZz6zC9/gvH4A9biO0Q==</latexit>

T
<latexit sha1_base64="UNIS9RbPVUfnGbiV9f9h5XaBTaY=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZcFN7qr0BdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLG5tb2Tnm3srd/cHhUPT7papkqQjtEcqn6IdaUM0E7hhlO+4miOA457YXTu9zvPVGlmRRtM0toEOOxYBEj2FjJH8TYTAjmWXs+rNbcursAWideQWpQoDWsfg1GkqQxFYZwrLXvuYkJMqwMI5zOK4NU0wSTKR5T31KBY6qDbBF5ji6sMkKRVPYJgxbq740Mx1rP4tBO5hH1qpeL/3l+aqLbIGMiSQ0VZPlRlHJkJMrvRyOmKDF8ZgkmitmsiEywwsTYliq2BG/15HXSbdS9q3rj8brWfCjqKMMZnMMleHADTbiHFnSAgIRneIU3xzgvzrvzsRwtOcXOKfyB8/kDkJaRdQ==</latexit>

incoherent

[H, ⇢] = 0
<latexit sha1_base64="Xaaw1qkOeXrBxCYxXES7pBI7xW4=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJ4kLJbBb0IRS89VrAfuF1KNs22odlkSbJCWfovvHhQxKv/xpv/xrTdg7Y+GHi8N8PMvDDhTBvX/XZWVtfWNzYLW8Xtnd29/dLBYUvLVBHaJJJL1QmxppwJ2jTMcNpJFMVxyGk7HN1N/fYTVZpJ8WDGCQ1iPBAsYgQbKz369fOuGsrgxu2Vym7FnQEtEy8nZcjR6JW+un1J0pgKQzjW2vfcxAQZVoYRTifFbqppgskID6hvqcAx1UE2u3iCTq3SR5FUtoRBM/X3RIZjrcdxaDtjbIZ60ZuK/3l+aqLrIGMiSQ0VZL4oSjkyEk3fR32mKDF8bAkmitlbERlihYmxIRVtCN7iy8ukVa14F5Xq/WW5dpvHUYBjOIEz8OAKalCHBjSBgIBneIU3RzsvzrvzMW9dcfKZI/gD5/MHdzKQIA==</latexit>

incoherent

[H, ⇢
0] = 0

<latexit sha1_base64="Q3XDNYAzUNeslKpUbHkafITFjaY=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSJ6kLJbBb0IRS89VrAfsF1KNs22odlkSbJCWfozvHhQxKu/xpv/xrTdg7Y+GHi8N8PMvDDhTBvX/XZWVtfWNzYLW8Xtnd29/dLBYUvLVBHaJJJL1QmxppwJ2jTMcNpJFMVxyGk7HN1P/fYTVZpJ8WjGCQ1iPBAsYgQbK/l+/aKrhvIsuHV7pbJbcWdAy8TLSRlyNHqlr25fkjSmwhCOtfY9NzFBhpVhhNNJsZtqmmAywgPqWypwTHWQzU6eoFOr9FEklS1h0Ez9PZHhWOtxHNrOGJuhXvSm4n+en5roJsiYSFJDBZkvilKOjETT/1GfKUoMH1uCiWL2VkSGWGFibEpFG4K3+PIyaVUr3mWl+nBVrt3lcRTgGE7gHDy4hhrUoQFNICDhGV7hzTHOi/PufMxbV5x85gj+wPn8AdotkFE=</latexit>



3. Coherence and clocks

Coherence

Thermal	operaRons	are	=me-transla=on-covariant:

T � U(t) = U(t) � T .
<latexit sha1_base64="YymXDq9v2n6mNcAoSLackn2c0kE=">AAACKXicbVDLSsNAFJ34rPUVdelmsAh1E5Iq6EYounFZoWkLTSiT6aQdOpmEmYlQQn7Hjb/iRkFRt/6Ik7aIbT0wcOace7n3niBhVCrb/jRWVtfWNzZLW+Xtnd29ffPgsCXjVGDi4pjFohMgSRjlxFVUMdJJBEFRwEg7GN0WfvuBCElj3lTjhPgRGnAaUoyUlnpm3YuQGmLEsmbuYSow/BXcvKrOrue/CyXN3OqZFduyJ4DLxJmRCpih0TNfvX6M04hwhRmSsuvYifIzJBTFjORlL5UkQXiEBqSrKUcRkX42uTSHp1rpwzAW+nEFJ+rfjgxFUo6jQFcWO8pFrxD/87qpCq/8jPIkVYTj6aAwZVDFsIgN9qkgWLGxJggLqneFeIgEwkqHW9YhOIsnL5NWzXLOrdr9RaV+M4ujBI7BCagCB1yCOrgDDeACDB7BM3gD78aT8WJ8GF/T0hVj1nME5mB8/wCRl6do</latexit>

If																																																													thenU(t) = exp(�iHt) • exp(iHt)
<latexit sha1_base64="vKJXp8GMVRWowOHm8qO7pWbxil4=">AAACE3icbVC7SgNBFJ2Nrxhfq5Y2g0GIgmE3CtoIQRtLBROFbAizkxsdMvtg5q4YlvyDjb9iY6GIrY2df+PsZgtfBwYO59zLnXP8WAqNjvNplaamZ2bnyvOVhcWl5RV7da2to0RxaPFIRurKZxqkCKGFAiVcxQpY4Eu49IcnmX95C0qLKLzAUQzdgF2HYiA4QyP17B0vYHjDmUxb4xpuH3lwF9d2xSlue34iJSDNlUzo2VWn7uSgf4lbkCopcNazP7x+xJMAQuSSad1xnRi7KVMouIRxxUs0xIwP2TV0DA1ZALqb5pnGdMsofTqIlHkh0lz9vpGyQOtR4JvJLIH+7WXif14nwcFhNxVhnCCEfHJokEiKEc0Kon2hgKMcGcK4EuavlN8wxTiaGiumBPd35L+k3ai7e/XG+X61eVzUUSYbZJPUiEsOSJOckjPSIpzck0fyTF6sB+vJerXeJqMlq9hZJz9gvX8BgdKdRw==</latexit>

⇢
<latexit sha1_base64="fXWzfE8+9j5T5gmJKLOhKMYBmno=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadmNouYW8KK3COYByRJmJ7PZIbMzy8ysEEJ+wYsHRbz6Q978G2eTCD4LGoqqbrq7wpQzbTzv3SksLa+srhXXSxubW9s75d29lpaZIrRJJJeqE2JNORO0aZjhtJMqipOQ03Y4usz99h1Vmklxa8YpDRI8FCxiBJtc6qlY9ssVz615fu3MR7+J73ozVGCBRr/81htIkiVUGMKx1l3fS00wwcowwum01Ms0TTEZ4SHtWipwQnUwmd06RUdWGaBIKlvCoJn6dWKCE63HSWg7E2xi/dPLxb+8bmaii2DCRJoZKsh8UZRxZCTKH0cDpigxfGwJJorZWxGJscLE2HhKNoTPT9H/pFV1/RO3enNaqV8v4ijCARzCMfhwDnW4ggY0gUAM9/AIT07iPDjPzsu8teAsZvbhG5zXD5QNjqA=</latexit>

⇢0
<latexit sha1_base64="mH9lsYLzLR1/h6ChnKR/PEXWIzI=">AAAB7HicdVDLSgNBEOyNrxhfUY9eBoPoadmNouYW8KK3CG4iJEuYncwmQ2ZnlplZISz5Bi8eFPHqB3nzb5w8BJ8FDUVVN91dUcqZNp737hQWFpeWV4qrpbX1jc2t8vZOU8tMERoQyaW6jbCmnAkaGGY4vU0VxUnEaSsaXkz81h1VmklxY0YpDRPcFyxmBBsrBR01kIfdcsVza55fO/XRb+K73hQVmKPRLb91epJkCRWGcKx12/dSE+ZYGUY4HZc6maYpJkPcp21LBU6oDvPpsWN0YJUeiqWyJQyaql8ncpxoPUoi25lgM9A/vYn4l9fOTHwe5kykmaGCzBbFGUdGosnnqMcUJYaPLMFEMXsrIgOsMDE2n5IN4fNT9D9pVl3/2K1en1TqV/M4irAH+3AEPpxBHS6hAQEQYHAPj/DkCOfBeXZeZq0FZz6zC9/gvH4A9biO0Q==</latexit>

T
<latexit sha1_base64="UNIS9RbPVUfnGbiV9f9h5XaBTaY=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZcFN7qr0BdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLG5tb2Tnm3srd/cHhUPT7papkqQjtEcqn6IdaUM0E7hhlO+4miOA457YXTu9zvPVGlmRRtM0toEOOxYBEj2FjJH8TYTAjmWXs+rNbcursAWideQWpQoDWsfg1GkqQxFYZwrLXvuYkJMqwMI5zOK4NU0wSTKR5T31KBY6qDbBF5ji6sMkKRVPYJgxbq740Mx1rP4tBO5hH1qpeL/3l+aqLbIGMiSQ0VZPlRlHJkJMrvRyOmKDF8ZgkmitmsiEywwsTYliq2BG/15HXSbdS9q3rj8brWfCjqKMMZnMMleHADTbiHFnSAgIRneIU3xzgvzrvzsRwtOcXOKfyB8/kDkJaRdQ==</latexit>

incoherent

[H, ⇢] = 0
<latexit sha1_base64="Xaaw1qkOeXrBxCYxXES7pBI7xW4=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJ4kLJbBb0IRS89VrAfuF1KNs22odlkSbJCWfovvHhQxKv/xpv/xrTdg7Y+GHi8N8PMvDDhTBvX/XZWVtfWNzYLW8Xtnd29/dLBYUvLVBHaJJJL1QmxppwJ2jTMcNpJFMVxyGk7HN1N/fYTVZpJ8WDGCQ1iPBAsYgQbKz369fOuGsrgxu2Vym7FnQEtEy8nZcjR6JW+un1J0pgKQzjW2vfcxAQZVoYRTifFbqppgskID6hvqcAx1UE2u3iCTq3SR5FUtoRBM/X3RIZjrcdxaDtjbIZ60ZuK/3l+aqLrIGMiSQ0VZL4oSjkyEk3fR32mKDF8bAkmitlbERlihYmxIRVtCN7iy8ukVa14F5Xq/WW5dpvHUYBjOIEz8OAKalCHBjSBgIBneIU3RzsvzrvzMW9dcfKZI/gD5/MHdzKQIA==</latexit>

incoherent

[H, ⇢
0] = 0

<latexit sha1_base64="Q3XDNYAzUNeslKpUbHkafITFjaY=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSJ6kLJbBb0IRS89VrAfsF1KNs22odlkSbJCWfozvHhQxKu/xpv/xrTdg7Y+GHi8N8PMvDDhTBvX/XZWVtfWNzYLW8Xtnd29/dLBYUvLVBHaJJJL1QmxppwJ2jTMcNpJFMVxyGk7HN1P/fYTVZpJ8WjGCQ1iPBAsYgQbK/l+/aKrhvIsuHV7pbJbcWdAy8TLSRlyNHqlr25fkjSmwhCOtfY9NzFBhpVhhNNJsZtqmmAywgPqWypwTHWQzU6eoFOr9FEklS1h0Ez9PZHhWOtxHNrOGJuhXvSm4n+en5roJsiYSFJDBZkvilKOjETT/1GfKUoMH1uCiWL2VkSGWGFibEpFG4K3+PIyaVUr3mWl+nBVrt3lcRTgGE7gHDy4hhrUoQFNICDhGV7hzTHOi/PufMxbV5x85gj+wPn8AdotkFE=</latexit>

M.	Lostaglio,	D.	Jennings,	and	T.	Rudolph,	Descrip6on	of	quantum	coherence	in	thermodynamic	
processes	requires	constraints	beyond	free	energy,	Nat.	Comm.	6,	6383	(2015).



3. Coherence and clocks

Coherence

Thermal	operaRons	are	=me-transla=on-covariant:

T � U(t) = U(t) � T .
<latexit sha1_base64="YymXDq9v2n6mNcAoSLackn2c0kE=">AAACKXicbVDLSsNAFJ34rPUVdelmsAh1E5Iq6EYounFZoWkLTSiT6aQdOpmEmYlQQn7Hjb/iRkFRt/6Ik7aIbT0wcOace7n3niBhVCrb/jRWVtfWNzZLW+Xtnd29ffPgsCXjVGDi4pjFohMgSRjlxFVUMdJJBEFRwEg7GN0WfvuBCElj3lTjhPgRGnAaUoyUlnpm3YuQGmLEsmbuYSow/BXcvKrOrue/CyXN3OqZFduyJ4DLxJmRCpih0TNfvX6M04hwhRmSsuvYifIzJBTFjORlL5UkQXiEBqSrKUcRkX42uTSHp1rpwzAW+nEFJ+rfjgxFUo6jQFcWO8pFrxD/87qpCq/8jPIkVYTj6aAwZVDFsIgN9qkgWLGxJggLqneFeIgEwkqHW9YhOIsnL5NWzXLOrdr9RaV+M4ujBI7BCagCB1yCOrgDDeACDB7BM3gD78aT8WJ8GF/T0hVj1nME5mB8/wCRl6do</latexit>

If																																																													thenU(t) = exp(�iHt) • exp(iHt)
<latexit sha1_base64="vKJXp8GMVRWowOHm8qO7pWbxil4=">AAACE3icbVC7SgNBFJ2Nrxhfq5Y2g0GIgmE3CtoIQRtLBROFbAizkxsdMvtg5q4YlvyDjb9iY6GIrY2df+PsZgtfBwYO59zLnXP8WAqNjvNplaamZ2bnyvOVhcWl5RV7da2to0RxaPFIRurKZxqkCKGFAiVcxQpY4Eu49IcnmX95C0qLKLzAUQzdgF2HYiA4QyP17B0vYHjDmUxb4xpuH3lwF9d2xSlue34iJSDNlUzo2VWn7uSgf4lbkCopcNazP7x+xJMAQuSSad1xnRi7KVMouIRxxUs0xIwP2TV0DA1ZALqb5pnGdMsofTqIlHkh0lz9vpGyQOtR4JvJLIH+7WXif14nwcFhNxVhnCCEfHJokEiKEc0Kon2hgKMcGcK4EuavlN8wxTiaGiumBPd35L+k3ai7e/XG+X61eVzUUSYbZJPUiEsOSJOckjPSIpzck0fyTF6sB+vJerXeJqMlq9hZJz9gvX8BgdKdRw==</latexit>

⇢
<latexit sha1_base64="fXWzfE8+9j5T5gmJKLOhKMYBmno=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadmNouYW8KK3COYByRJmJ7PZIbMzy8ysEEJ+wYsHRbz6Q978G2eTCD4LGoqqbrq7wpQzbTzv3SksLa+srhXXSxubW9s75d29lpaZIrRJJJeqE2JNORO0aZjhtJMqipOQ03Y4usz99h1Vmklxa8YpDRI8FCxiBJtc6qlY9ssVz615fu3MR7+J73ozVGCBRr/81htIkiVUGMKx1l3fS00wwcowwum01Ms0TTEZ4SHtWipwQnUwmd06RUdWGaBIKlvCoJn6dWKCE63HSWg7E2xi/dPLxb+8bmaii2DCRJoZKsh8UZRxZCTKH0cDpigxfGwJJorZWxGJscLE2HhKNoTPT9H/pFV1/RO3enNaqV8v4ijCARzCMfhwDnW4ggY0gUAM9/AIT07iPDjPzsu8teAsZvbhG5zXD5QNjqA=</latexit>

⇢0
<latexit sha1_base64="mH9lsYLzLR1/h6ChnKR/PEXWIzI=">AAAB7HicdVDLSgNBEOyNrxhfUY9eBoPoadmNouYW8KK3CG4iJEuYncwmQ2ZnlplZISz5Bi8eFPHqB3nzb5w8BJ8FDUVVN91dUcqZNp737hQWFpeWV4qrpbX1jc2t8vZOU8tMERoQyaW6jbCmnAkaGGY4vU0VxUnEaSsaXkz81h1VmklxY0YpDRPcFyxmBBsrBR01kIfdcsVza55fO/XRb+K73hQVmKPRLb91epJkCRWGcKx12/dSE+ZYGUY4HZc6maYpJkPcp21LBU6oDvPpsWN0YJUeiqWyJQyaql8ncpxoPUoi25lgM9A/vYn4l9fOTHwe5kykmaGCzBbFGUdGosnnqMcUJYaPLMFEMXsrIgOsMDE2n5IN4fNT9D9pVl3/2K1en1TqV/M4irAH+3AEPpxBHS6hAQEQYHAPj/DkCOfBeXZeZq0FZz6zC9/gvH4A9biO0Q==</latexit>

T
<latexit sha1_base64="UNIS9RbPVUfnGbiV9f9h5XaBTaY=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZcFN7qr0BdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLG5tb2Tnm3srd/cHhUPT7papkqQjtEcqn6IdaUM0E7hhlO+4miOA457YXTu9zvPVGlmRRtM0toEOOxYBEj2FjJH8TYTAjmWXs+rNbcursAWideQWpQoDWsfg1GkqQxFYZwrLXvuYkJMqwMI5zOK4NU0wSTKR5T31KBY6qDbBF5ji6sMkKRVPYJgxbq740Mx1rP4tBO5hH1qpeL/3l+aqLbIGMiSQ0VZPlRlHJkJMrvRyOmKDF8ZgkmitmsiEywwsTYliq2BG/15HXSbdS9q3rj8brWfCjqKMMZnMMleHADTbiHFnSAgIRneIU3xzgvzrvzsRwtOcXOKfyB8/kDkJaRdQ==</latexit>

incoherent

[H, ⇢] = 0
<latexit sha1_base64="Xaaw1qkOeXrBxCYxXES7pBI7xW4=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJ4kLJbBb0IRS89VrAfuF1KNs22odlkSbJCWfovvHhQxKv/xpv/xrTdg7Y+GHi8N8PMvDDhTBvX/XZWVtfWNzYLW8Xtnd29/dLBYUvLVBHaJJJL1QmxppwJ2jTMcNpJFMVxyGk7HN1N/fYTVZpJ8WDGCQ1iPBAsYgQbKz369fOuGsrgxu2Vym7FnQEtEy8nZcjR6JW+un1J0pgKQzjW2vfcxAQZVoYRTifFbqppgskID6hvqcAx1UE2u3iCTq3SR5FUtoRBM/X3RIZjrcdxaDtjbIZ60ZuK/3l+aqLrIGMiSQ0VZL4oSjkyEk3fR32mKDF8bAkmitlbERlihYmxIRVtCN7iy8ukVa14F5Xq/WW5dpvHUYBjOIEz8OAKalCHBjSBgIBneIU3RzsvzrvzMW9dcfKZI/gD5/MHdzKQIA==</latexit>

incoherent

[H, ⇢
0] = 0

<latexit sha1_base64="Q3XDNYAzUNeslKpUbHkafITFjaY=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSJ6kLJbBb0IRS89VrAfsF1KNs22odlkSbJCWfozvHhQxKu/xpv/xrTdg7Y+GHi8N8PMvDDhTBvX/XZWVtfWNzYLW8Xtnd29/dLBYUvLVBHaJJJL1QmxppwJ2jTMcNpJFMVxyGk7HN1P/fYTVZpJ8WjGCQ1iPBAsYgQbK/l+/aKrhvIsuHV7pbJbcWdAy8TLSRlyNHqlr25fkjSmwhCOtfY9NzFBhpVhhNNJsZtqmmAywgPqWypwTHWQzU6eoFOr9FEklS1h0Ez9PZHhWOtxHNrOGJuhXvSm4n+en5roJsiYSFJDBZkvilKOjETT/1GfKUoMH1uCiWL2VkSGWGFibEpFG4K3+PIyaVUr3mWl+nBVrt3lcRTgGE7gHDy4hhrUoQFNICDhGV7hzTHOi/PufMxbV5x85gj+wPn8AdotkFE=</latexit>

M.	Lostaglio,	D.	Jennings,	and	T.	Rudolph,	Descrip6on	of	quantum	coherence	in	thermodynamic	
processes	requires	constraints	beyond	free	energy,	Nat.	Comm.	6,	6383	(2015).

Characterizing	the	possible	transiRons	
for	non-blockdiagonal	states	is	a	hard	(and	open)	problem…

⇢ 7! ⇢0
<latexit sha1_base64="9Bubeedm67ekrW/KndOJzZ4aBxg=">AAAB+XicbZDLSsNAFIYnXmu9RV26CRbRVUmqoMuiG5cV7AWaUCbTSTt0LmHmpFBC38SNC0Xc+ibufBunbRba+sPAx3/O4Zz545QzA77/7aytb2xubZd2yrt7+weH7tFxy6hME9okiivdibGhnEnaBAacdlJNsYg5bcej+1m9PabaMCWfYJLSSOCBZAkjGKzVc91QD1UocGpAzfCi51b8qj+XtwpBARVUqNFzv8K+IpmgEgjHxnQDP4UoxxoY4XRaDjNDU0xGeEC7FiUW1ET5/PKpd26dvpcobZ8Eb+7+nsixMGYiYtspMAzNcm1m/lfrZpDcRjmTaQZUksWiJOMeKG8Wg9dnmhLgEwuYaGZv9cgQa0zAhlW2IQTLX16FVq0aXFVrj9eV+l0RRwmdojN0iQJ0g+roATVQExE0Rs/oFb05ufPivDsfi9Y1p5g5QX/kfP4AsKmTsA==</latexit>



3. Coherence and clocks

Coherence

Thermal	operaRons	are	=me-transla=on-covariant:

T � U(t) = U(t) � T .
<latexit sha1_base64="YymXDq9v2n6mNcAoSLackn2c0kE=">AAACKXicbVDLSsNAFJ34rPUVdelmsAh1E5Iq6EYounFZoWkLTSiT6aQdOpmEmYlQQn7Hjb/iRkFRt/6Ik7aIbT0wcOace7n3niBhVCrb/jRWVtfWNzZLW+Xtnd29ffPgsCXjVGDi4pjFohMgSRjlxFVUMdJJBEFRwEg7GN0WfvuBCElj3lTjhPgRGnAaUoyUlnpm3YuQGmLEsmbuYSow/BXcvKrOrue/CyXN3OqZFduyJ4DLxJmRCpih0TNfvX6M04hwhRmSsuvYifIzJBTFjORlL5UkQXiEBqSrKUcRkX42uTSHp1rpwzAW+nEFJ+rfjgxFUo6jQFcWO8pFrxD/87qpCq/8jPIkVYTj6aAwZVDFsIgN9qkgWLGxJggLqneFeIgEwkqHW9YhOIsnL5NWzXLOrdr9RaV+M4ujBI7BCagCB1yCOrgDDeACDB7BM3gD78aT8WJ8GF/T0hVj1nME5mB8/wCRl6do</latexit>

If																																																													thenU(t) = exp(�iHt) • exp(iHt)
<latexit sha1_base64="vKJXp8GMVRWowOHm8qO7pWbxil4=">AAACE3icbVC7SgNBFJ2Nrxhfq5Y2g0GIgmE3CtoIQRtLBROFbAizkxsdMvtg5q4YlvyDjb9iY6GIrY2df+PsZgtfBwYO59zLnXP8WAqNjvNplaamZ2bnyvOVhcWl5RV7da2to0RxaPFIRurKZxqkCKGFAiVcxQpY4Eu49IcnmX95C0qLKLzAUQzdgF2HYiA4QyP17B0vYHjDmUxb4xpuH3lwF9d2xSlue34iJSDNlUzo2VWn7uSgf4lbkCopcNazP7x+xJMAQuSSad1xnRi7KVMouIRxxUs0xIwP2TV0DA1ZALqb5pnGdMsofTqIlHkh0lz9vpGyQOtR4JvJLIH+7WXif14nwcFhNxVhnCCEfHJokEiKEc0Kon2hgKMcGcK4EuavlN8wxTiaGiumBPd35L+k3ai7e/XG+X61eVzUUSYbZJPUiEsOSJOckjPSIpzck0fyTF6sB+vJerXeJqMlq9hZJz9gvX8BgdKdRw==</latexit>

⇢
<latexit sha1_base64="fXWzfE8+9j5T5gmJKLOhKMYBmno=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadmNouYW8KK3COYByRJmJ7PZIbMzy8ysEEJ+wYsHRbz6Q978G2eTCD4LGoqqbrq7wpQzbTzv3SksLa+srhXXSxubW9s75d29lpaZIrRJJJeqE2JNORO0aZjhtJMqipOQ03Y4usz99h1Vmklxa8YpDRI8FCxiBJtc6qlY9ssVz615fu3MR7+J73ozVGCBRr/81htIkiVUGMKx1l3fS00wwcowwum01Ms0TTEZ4SHtWipwQnUwmd06RUdWGaBIKlvCoJn6dWKCE63HSWg7E2xi/dPLxb+8bmaii2DCRJoZKsh8UZRxZCTKH0cDpigxfGwJJorZWxGJscLE2HhKNoTPT9H/pFV1/RO3enNaqV8v4ijCARzCMfhwDnW4ggY0gUAM9/AIT07iPDjPzsu8teAsZvbhG5zXD5QNjqA=</latexit>

⇢0
<latexit sha1_base64="mH9lsYLzLR1/h6ChnKR/PEXWIzI=">AAAB7HicdVDLSgNBEOyNrxhfUY9eBoPoadmNouYW8KK3CG4iJEuYncwmQ2ZnlplZISz5Bi8eFPHqB3nzb5w8BJ8FDUVVN91dUcqZNp737hQWFpeWV4qrpbX1jc2t8vZOU8tMERoQyaW6jbCmnAkaGGY4vU0VxUnEaSsaXkz81h1VmklxY0YpDRPcFyxmBBsrBR01kIfdcsVza55fO/XRb+K73hQVmKPRLb91epJkCRWGcKx12/dSE+ZYGUY4HZc6maYpJkPcp21LBU6oDvPpsWN0YJUeiqWyJQyaql8ncpxoPUoi25lgM9A/vYn4l9fOTHwe5kykmaGCzBbFGUdGosnnqMcUJYaPLMFEMXsrIgOsMDE2n5IN4fNT9D9pVl3/2K1en1TqV/M4irAH+3AEPpxBHS6hAQEQYHAPj/DkCOfBeXZeZq0FZz6zC9/gvH4A9biO0Q==</latexit>

T
<latexit sha1_base64="UNIS9RbPVUfnGbiV9f9h5XaBTaY=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZcFN7qr0BdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLG5tb2Tnm3srd/cHhUPT7papkqQjtEcqn6IdaUM0E7hhlO+4miOA457YXTu9zvPVGlmRRtM0toEOOxYBEj2FjJH8TYTAjmWXs+rNbcursAWideQWpQoDWsfg1GkqQxFYZwrLXvuYkJMqwMI5zOK4NU0wSTKR5T31KBY6qDbBF5ji6sMkKRVPYJgxbq740Mx1rP4tBO5hH1qpeL/3l+aqLbIGMiSQ0VZPlRlHJkJMrvRyOmKDF8ZgkmitmsiEywwsTYliq2BG/15HXSbdS9q3rj8brWfCjqKMMZnMMleHADTbiHFnSAgIRneIU3xzgvzrvzsRwtOcXOKfyB8/kDkJaRdQ==</latexit>

incoherent

[H, ⇢] = 0
<latexit sha1_base64="Xaaw1qkOeXrBxCYxXES7pBI7xW4=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJ4kLJbBb0IRS89VrAfuF1KNs22odlkSbJCWfovvHhQxKv/xpv/xrTdg7Y+GHi8N8PMvDDhTBvX/XZWVtfWNzYLW8Xtnd29/dLBYUvLVBHaJJJL1QmxppwJ2jTMcNpJFMVxyGk7HN1N/fYTVZpJ8WDGCQ1iPBAsYgQbKz369fOuGsrgxu2Vym7FnQEtEy8nZcjR6JW+un1J0pgKQzjW2vfcxAQZVoYRTifFbqppgskID6hvqcAx1UE2u3iCTq3SR5FUtoRBM/X3RIZjrcdxaDtjbIZ60ZuK/3l+aqLrIGMiSQ0VZL4oSjkyEk3fR32mKDF8bAkmitlbERlihYmxIRVtCN7iy8ukVa14F5Xq/WW5dpvHUYBjOIEz8OAKalCHBjSBgIBneIU3RzsvzrvzMW9dcfKZI/gD5/MHdzKQIA==</latexit>

incoherent

[H, ⇢
0] = 0

<latexit sha1_base64="Q3XDNYAzUNeslKpUbHkafITFjaY=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSJ6kLJbBb0IRS89VrAfsF1KNs22odlkSbJCWfozvHhQxKu/xpv/xrTdg7Y+GHi8N8PMvDDhTBvX/XZWVtfWNzYLW8Xtnd29/dLBYUvLVBHaJJJL1QmxppwJ2jTMcNpJFMVxyGk7HN1P/fYTVZpJ8WjGCQ1iPBAsYgQbK/l+/aKrhvIsuHV7pbJbcWdAy8TLSRlyNHqlr25fkjSmwhCOtfY9NzFBhpVhhNNJsZtqmmAywgPqWypwTHWQzU6eoFOr9FEklS1h0Ez9PZHhWOtxHNrOGJuhXvSm4n+en5roJsiYSFJDBZkvilKOjETT/1GfKUoMH1uCiWL2VkSGWGFibEpFG4K3+PIyaVUr3mWl+nBVrt3lcRTgGE7gHDy4hhrUoQFNICDhGV7hzTHOi/PufMxbV5x85gj+wPn8AdotkFE=</latexit>

M.	Lostaglio,	D.	Jennings,	and	T.	Rudolph,	Descrip6on	of	quantum	coherence	in	thermodynamic	
processes	requires	constraints	beyond	free	energy,	Nat.	Comm.	6,	6383	(2015).

Characterizing	the	possible	transiRons	
for	non-blockdiagonal	states	is	a	hard	(and	open)	problem…

⇢ 7! ⇢0
<latexit sha1_base64="9Bubeedm67ekrW/KndOJzZ4aBxg=">AAAB+XicbZDLSsNAFIYnXmu9RV26CRbRVUmqoMuiG5cV7AWaUCbTSTt0LmHmpFBC38SNC0Xc+ibufBunbRba+sPAx3/O4Zz545QzA77/7aytb2xubZd2yrt7+weH7tFxy6hME9okiivdibGhnEnaBAacdlJNsYg5bcej+1m9PabaMCWfYJLSSOCBZAkjGKzVc91QD1UocGpAzfCi51b8qj+XtwpBARVUqNFzv8K+IpmgEgjHxnQDP4UoxxoY4XRaDjNDU0xGeEC7FiUW1ET5/PKpd26dvpcobZ8Eb+7+nsixMGYiYtspMAzNcm1m/lfrZpDcRjmTaQZUksWiJOMeKG8Wg9dnmhLgEwuYaGZv9cgQa0zAhlW2IQTLX16FVq0aXFVrj9eV+l0RRwmdojN0iQJ0g+roATVQExE0Rs/oFb05ufPivDsfi9Y1p5g5QX/kfP4AsKmTsA==</latexit>

P.	Ćwikliński,	M.	Studziński,	M.	Horodecki,	and	J.	Oppenheim,	Limita6ons	on	the	Evolu6on	of	
Quantum	Coherences:	Towards	Fully	Quantum	Second	Laws	of	Thermodynamics,	
Phys.	Rev.	LeO.	115,	210403	(2015)



3. Coherence and clocks

Some intuition

Thermal	operaRons	are	=me-transla=on-covariant:

T � U(t) = U(t) � T .
<latexit sha1_base64="YymXDq9v2n6mNcAoSLackn2c0kE=">AAACKXicbVDLSsNAFJ34rPUVdelmsAh1E5Iq6EYounFZoWkLTSiT6aQdOpmEmYlQQn7Hjb/iRkFRt/6Ik7aIbT0wcOace7n3niBhVCrb/jRWVtfWNzZLW+Xtnd29ffPgsCXjVGDi4pjFohMgSRjlxFVUMdJJBEFRwEg7GN0WfvuBCElj3lTjhPgRGnAaUoyUlnpm3YuQGmLEsmbuYSow/BXcvKrOrue/CyXN3OqZFduyJ4DLxJmRCpih0TNfvX6M04hwhRmSsuvYifIzJBTFjORlL5UkQXiEBqSrKUcRkX42uTSHp1rpwzAW+nEFJ+rfjgxFUo6jQFcWO8pFrxD/87qpCq/8jPIkVYTj6aAwZVDFsIgN9qkgWLGxJggLqneFeIgEwkqHW9YhOIsnL5NWzXLOrdr9RaV+M4ujBI7BCagCB1yCOrgDDeACDB7BM3gD78aT8WJ8GF/T0hVj1nME5mB8/wCRl6do</latexit>

If																																																													thenU(t) = exp(�iHt) • exp(iHt)
<latexit sha1_base64="vKJXp8GMVRWowOHm8qO7pWbxil4=">AAACE3icbVC7SgNBFJ2Nrxhfq5Y2g0GIgmE3CtoIQRtLBROFbAizkxsdMvtg5q4YlvyDjb9iY6GIrY2df+PsZgtfBwYO59zLnXP8WAqNjvNplaamZ2bnyvOVhcWl5RV7da2to0RxaPFIRurKZxqkCKGFAiVcxQpY4Eu49IcnmX95C0qLKLzAUQzdgF2HYiA4QyP17B0vYHjDmUxb4xpuH3lwF9d2xSlue34iJSDNlUzo2VWn7uSgf4lbkCopcNazP7x+xJMAQuSSad1xnRi7KVMouIRxxUs0xIwP2TV0DA1ZALqb5pnGdMsofTqIlHkh0lz9vpGyQOtR4JvJLIH+7WXif14nwcFhNxVhnCCEfHJokEiKEc0Kon2hgKMcGcK4EuavlN8wxTiaGiumBPd35L+k3ai7e/XG+X61eVzUUSYbZJPUiEsOSJOckjPSIpzck0fyTF6sB+vJerXeJqMlq9hZJz9gvX8BgdKdRw==</latexit>

⇢
<latexit sha1_base64="fXWzfE8+9j5T5gmJKLOhKMYBmno=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadmNouYW8KK3COYByRJmJ7PZIbMzy8ysEEJ+wYsHRbz6Q978G2eTCD4LGoqqbrq7wpQzbTzv3SksLa+srhXXSxubW9s75d29lpaZIrRJJJeqE2JNORO0aZjhtJMqipOQ03Y4usz99h1Vmklxa8YpDRI8FCxiBJtc6qlY9ssVz615fu3MR7+J73ozVGCBRr/81htIkiVUGMKx1l3fS00wwcowwum01Ms0TTEZ4SHtWipwQnUwmd06RUdWGaBIKlvCoJn6dWKCE63HSWg7E2xi/dPLxb+8bmaii2DCRJoZKsh8UZRxZCTKH0cDpigxfGwJJorZWxGJscLE2HhKNoTPT9H/pFV1/RO3enNaqV8v4ijCARzCMfhwDnW4ggY0gUAM9/AIT07iPDjPzsu8teAsZvbhG5zXD5QNjqA=</latexit>

⇢0
<latexit sha1_base64="mH9lsYLzLR1/h6ChnKR/PEXWIzI=">AAAB7HicdVDLSgNBEOyNrxhfUY9eBoPoadmNouYW8KK3CG4iJEuYncwmQ2ZnlplZISz5Bi8eFPHqB3nzb5w8BJ8FDUVVN91dUcqZNp737hQWFpeWV4qrpbX1jc2t8vZOU8tMERoQyaW6jbCmnAkaGGY4vU0VxUnEaSsaXkz81h1VmklxY0YpDRPcFyxmBBsrBR01kIfdcsVza55fO/XRb+K73hQVmKPRLb91epJkCRWGcKx12/dSE+ZYGUY4HZc6maYpJkPcp21LBU6oDvPpsWN0YJUeiqWyJQyaql8ncpxoPUoi25lgM9A/vYn4l9fOTHwe5kykmaGCzBbFGUdGosnnqMcUJYaPLMFEMXsrIgOsMDE2n5IN4fNT9D9pVl3/2K1en1TqV/M4irAH+3AEPpxBHS6hAQEQYHAPj/DkCOfBeXZeZq0FZz6zC9/gvH4A9biO0Q==</latexit>

T
<latexit sha1_base64="UNIS9RbPVUfnGbiV9f9h5XaBTaY=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZcFN7qr0BdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLG5tb2Tnm3srd/cHhUPT7papkqQjtEcqn6IdaUM0E7hhlO+4miOA457YXTu9zvPVGlmRRtM0toEOOxYBEj2FjJH8TYTAjmWXs+rNbcursAWideQWpQoDWsfg1GkqQxFYZwrLXvuYkJMqwMI5zOK4NU0wSTKR5T31KBY6qDbBF5ji6sMkKRVPYJgxbq740Mx1rP4tBO5hH1qpeL/3l+aqLbIGMiSQ0VZPlRlHJkJMrvRyOmKDF8ZgkmitmsiEywwsTYliq2BG/15HXSbdS9q3rj8brWfCjqKMMZnMMleHADTbiHFnSAgIRneIU3xzgvzrvzsRwtOcXOKfyB8/kDkJaRdQ==</latexit>

incoherent

[H, ⇢] = 0
<latexit sha1_base64="Xaaw1qkOeXrBxCYxXES7pBI7xW4=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJ4kLJbBb0IRS89VrAfuF1KNs22odlkSbJCWfovvHhQxKv/xpv/xrTdg7Y+GHi8N8PMvDDhTBvX/XZWVtfWNzYLW8Xtnd29/dLBYUvLVBHaJJJL1QmxppwJ2jTMcNpJFMVxyGk7HN1N/fYTVZpJ8WDGCQ1iPBAsYgQbKz369fOuGsrgxu2Vym7FnQEtEy8nZcjR6JW+un1J0pgKQzjW2vfcxAQZVoYRTifFbqppgskID6hvqcAx1UE2u3iCTq3SR5FUtoRBM/X3RIZjrcdxaDtjbIZ60ZuK/3l+aqLrIGMiSQ0VZL4oSjkyEk3fR32mKDF8bAkmitlbERlihYmxIRVtCN7iy8ukVa14F5Xq/WW5dpvHUYBjOIEz8OAKalCHBjSBgIBneIU3RzsvzrvzMW9dcfKZI/gD5/MHdzKQIA==</latexit>

incoherent

[H, ⇢
0] = 0

<latexit sha1_base64="Q3XDNYAzUNeslKpUbHkafITFjaY=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSJ6kLJbBb0IRS89VrAfsF1KNs22odlkSbJCWfozvHhQxKu/xpv/xrTdg7Y+GHi8N8PMvDDhTBvX/XZWVtfWNzYLW8Xtnd29/dLBYUvLVBHaJJJL1QmxppwJ2jTMcNpJFMVxyGk7HN1P/fYTVZpJ8WjGCQ1iPBAsYgQbK/l+/aKrhvIsuHV7pbJbcWdAy8TLSRlyNHqlr25fkjSmwhCOtfY9NzFBhpVhhNNJsZtqmmAywgPqWypwTHWQzU6eoFOr9FEklS1h0Ez9PZHhWOtxHNrOGJuhXvSm4n+en5roJsiYSFJDBZkvilKOjETT/1GfKUoMH1uCiWL2VkSGWGFibEpFG4K3+PIyaVUr3mWl+nBVrt3lcRTgGE7gHDy4hhrUoQFNICDhGV7hzTHOi/PufMxbV5x85gj+wPn8AdotkFE=</latexit>



3. Coherence and clocks

Some intuition

Thermal	operaRons	are	=me-transla=on-covariant:

T � U(t) = U(t) � T .
<latexit sha1_base64="YymXDq9v2n6mNcAoSLackn2c0kE=">AAACKXicbVDLSsNAFJ34rPUVdelmsAh1E5Iq6EYounFZoWkLTSiT6aQdOpmEmYlQQn7Hjb/iRkFRt/6Ik7aIbT0wcOace7n3niBhVCrb/jRWVtfWNzZLW+Xtnd29ffPgsCXjVGDi4pjFohMgSRjlxFVUMdJJBEFRwEg7GN0WfvuBCElj3lTjhPgRGnAaUoyUlnpm3YuQGmLEsmbuYSow/BXcvKrOrue/CyXN3OqZFduyJ4DLxJmRCpih0TNfvX6M04hwhRmSsuvYifIzJBTFjORlL5UkQXiEBqSrKUcRkX42uTSHp1rpwzAW+nEFJ+rfjgxFUo6jQFcWO8pFrxD/87qpCq/8jPIkVYTj6aAwZVDFsIgN9qkgWLGxJggLqneFeIgEwkqHW9YhOIsnL5NWzXLOrdr9RaV+M4ujBI7BCagCB1yCOrgDDeACDB7BM3gD78aT8WJ8GF/T0hVj1nME5mB8/wCRl6do</latexit>

If																																																													thenU(t) = exp(�iHt) • exp(iHt)
<latexit sha1_base64="vKJXp8GMVRWowOHm8qO7pWbxil4=">AAACE3icbVC7SgNBFJ2Nrxhfq5Y2g0GIgmE3CtoIQRtLBROFbAizkxsdMvtg5q4YlvyDjb9iY6GIrY2df+PsZgtfBwYO59zLnXP8WAqNjvNplaamZ2bnyvOVhcWl5RV7da2to0RxaPFIRurKZxqkCKGFAiVcxQpY4Eu49IcnmX95C0qLKLzAUQzdgF2HYiA4QyP17B0vYHjDmUxb4xpuH3lwF9d2xSlue34iJSDNlUzo2VWn7uSgf4lbkCopcNazP7x+xJMAQuSSad1xnRi7KVMouIRxxUs0xIwP2TV0DA1ZALqb5pnGdMsofTqIlHkh0lz9vpGyQOtR4JvJLIH+7WXif14nwcFhNxVhnCCEfHJokEiKEc0Kon2hgKMcGcK4EuavlN8wxTiaGiumBPd35L+k3ai7e/XG+X61eVzUUSYbZJPUiEsOSJOckjPSIpzck0fyTF6sB+vJerXeJqMlq9hZJz9gvX8BgdKdRw==</latexit>

⇢
<latexit sha1_base64="fXWzfE8+9j5T5gmJKLOhKMYBmno=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadmNouYW8KK3COYByRJmJ7PZIbMzy8ysEEJ+wYsHRbz6Q978G2eTCD4LGoqqbrq7wpQzbTzv3SksLa+srhXXSxubW9s75d29lpaZIrRJJJeqE2JNORO0aZjhtJMqipOQ03Y4usz99h1Vmklxa8YpDRI8FCxiBJtc6qlY9ssVz615fu3MR7+J73ozVGCBRr/81htIkiVUGMKx1l3fS00wwcowwum01Ms0TTEZ4SHtWipwQnUwmd06RUdWGaBIKlvCoJn6dWKCE63HSWg7E2xi/dPLxb+8bmaii2DCRJoZKsh8UZRxZCTKH0cDpigxfGwJJorZWxGJscLE2HhKNoTPT9H/pFV1/RO3enNaqV8v4ijCARzCMfhwDnW4ggY0gUAM9/AIT07iPDjPzsu8teAsZvbhG5zXD5QNjqA=</latexit>

⇢0
<latexit sha1_base64="mH9lsYLzLR1/h6ChnKR/PEXWIzI=">AAAB7HicdVDLSgNBEOyNrxhfUY9eBoPoadmNouYW8KK3CG4iJEuYncwmQ2ZnlplZISz5Bi8eFPHqB3nzb5w8BJ8FDUVVN91dUcqZNp737hQWFpeWV4qrpbX1jc2t8vZOU8tMERoQyaW6jbCmnAkaGGY4vU0VxUnEaSsaXkz81h1VmklxY0YpDRPcFyxmBBsrBR01kIfdcsVza55fO/XRb+K73hQVmKPRLb91epJkCRWGcKx12/dSE+ZYGUY4HZc6maYpJkPcp21LBU6oDvPpsWN0YJUeiqWyJQyaql8ncpxoPUoi25lgM9A/vYn4l9fOTHwe5kykmaGCzBbFGUdGosnnqMcUJYaPLMFEMXsrIgOsMDE2n5IN4fNT9D9pVl3/2K1en1TqV/M4irAH+3AEPpxBHS6hAQEQYHAPj/DkCOfBeXZeZq0FZz6zC9/gvH4A9biO0Q==</latexit>

T
<latexit sha1_base64="UNIS9RbPVUfnGbiV9f9h5XaBTaY=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZcFN7qr0BdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLG5tb2Tnm3srd/cHhUPT7papkqQjtEcqn6IdaUM0E7hhlO+4miOA457YXTu9zvPVGlmRRtM0toEOOxYBEj2FjJH8TYTAjmWXs+rNbcursAWideQWpQoDWsfg1GkqQxFYZwrLXvuYkJMqwMI5zOK4NU0wSTKR5T31KBY6qDbBF5ji6sMkKRVPYJgxbq740Mx1rP4tBO5hH1qpeL/3l+aqLbIGMiSQ0VZPlRlHJkJMrvRyOmKDF8ZgkmitmsiEywwsTYliq2BG/15HXSbdS9q3rj8brWfCjqKMMZnMMleHADTbiHFnSAgIRneIU3xzgvzrvzsRwtOcXOKfyB8/kDkJaRdQ==</latexit>

incoherent

[H, ⇢] = 0
<latexit sha1_base64="Xaaw1qkOeXrBxCYxXES7pBI7xW4=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJ4kLJbBb0IRS89VrAfuF1KNs22odlkSbJCWfovvHhQxKv/xpv/xrTdg7Y+GHi8N8PMvDDhTBvX/XZWVtfWNzYLW8Xtnd29/dLBYUvLVBHaJJJL1QmxppwJ2jTMcNpJFMVxyGk7HN1N/fYTVZpJ8WDGCQ1iPBAsYgQbKz369fOuGsrgxu2Vym7FnQEtEy8nZcjR6JW+un1J0pgKQzjW2vfcxAQZVoYRTifFbqppgskID6hvqcAx1UE2u3iCTq3SR5FUtoRBM/X3RIZjrcdxaDtjbIZ60ZuK/3l+aqLrIGMiSQ0VZL4oSjkyEk3fR32mKDF8bAkmitlbERlihYmxIRVtCN7iy8ukVa14F5Xq/WW5dpvHUYBjOIEz8OAKalCHBjSBgIBneIU3RzsvzrvzMW9dcfKZI/gD5/MHdzKQIA==</latexit>

coherent

[H, ⇢
0] 6= 0

<latexit sha1_base64="JK69m7Pba9CobpUj006hqhbT5WI=">AAAB+HicbVBNS8NAEJ34WetHox69LBbRg5SkCnoseumxgv2AJpTNdtMu3Wzi7kaoob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMCxLOlHacb2tldW19Y7OwVdze2d0r2fsHLRWnktAmiXksOwFWlDNBm5ppTjuJpDgKOG0Ho9up336kUrFY3OtxQv0IDwQLGcHaSD271K2fe3IYn/qeoA/I6dllp+LMgJaJm5My5Gj07C+vH5M0okITjpXquk6i/QxLzQink6KXKppgMsID2jVU4IgqP5sdPkEnRumjMJamhEYz9fdEhiOlxlFgOiOsh2rRm4r/ed1Uh9d+xkSSairIfFGYcqRjNE0B9ZmkRPOxIZhIZm5FZIglJtpkVTQhuIsvL5NWteJeVKp3l+XaTR5HAY7gGM7AhSuoQR0a0AQCKTzDK7xZT9aL9W59zFtXrHzmEP7A+vwBQe6SLQ==</latexit>



3. Coherence and clocks

Some intuition

Thermal	operaRons	are	=me-transla=on-covariant:

T � U(t) = U(t) � T .
<latexit sha1_base64="YymXDq9v2n6mNcAoSLackn2c0kE=">AAACKXicbVDLSsNAFJ34rPUVdelmsAh1E5Iq6EYounFZoWkLTSiT6aQdOpmEmYlQQn7Hjb/iRkFRt/6Ik7aIbT0wcOace7n3niBhVCrb/jRWVtfWNzZLW+Xtnd29ffPgsCXjVGDi4pjFohMgSRjlxFVUMdJJBEFRwEg7GN0WfvuBCElj3lTjhPgRGnAaUoyUlnpm3YuQGmLEsmbuYSow/BXcvKrOrue/CyXN3OqZFduyJ4DLxJmRCpih0TNfvX6M04hwhRmSsuvYifIzJBTFjORlL5UkQXiEBqSrKUcRkX42uTSHp1rpwzAW+nEFJ+rfjgxFUo6jQFcWO8pFrxD/87qpCq/8jPIkVYTj6aAwZVDFsIgN9qkgWLGxJggLqneFeIgEwkqHW9YhOIsnL5NWzXLOrdr9RaV+M4ujBI7BCagCB1yCOrgDDeACDB7BM3gD78aT8WJ8GF/T0hVj1nME5mB8/wCRl6do</latexit>

If																																																													thenU(t) = exp(�iHt) • exp(iHt)
<latexit sha1_base64="vKJXp8GMVRWowOHm8qO7pWbxil4=">AAACE3icbVC7SgNBFJ2Nrxhfq5Y2g0GIgmE3CtoIQRtLBROFbAizkxsdMvtg5q4YlvyDjb9iY6GIrY2df+PsZgtfBwYO59zLnXP8WAqNjvNplaamZ2bnyvOVhcWl5RV7da2to0RxaPFIRurKZxqkCKGFAiVcxQpY4Eu49IcnmX95C0qLKLzAUQzdgF2HYiA4QyP17B0vYHjDmUxb4xpuH3lwF9d2xSlue34iJSDNlUzo2VWn7uSgf4lbkCopcNazP7x+xJMAQuSSad1xnRi7KVMouIRxxUs0xIwP2TV0DA1ZALqb5pnGdMsofTqIlHkh0lz9vpGyQOtR4JvJLIH+7WXif14nwcFhNxVhnCCEfHJokEiKEc0Kon2hgKMcGcK4EuavlN8wxTiaGiumBPd35L+k3ai7e/XG+X61eVzUUSYbZJPUiEsOSJOckjPSIpzck0fyTF6sB+vJerXeJqMlq9hZJz9gvX8BgdKdRw==</latexit>

⇢
<latexit sha1_base64="fXWzfE8+9j5T5gmJKLOhKMYBmno=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadmNouYW8KK3COYByRJmJ7PZIbMzy8ysEEJ+wYsHRbz6Q978G2eTCD4LGoqqbrq7wpQzbTzv3SksLa+srhXXSxubW9s75d29lpaZIrRJJJeqE2JNORO0aZjhtJMqipOQ03Y4usz99h1Vmklxa8YpDRI8FCxiBJtc6qlY9ssVz615fu3MR7+J73ozVGCBRr/81htIkiVUGMKx1l3fS00wwcowwum01Ms0TTEZ4SHtWipwQnUwmd06RUdWGaBIKlvCoJn6dWKCE63HSWg7E2xi/dPLxb+8bmaii2DCRJoZKsh8UZRxZCTKH0cDpigxfGwJJorZWxGJscLE2HhKNoTPT9H/pFV1/RO3enNaqV8v4ijCARzCMfhwDnW4ggY0gUAM9/AIT07iPDjPzsu8teAsZvbhG5zXD5QNjqA=</latexit>

⇢0
<latexit sha1_base64="mH9lsYLzLR1/h6ChnKR/PEXWIzI=">AAAB7HicdVDLSgNBEOyNrxhfUY9eBoPoadmNouYW8KK3CG4iJEuYncwmQ2ZnlplZISz5Bi8eFPHqB3nzb5w8BJ8FDUVVN91dUcqZNp737hQWFpeWV4qrpbX1jc2t8vZOU8tMERoQyaW6jbCmnAkaGGY4vU0VxUnEaSsaXkz81h1VmklxY0YpDRPcFyxmBBsrBR01kIfdcsVza55fO/XRb+K73hQVmKPRLb91epJkCRWGcKx12/dSE+ZYGUY4HZc6maYpJkPcp21LBU6oDvPpsWN0YJUeiqWyJQyaql8ncpxoPUoi25lgM9A/vYn4l9fOTHwe5kykmaGCzBbFGUdGosnnqMcUJYaPLMFEMXsrIgOsMDE2n5IN4fNT9D9pVl3/2K1en1TqV/M4irAH+3AEPpxBHS6hAQEQYHAPj/DkCOfBeXZeZq0FZz6zC9/gvH4A9biO0Q==</latexit>

T
<latexit sha1_base64="UNIS9RbPVUfnGbiV9f9h5XaBTaY=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZcFN7qr0BdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLG5tb2Tnm3srd/cHhUPT7papkqQjtEcqn6IdaUM0E7hhlO+4miOA457YXTu9zvPVGlmRRtM0toEOOxYBEj2FjJH8TYTAjmWXs+rNbcursAWideQWpQoDWsfg1GkqQxFYZwrLXvuYkJMqwMI5zOK4NU0wSTKR5T31KBY6qDbBF5ji6sMkKRVPYJgxbq740Mx1rP4tBO5hH1qpeL/3l+aqLbIGMiSQ0VZPlRlHJkJMrvRyOmKDF8ZgkmitmsiEywwsTYliq2BG/15HXSbdS9q3rj8brWfCjqKMMZnMMleHADTbiHFnSAgIRneIU3xzgvzrvzsRwtOcXOKfyB8/kDkJaRdQ==</latexit>

incoherent

[H, ⇢] = 0
<latexit sha1_base64="Xaaw1qkOeXrBxCYxXES7pBI7xW4=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJ4kLJbBb0IRS89VrAfuF1KNs22odlkSbJCWfovvHhQxKv/xpv/xrTdg7Y+GHi8N8PMvDDhTBvX/XZWVtfWNzYLW8Xtnd29/dLBYUvLVBHaJJJL1QmxppwJ2jTMcNpJFMVxyGk7HN1N/fYTVZpJ8WDGCQ1iPBAsYgQbKz369fOuGsrgxu2Vym7FnQEtEy8nZcjR6JW+un1J0pgKQzjW2vfcxAQZVoYRTifFbqppgskID6hvqcAx1UE2u3iCTq3SR5FUtoRBM/X3RIZjrcdxaDtjbIZ60ZuK/3l+aqLrIGMiSQ0VZL4oSjkyEk3fR32mKDF8bAkmitlbERlihYmxIRVtCN7iy8ukVa14F5Xq/WW5dpvHUYBjOIEz8OAKalCHBjSBgIBneIU3RzsvzrvzMW9dcfKZI/gD5/MHdzKQIA==</latexit>

coherent

[H, ⇢
0] 6= 0

<latexit sha1_base64="JK69m7Pba9CobpUj006hqhbT5WI=">AAAB+HicbVBNS8NAEJ34WetHox69LBbRg5SkCnoseumxgv2AJpTNdtMu3Wzi7kaoob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMCxLOlHacb2tldW19Y7OwVdze2d0r2fsHLRWnktAmiXksOwFWlDNBm5ppTjuJpDgKOG0Ho9up336kUrFY3OtxQv0IDwQLGcHaSD271K2fe3IYn/qeoA/I6dllp+LMgJaJm5My5Gj07C+vH5M0okITjpXquk6i/QxLzQink6KXKppgMsID2jVU4IgqP5sdPkEnRumjMJamhEYz9fdEhiOlxlFgOiOsh2rRm4r/ed1Uh9d+xkSSairIfFGYcqRjNE0B9ZmkRPOxIZhIZm5FZIglJtpkVTQhuIsvL5NWteJeVKp3l+XaTR5HAY7gGM7AhSuoQR0a0AQCKTzDK7xZT9aL9W59zFtXrHzmEP7A+vwBQe6SLQ==</latexit>

Such					would	evolve	in	Rme,	and,	in	this	sense,	be	like	a	“clock”.⇢0
<latexit sha1_base64="JW4x7lOMm6sTz1Llbf21bKEd2gE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbRU0mqoMeiF48VTFtoQ9lsN+3SzW7Y3Qgh9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRW8tUEeoTyaXqhlhTzgT1DTOcdhNFcRxy2gkndzO/80SVZlI8miyhQYxHgkWMYGMlv6/G8nxQrbl1dw60SryC1KBAa1D96g8lSWMqDOFY657nJibIsTKMcDqt9FNNE0wmeER7lgocUx3k82On6MwqQxRJZUsYNFd/T+Q41jqLQ9sZYzPWy95M/M/rpSa6CXImktRQQRaLopQjI9HsczRkihLDM0swUczeisgYK0yMzadiQ/CWX14l7Ubdu6w3Hq5qzdsijjKcwClcgAfX0IR7aIEPBBg8wyu8OcJ5cd6dj0VrySlmjuEPnM8fgqWOfA==</latexit>

⇢0(t) = U(t) [⇢0(0)] .
<latexit sha1_base64="UYLGGu0XsvZmmgHU3tYXZ7GD/d0=">AAACFnicbVDLSsNAFJ34rPUVdekmWMR2YUiqoBuh6MZlBfuAJpTJdNIOnUzCzI1QQr/Cjb/ixoUibsWdf+Ok7UJbDwycOede7r0nSDhT4DjfxtLyyuraemGjuLm1vbNr7u03VZxKQhsk5rFsB1hRzgRtAANO24mkOAo4bQXDm9xvPVCpWCzuYZRQP8J9wUJGMGipa556chCflKFy5UUYBgTzrDHWX4/TEDpT06l4kvUH4Ntds+TYzgTWInFnpIRmqHfNL68XkzSiAgjHSnVcJwE/wxIY4XRc9FJFE0yGuE87mgocUeVnk7PG1rFWelYYS/0EWBP1d0eGI6VGUaAr893VvJeL/3mdFMJLP2MiSYEKMh0UptyC2MozsnpMUgJ8pAkmkuldLTLAEhPQSRZ1CO78yYukWbXdM7t6d16qXc/iKKBDdITKyEUXqIZuUR01EEGP6Bm9ojfjyXgx3o2PaemSMes5QH9gfP4AWZKeOw==</latexit>



3. Coherence and clocks

Some intuition

Thermal	operaRons	are	=me-transla=on-covariant:

T � U(t) = U(t) � T .
<latexit sha1_base64="YymXDq9v2n6mNcAoSLackn2c0kE=">AAACKXicbVDLSsNAFJ34rPUVdelmsAh1E5Iq6EYounFZoWkLTSiT6aQdOpmEmYlQQn7Hjb/iRkFRt/6Ik7aIbT0wcOace7n3niBhVCrb/jRWVtfWNzZLW+Xtnd29ffPgsCXjVGDi4pjFohMgSRjlxFVUMdJJBEFRwEg7GN0WfvuBCElj3lTjhPgRGnAaUoyUlnpm3YuQGmLEsmbuYSow/BXcvKrOrue/CyXN3OqZFduyJ4DLxJmRCpih0TNfvX6M04hwhRmSsuvYifIzJBTFjORlL5UkQXiEBqSrKUcRkX42uTSHp1rpwzAW+nEFJ+rfjgxFUo6jQFcWO8pFrxD/87qpCq/8jPIkVYTj6aAwZVDFsIgN9qkgWLGxJggLqneFeIgEwkqHW9YhOIsnL5NWzXLOrdr9RaV+M4ujBI7BCagCB1yCOrgDDeACDB7BM3gD78aT8WJ8GF/T0hVj1nME5mB8/wCRl6do</latexit>

If																																																													thenU(t) = exp(�iHt) • exp(iHt)
<latexit sha1_base64="vKJXp8GMVRWowOHm8qO7pWbxil4=">AAACE3icbVC7SgNBFJ2Nrxhfq5Y2g0GIgmE3CtoIQRtLBROFbAizkxsdMvtg5q4YlvyDjb9iY6GIrY2df+PsZgtfBwYO59zLnXP8WAqNjvNplaamZ2bnyvOVhcWl5RV7da2to0RxaPFIRurKZxqkCKGFAiVcxQpY4Eu49IcnmX95C0qLKLzAUQzdgF2HYiA4QyP17B0vYHjDmUxb4xpuH3lwF9d2xSlue34iJSDNlUzo2VWn7uSgf4lbkCopcNazP7x+xJMAQuSSad1xnRi7KVMouIRxxUs0xIwP2TV0DA1ZALqb5pnGdMsofTqIlHkh0lz9vpGyQOtR4JvJLIH+7WXif14nwcFhNxVhnCCEfHJokEiKEc0Kon2hgKMcGcK4EuavlN8wxTiaGiumBPd35L+k3ai7e/XG+X61eVzUUSYbZJPUiEsOSJOckjPSIpzck0fyTF6sB+vJerXeJqMlq9hZJz9gvX8BgdKdRw==</latexit>

⇢
<latexit sha1_base64="fXWzfE8+9j5T5gmJKLOhKMYBmno=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadmNouYW8KK3COYByRJmJ7PZIbMzy8ysEEJ+wYsHRbz6Q978G2eTCD4LGoqqbrq7wpQzbTzv3SksLa+srhXXSxubW9s75d29lpaZIrRJJJeqE2JNORO0aZjhtJMqipOQ03Y4usz99h1Vmklxa8YpDRI8FCxiBJtc6qlY9ssVz615fu3MR7+J73ozVGCBRr/81htIkiVUGMKx1l3fS00wwcowwum01Ms0TTEZ4SHtWipwQnUwmd06RUdWGaBIKlvCoJn6dWKCE63HSWg7E2xi/dPLxb+8bmaii2DCRJoZKsh8UZRxZCTKH0cDpigxfGwJJorZWxGJscLE2HhKNoTPT9H/pFV1/RO3enNaqV8v4ijCARzCMfhwDnW4ggY0gUAM9/AIT07iPDjPzsu8teAsZvbhG5zXD5QNjqA=</latexit>

⇢0
<latexit sha1_base64="mH9lsYLzLR1/h6ChnKR/PEXWIzI=">AAAB7HicdVDLSgNBEOyNrxhfUY9eBoPoadmNouYW8KK3CG4iJEuYncwmQ2ZnlplZISz5Bi8eFPHqB3nzb5w8BJ8FDUVVN91dUcqZNp737hQWFpeWV4qrpbX1jc2t8vZOU8tMERoQyaW6jbCmnAkaGGY4vU0VxUnEaSsaXkz81h1VmklxY0YpDRPcFyxmBBsrBR01kIfdcsVza55fO/XRb+K73hQVmKPRLb91epJkCRWGcKx12/dSE+ZYGUY4HZc6maYpJkPcp21LBU6oDvPpsWN0YJUeiqWyJQyaql8ncpxoPUoi25lgM9A/vYn4l9fOTHwe5kykmaGCzBbFGUdGosnnqMcUJYaPLMFEMXsrIgOsMDE2n5IN4fNT9D9pVl3/2K1en1TqV/M4irAH+3AEPpxBHS6hAQEQYHAPj/DkCOfBeXZeZq0FZz6zC9/gvH4A9biO0Q==</latexit>

T
<latexit sha1_base64="UNIS9RbPVUfnGbiV9f9h5XaBTaY=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZcFN7qr0BdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLG5tb2Tnm3srd/cHhUPT7papkqQjtEcqn6IdaUM0E7hhlO+4miOA457YXTu9zvPVGlmRRtM0toEOOxYBEj2FjJH8TYTAjmWXs+rNbcursAWideQWpQoDWsfg1GkqQxFYZwrLXvuYkJMqwMI5zOK4NU0wSTKR5T31KBY6qDbBF5ji6sMkKRVPYJgxbq740Mx1rP4tBO5hH1qpeL/3l+aqLbIGMiSQ0VZPlRlHJkJMrvRyOmKDF8ZgkmitmsiEywwsTYliq2BG/15HXSbdS9q3rj8brWfCjqKMMZnMMleHADTbiHFnSAgIRneIU3xzgvzrvzsRwtOcXOKfyB8/kDkJaRdQ==</latexit>

incoherent

[H, ⇢] = 0
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coherent

[H, ⇢
0] 6= 0
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Such					would	evolve	in	Rme,	and,	in	this	sense,	be	like	a	“clock”.⇢0
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⇢0(t) = U(t) [⇢0(0)] .
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Impossibility	of	above	process:	
Cannot	generate	Rming	informaRon	
(coherence)	“for	free”	without	an	
ini=al	Rming	reference	(clock).



What if we have catalysts? Recall this earlier slide…

3. Coherence and clocks



possible, if we can use an additional system σ as a catalyst, i.e., we
may have ρ↛ ρ′ and yet ρ⊗ σ→ ρ′⊗ σ. In the case of thermody-
namics, the catalyst σ may be thought of as a working body or
heat engine which undergoes a cyclic process and is returned
back into its original state. In deciding whether one can trans-
form ρ into ρ′, one therefore needs to ask whether there exists
a working body or other ancillas σ for which ρ⊗ σ→ ρ′⊗ σ (Fig.
1). Thus, thermo-majorization (Fig. 2) should only be applied to
total resources including all possible catalysts and working bodies
and not the system of interest itself. In the case of entanglement
theory, and when the catalyst is returned in exactly the same state,
the criteria for when one pure state may be transformed into
another have been found (6, 7) and they are called trumping
conditions. We will generalize and adapt the trumping conditions
to enable their application to the case of thermodynamics.

Family of Second Laws
Here, we consider all possible cyclic thermodynamical processes,
and show that transition laws are affected by using ancillary
systems which are returned back to their initial state. Rather
than a single free energy that determines which transitions are
possible, we find necessary and sufficient conditions for ther-
modynamic transitions which form not just one but a family of
second laws. We define the free energies

Fα
!
ρ; ρβ

"
dkTDα

!
ρkρβ

"
− kT logZ; [2]

with the Rényi divergences DαðρkρβÞ defined as

Dα
!
ρkρβ

"
=
sgnðαÞ
α− 1

log
X

i

pαi q
1−α
i ; [3]

where pi are the eigenvalues of ρ and qi the eigenvalues of the
thermal state of the system ρβ = e−βHS=Z with Hamiltonian HS,
partition function Z=

P
i;ge

−βEi , and β= 1=T.
We can then state quantum second laws, and ones that hold

for states block diagonal in the energy basis. In the latter case, we
find the following set of second laws:
In the presence of a heat bath of single fixed temperature, the

free energies Fαðρ; ρβÞ do not increase for α≥ 0 That is, ∀α≥ 0,
Fαðρ; ρβÞ≥Fαðρ′; ρβÞ, where ρ and ρ′ are the initial and final
state, respectively. Moreover, if Fαðρ; ρβÞ≥Fαðρ′; ρβÞ holds ∀α≥ 0,

then there exists a catalytic thermal operation that transforms
ρ to ρ′.
We say that the Fαðρ; ρβÞ are monotones––the system always

gets closer to the thermal state, thus the function always de-
creases. By including an auxiliary system as described in ref. 2,
the above statement of the second law is equivalent to the case
where one changes the Hamiltonian of the system, in which case
one could write Fαðρ; ρβÞ≥Fαðρ′; ρβ′Þ, where the initial Hamilto-
nian HS has been changed via external control to the final
Hamiltonian HS′ , with ρβ and ρβ′ being the respective thermal
states. This is described in SI Appendix, section I. Note that in
fact Fαðρ; ρβÞ is a monotone for all α∈ ð−∞;∞Þ but because we
are allowed to borrow a pure state and return it in a state arbi-
trarily close to its initial state, only α≥ 0 is relevant, as can be seen
by noting that if any of the probabilities pi in Eq. 3 are zero, then
for α< 0, Fαðρ; ρβÞ diverges and will thus always be monotonic.
This set of limitations is less stringent than thermo-majoriza-

tion. Not only do these second laws provide limitations, but they
are also sufficient––whenever the free energies of some state ρ
are all greater than for another state ρ′, one can transform ρ into
ρ′. We prove this in SI Appendix. Note that the monotonicity of
[2] establishes a continuous family of conditions, one for each
value of α. However, in the case of larger systems, one can per-
form a quick check, namely: we find that for any distribution p we
can construct smoothed distributions that are very close to p, and
in terms of these smoothed distributions, check two conditions in
terms of the two free energies for α= 0;∞ found in ref. 2. If such
conditions are satisfied on the smoothed distribution, it implies
that the infinite set of conditions is satisfied as well.
For α→ 1, Fαðρ; ρβÞ is equal to the ordinary Helmholtz free en-

ergy FðρÞ, hence our conditions include the ordinary second law
(combined with energy conservation), and we thus see that it is
merely one of many constraints on thermodynamical state transitions.
In the macroscopic regime, and for systems which are not

highly correlated, then Fαðρ; ρβÞ≈F1ðρ; ρβÞ for all α (2, 8), which
explains why the single constraint given by the usual second law
is more or less adequate in this limit. It was previously found that
the quantity FminðρÞ, defined in ref. 2, gives the maximal amount
of work extractable from a system in contact with a reservoir
under all thermal operations (2) (by transforming it to a thermal
state in equilibrium with the bath). This is also the relevant
quantity in a model of alternating adiabatic and isothermal
operations (9). We see this in our newly derived second laws as

Fig. 1. In the microregime, when can a state ρS with Hamiltonian HS be transformed to a state ρS′ and Hamiltonian HS′? To do so, one can couple the system to a
heat bath ρβ = e−βHR=Z with Hamiltonian HR and use any devices as long as they are returned back in their original state (thus wemay think of them as a catalyst––σ)
and we are allowed to perform any action as long as we preserve the overall energy (see below for a more detailed description of these operations, which we call
catalytic thermal operations). Loosely speaking, our second law says that ρS can transit to ρS′ if and only if ρS′ is closer to the thermal state ρβ of the system at inverse
temperature β with respect to all Rényi divergences. In the thermodynamic limit, all these quantities converge so that we recover the usual second law.

3276 | www.pnas.org/cgi/doi/10.1073/pnas.1411728112 Brandão et al.

⌧R = exp(�kBTHR)/Z
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[USRC , HS +HR +HC ] = 0
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When	is	a	transiRon
possible?⇢S ! ⇢0S
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(Blockdiagonal	states!)

Own	work:	allow	correla=ons	between	catalyst	and	system.
[1]	MM,	Phys.	Rev.	X	8,	041051	(2018).
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possible, if we can use an additional system σ as a catalyst, i.e., we
may have ρ↛ ρ′ and yet ρ⊗ σ→ ρ′⊗ σ. In the case of thermody-
namics, the catalyst σ may be thought of as a working body or
heat engine which undergoes a cyclic process and is returned
back into its original state. In deciding whether one can trans-
form ρ into ρ′, one therefore needs to ask whether there exists
a working body or other ancillas σ for which ρ⊗ σ→ ρ′⊗ σ (Fig.
1). Thus, thermo-majorization (Fig. 2) should only be applied to
total resources including all possible catalysts and working bodies
and not the system of interest itself. In the case of entanglement
theory, and when the catalyst is returned in exactly the same state,
the criteria for when one pure state may be transformed into
another have been found (6, 7) and they are called trumping
conditions. We will generalize and adapt the trumping conditions
to enable their application to the case of thermodynamics.

Family of Second Laws
Here, we consider all possible cyclic thermodynamical processes,
and show that transition laws are affected by using ancillary
systems which are returned back to their initial state. Rather
than a single free energy that determines which transitions are
possible, we find necessary and sufficient conditions for ther-
modynamic transitions which form not just one but a family of
second laws. We define the free energies

Fα
!
ρ; ρβ

"
dkTDα

!
ρkρβ

"
− kT logZ; [2]

with the Rényi divergences DαðρkρβÞ defined as

Dα
!
ρkρβ

"
=
sgnðαÞ
α− 1

log
X

i

pαi q
1−α
i ; [3]

where pi are the eigenvalues of ρ and qi the eigenvalues of the
thermal state of the system ρβ = e−βHS=Z with Hamiltonian HS,
partition function Z=

P
i;ge

−βEi , and β= 1=T.
We can then state quantum second laws, and ones that hold

for states block diagonal in the energy basis. In the latter case, we
find the following set of second laws:
In the presence of a heat bath of single fixed temperature, the

free energies Fαðρ; ρβÞ do not increase for α≥ 0 That is, ∀α≥ 0,
Fαðρ; ρβÞ≥Fαðρ′; ρβÞ, where ρ and ρ′ are the initial and final
state, respectively. Moreover, if Fαðρ; ρβÞ≥Fαðρ′; ρβÞ holds ∀α≥ 0,

then there exists a catalytic thermal operation that transforms
ρ to ρ′.
We say that the Fαðρ; ρβÞ are monotones––the system always

gets closer to the thermal state, thus the function always de-
creases. By including an auxiliary system as described in ref. 2,
the above statement of the second law is equivalent to the case
where one changes the Hamiltonian of the system, in which case
one could write Fαðρ; ρβÞ≥Fαðρ′; ρβ′Þ, where the initial Hamilto-
nian HS has been changed via external control to the final
Hamiltonian HS′ , with ρβ and ρβ′ being the respective thermal
states. This is described in SI Appendix, section I. Note that in
fact Fαðρ; ρβÞ is a monotone for all α∈ ð−∞;∞Þ but because we
are allowed to borrow a pure state and return it in a state arbi-
trarily close to its initial state, only α≥ 0 is relevant, as can be seen
by noting that if any of the probabilities pi in Eq. 3 are zero, then
for α< 0, Fαðρ; ρβÞ diverges and will thus always be monotonic.
This set of limitations is less stringent than thermo-majoriza-

tion. Not only do these second laws provide limitations, but they
are also sufficient––whenever the free energies of some state ρ
are all greater than for another state ρ′, one can transform ρ into
ρ′. We prove this in SI Appendix. Note that the monotonicity of
[2] establishes a continuous family of conditions, one for each
value of α. However, in the case of larger systems, one can per-
form a quick check, namely: we find that for any distribution p we
can construct smoothed distributions that are very close to p, and
in terms of these smoothed distributions, check two conditions in
terms of the two free energies for α= 0;∞ found in ref. 2. If such
conditions are satisfied on the smoothed distribution, it implies
that the infinite set of conditions is satisfied as well.
For α→ 1, Fαðρ; ρβÞ is equal to the ordinary Helmholtz free en-

ergy FðρÞ, hence our conditions include the ordinary second law
(combined with energy conservation), and we thus see that it is
merely one of many constraints on thermodynamical state transitions.
In the macroscopic regime, and for systems which are not

highly correlated, then Fαðρ; ρβÞ≈F1ðρ; ρβÞ for all α (2, 8), which
explains why the single constraint given by the usual second law
is more or less adequate in this limit. It was previously found that
the quantity FminðρÞ, defined in ref. 2, gives the maximal amount
of work extractable from a system in contact with a reservoir
under all thermal operations (2) (by transforming it to a thermal
state in equilibrium with the bath). This is also the relevant
quantity in a model of alternating adiabatic and isothermal
operations (9). We see this in our newly derived second laws as

Fig. 1. In the microregime, when can a state ρS with Hamiltonian HS be transformed to a state ρS′ and Hamiltonian HS′? To do so, one can couple the system to a
heat bath ρβ = e−βHR=Z with Hamiltonian HR and use any devices as long as they are returned back in their original state (thus wemay think of them as a catalyst––σ)
and we are allowed to perform any action as long as we preserve the overall energy (see below for a more detailed description of these operations, which we call
catalytic thermal operations). Loosely speaking, our second law says that ρS can transit to ρS′ if and only if ρS′ is closer to the thermal state ρβ of the system at inverse
temperature β with respect to all Rényi divergences. In the thermodynamic limit, all these quantities converge so that we recover the usual second law.

3276 | www.pnas.org/cgi/doi/10.1073/pnas.1411728112 Brandão et al.

⌧R = exp(�kBTHR)/Z
<latexit sha1_base64="xLOz79ErlFsdWwuEbDuwW415Kao=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahLqxJFXQjlLrpspa+sAlhMp20QycPZiZiCQU3/oobF4q49Sfc+TdO2yy09cCFwzn3cu89bsSokIbxrWWWlldW17LruY3Nre0dfXevJcKYY9LEIQt5x0WCMBqQpqSSkU7ECfJdRtru8Gbit+8JFzQMGnIUEdtH/YB6FCOpJEc/sCSKnfq1RR6iwikcOhXYgFWnfnJ25+h5o2hMAReJmZI8SFFz9C+rF+LYJ4HEDAnRNY1I2gnikmJGxjkrFiRCeIj6pKtogHwi7GT6wxgeK6UHvZCrCiScqr8nEuQLMfJd1ekjORDz3kT8z+vG0ruyExpEsSQBni3yYgZlCCeBwB7lBEs2UgRhTtWtEA8QR1iq2HIqBHP+5UXSKhXN82Lp9iJfrqRxZMEhOAIFYIJLUAZVUANNgMEjeAav4E170l60d+1j1prR0pl98Afa5w/RSpWw</latexit>

[USRC , HS +HR +HC ] = 0
<latexit sha1_base64="WsScKkpyujNSaNGaJn0BNTMfaTE=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLICglqYJuhEI3XdbWtIU0hMl00g6dTMLMRCghG3/FjQtF3PoZ7vwbp4+FVg9cOJxzL/feEySMSmVZX0ZhZXVtfaO4Wdra3tndM/cPOjJOBSYOjlksegGShFFOHEUVI71EEBQFjHSDcX3qdx+IkDTm92qSEC9CQ05DipHSkm8euY6ftVv1/KLht88bfktX3bu1fLNsVawZ4F9iL0gZLND0zc/+IMZpRLjCDEnp2laivAwJRTEjeamfSpIgPEZD4mrKUUSkl80eyOGpVgYwjIUuruBM/TmRoUjKSRTozgipkVz2puJ/npuq8MbLKE9SRTieLwpTBlUMp2nAARUEKzbRBGFB9a0Qj5BAWOnMSjoEe/nlv6RTrdiXlerdVblWW8RRBMfgBJwBG1yDGmiAJnAABjl4Ai/g1Xg0no03433eWjAWM4fgF4yPb+uclKs=</latexit>

When	is	a	transiRon
possible?⇢S ! ⇢0S

<latexit sha1_base64="E3H8Vglgei9ZnjgoO3ST9cfkK1Y=">AAAB+XicbZDLSsNAFIYnXmu9RV26CRbRVUmqoMuiG5eV2gs0IUym03boZCbMnBRK6Ju4caGIW9/EnW/jpM1CW38Y+PjPOZwzf5RwpsF1v6219Y3Nre3STnl3b//g0D46bmuZKkJbRHKpuhHWlDNBW8CA026iKI4jTjvR+D6vdyZUaSbFE0wTGsR4KNiAEQzGCm3bVyMZNn2QOVyEzdCuuFV3LmcVvAIqqFAjtL/8viRpTAUQjrXueW4CQYYVMMLprOynmiaYjPGQ9gwKHFMdZPPLZ865cfrOQCrzBDhz9/dEhmOtp3FkOmMMI71cy83/ar0UBrdBxkSSAhVksWiQcgekk8fg9JmiBPjUACaKmVsdMsIKEzBhlU0I3vKXV6Fdq3pX1drjdaV+V8RRQqfoDF0iD92gOnpADdRCBE3QM3pFb1ZmvVjv1seidc0qZk7QH1mfPzn9k2M=</latexit>

(Blockdiagonal	states!)

Own	work:	allow	correla=ons	between	catalyst	and	system.
[1]	MM,	Phys.	Rev.	X	8,	041051	(2018).
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3. Coherence and clocks

What if we have catalysts? Recall this earlier slide…



possible, if we can use an additional system σ as a catalyst, i.e., we
may have ρ↛ ρ′ and yet ρ⊗ σ→ ρ′⊗ σ. In the case of thermody-
namics, the catalyst σ may be thought of as a working body or
heat engine which undergoes a cyclic process and is returned
back into its original state. In deciding whether one can trans-
form ρ into ρ′, one therefore needs to ask whether there exists
a working body or other ancillas σ for which ρ⊗ σ→ ρ′⊗ σ (Fig.
1). Thus, thermo-majorization (Fig. 2) should only be applied to
total resources including all possible catalysts and working bodies
and not the system of interest itself. In the case of entanglement
theory, and when the catalyst is returned in exactly the same state,
the criteria for when one pure state may be transformed into
another have been found (6, 7) and they are called trumping
conditions. We will generalize and adapt the trumping conditions
to enable their application to the case of thermodynamics.

Family of Second Laws
Here, we consider all possible cyclic thermodynamical processes,
and show that transition laws are affected by using ancillary
systems which are returned back to their initial state. Rather
than a single free energy that determines which transitions are
possible, we find necessary and sufficient conditions for ther-
modynamic transitions which form not just one but a family of
second laws. We define the free energies

Fα
!
ρ; ρβ

"
dkTDα

!
ρkρβ

"
− kT logZ; [2]

with the Rényi divergences DαðρkρβÞ defined as

Dα
!
ρkρβ

"
=
sgnðαÞ
α− 1

log
X

i

pαi q
1−α
i ; [3]

where pi are the eigenvalues of ρ and qi the eigenvalues of the
thermal state of the system ρβ = e−βHS=Z with Hamiltonian HS,
partition function Z=

P
i;ge

−βEi , and β= 1=T.
We can then state quantum second laws, and ones that hold

for states block diagonal in the energy basis. In the latter case, we
find the following set of second laws:
In the presence of a heat bath of single fixed temperature, the

free energies Fαðρ; ρβÞ do not increase for α≥ 0 That is, ∀α≥ 0,
Fαðρ; ρβÞ≥Fαðρ′; ρβÞ, where ρ and ρ′ are the initial and final
state, respectively. Moreover, if Fαðρ; ρβÞ≥Fαðρ′; ρβÞ holds ∀α≥ 0,

then there exists a catalytic thermal operation that transforms
ρ to ρ′.
We say that the Fαðρ; ρβÞ are monotones––the system always

gets closer to the thermal state, thus the function always de-
creases. By including an auxiliary system as described in ref. 2,
the above statement of the second law is equivalent to the case
where one changes the Hamiltonian of the system, in which case
one could write Fαðρ; ρβÞ≥Fαðρ′; ρβ′Þ, where the initial Hamilto-
nian HS has been changed via external control to the final
Hamiltonian HS′ , with ρβ and ρβ′ being the respective thermal
states. This is described in SI Appendix, section I. Note that in
fact Fαðρ; ρβÞ is a monotone for all α∈ ð−∞;∞Þ but because we
are allowed to borrow a pure state and return it in a state arbi-
trarily close to its initial state, only α≥ 0 is relevant, as can be seen
by noting that if any of the probabilities pi in Eq. 3 are zero, then
for α< 0, Fαðρ; ρβÞ diverges and will thus always be monotonic.
This set of limitations is less stringent than thermo-majoriza-

tion. Not only do these second laws provide limitations, but they
are also sufficient––whenever the free energies of some state ρ
are all greater than for another state ρ′, one can transform ρ into
ρ′. We prove this in SI Appendix. Note that the monotonicity of
[2] establishes a continuous family of conditions, one for each
value of α. However, in the case of larger systems, one can per-
form a quick check, namely: we find that for any distribution p we
can construct smoothed distributions that are very close to p, and
in terms of these smoothed distributions, check two conditions in
terms of the two free energies for α= 0;∞ found in ref. 2. If such
conditions are satisfied on the smoothed distribution, it implies
that the infinite set of conditions is satisfied as well.
For α→ 1, Fαðρ; ρβÞ is equal to the ordinary Helmholtz free en-

ergy FðρÞ, hence our conditions include the ordinary second law
(combined with energy conservation), and we thus see that it is
merely one of many constraints on thermodynamical state transitions.
In the macroscopic regime, and for systems which are not

highly correlated, then Fαðρ; ρβÞ≈F1ðρ; ρβÞ for all α (2, 8), which
explains why the single constraint given by the usual second law
is more or less adequate in this limit. It was previously found that
the quantity FminðρÞ, defined in ref. 2, gives the maximal amount
of work extractable from a system in contact with a reservoir
under all thermal operations (2) (by transforming it to a thermal
state in equilibrium with the bath). This is also the relevant
quantity in a model of alternating adiabatic and isothermal
operations (9). We see this in our newly derived second laws as

Fig. 1. In the microregime, when can a state ρS with Hamiltonian HS be transformed to a state ρS′ and Hamiltonian HS′? To do so, one can couple the system to a
heat bath ρβ = e−βHR=Z with Hamiltonian HR and use any devices as long as they are returned back in their original state (thus wemay think of them as a catalyst––σ)
and we are allowed to perform any action as long as we preserve the overall energy (see below for a more detailed description of these operations, which we call
catalytic thermal operations). Loosely speaking, our second law says that ρS can transit to ρS′ if and only if ρS′ is closer to the thermal state ρβ of the system at inverse
temperature β with respect to all Rényi divergences. In the thermodynamic limit, all these quantities converge so that we recover the usual second law.
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(Blockdiagonal	states!)

Own	work:	allow	correla=ons	between	catalyst	and	system.
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possible, if we can use an additional system σ as a catalyst, i.e., we
may have ρ↛ ρ′ and yet ρ⊗ σ→ ρ′⊗ σ. In the case of thermody-
namics, the catalyst σ may be thought of as a working body or
heat engine which undergoes a cyclic process and is returned
back into its original state. In deciding whether one can trans-
form ρ into ρ′, one therefore needs to ask whether there exists
a working body or other ancillas σ for which ρ⊗ σ→ ρ′⊗ σ (Fig.
1). Thus, thermo-majorization (Fig. 2) should only be applied to
total resources including all possible catalysts and working bodies
and not the system of interest itself. In the case of entanglement
theory, and when the catalyst is returned in exactly the same state,
the criteria for when one pure state may be transformed into
another have been found (6, 7) and they are called trumping
conditions. We will generalize and adapt the trumping conditions
to enable their application to the case of thermodynamics.

Family of Second Laws
Here, we consider all possible cyclic thermodynamical processes,
and show that transition laws are affected by using ancillary
systems which are returned back to their initial state. Rather
than a single free energy that determines which transitions are
possible, we find necessary and sufficient conditions for ther-
modynamic transitions which form not just one but a family of
second laws. We define the free energies

Fα
!
ρ; ρβ

"
dkTDα

!
ρkρβ

"
− kT logZ; [2]

with the Rényi divergences DαðρkρβÞ defined as

Dα
!
ρkρβ

"
=
sgnðαÞ
α− 1

log
X

i

pαi q
1−α
i ; [3]

where pi are the eigenvalues of ρ and qi the eigenvalues of the
thermal state of the system ρβ = e−βHS=Z with Hamiltonian HS,
partition function Z=

P
i;ge

−βEi , and β= 1=T.
We can then state quantum second laws, and ones that hold

for states block diagonal in the energy basis. In the latter case, we
find the following set of second laws:
In the presence of a heat bath of single fixed temperature, the

free energies Fαðρ; ρβÞ do not increase for α≥ 0 That is, ∀α≥ 0,
Fαðρ; ρβÞ≥Fαðρ′; ρβÞ, where ρ and ρ′ are the initial and final
state, respectively. Moreover, if Fαðρ; ρβÞ≥Fαðρ′; ρβÞ holds ∀α≥ 0,

then there exists a catalytic thermal operation that transforms
ρ to ρ′.
We say that the Fαðρ; ρβÞ are monotones––the system always

gets closer to the thermal state, thus the function always de-
creases. By including an auxiliary system as described in ref. 2,
the above statement of the second law is equivalent to the case
where one changes the Hamiltonian of the system, in which case
one could write Fαðρ; ρβÞ≥Fαðρ′; ρβ′Þ, where the initial Hamilto-
nian HS has been changed via external control to the final
Hamiltonian HS′ , with ρβ and ρβ′ being the respective thermal
states. This is described in SI Appendix, section I. Note that in
fact Fαðρ; ρβÞ is a monotone for all α∈ ð−∞;∞Þ but because we
are allowed to borrow a pure state and return it in a state arbi-
trarily close to its initial state, only α≥ 0 is relevant, as can be seen
by noting that if any of the probabilities pi in Eq. 3 are zero, then
for α< 0, Fαðρ; ρβÞ diverges and will thus always be monotonic.
This set of limitations is less stringent than thermo-majoriza-

tion. Not only do these second laws provide limitations, but they
are also sufficient––whenever the free energies of some state ρ
are all greater than for another state ρ′, one can transform ρ into
ρ′. We prove this in SI Appendix. Note that the monotonicity of
[2] establishes a continuous family of conditions, one for each
value of α. However, in the case of larger systems, one can per-
form a quick check, namely: we find that for any distribution p we
can construct smoothed distributions that are very close to p, and
in terms of these smoothed distributions, check two conditions in
terms of the two free energies for α= 0;∞ found in ref. 2. If such
conditions are satisfied on the smoothed distribution, it implies
that the infinite set of conditions is satisfied as well.
For α→ 1, Fαðρ; ρβÞ is equal to the ordinary Helmholtz free en-

ergy FðρÞ, hence our conditions include the ordinary second law
(combined with energy conservation), and we thus see that it is
merely one of many constraints on thermodynamical state transitions.
In the macroscopic regime, and for systems which are not

highly correlated, then Fαðρ; ρβÞ≈F1ðρ; ρβÞ for all α (2, 8), which
explains why the single constraint given by the usual second law
is more or less adequate in this limit. It was previously found that
the quantity FminðρÞ, defined in ref. 2, gives the maximal amount
of work extractable from a system in contact with a reservoir
under all thermal operations (2) (by transforming it to a thermal
state in equilibrium with the bath). This is also the relevant
quantity in a model of alternating adiabatic and isothermal
operations (9). We see this in our newly derived second laws as

Fig. 1. In the microregime, when can a state ρS with Hamiltonian HS be transformed to a state ρS′ and Hamiltonian HS′? To do so, one can couple the system to a
heat bath ρβ = e−βHR=Z with Hamiltonian HR and use any devices as long as they are returned back in their original state (thus wemay think of them as a catalyst––σ)
and we are allowed to perform any action as long as we preserve the overall energy (see below for a more detailed description of these operations, which we call
catalytic thermal operations). Loosely speaking, our second law says that ρS can transit to ρS′ if and only if ρS′ is closer to the thermal state ρβ of the system at inverse
temperature β with respect to all Rényi divergences. In the thermodynamic limit, all these quantities converge so that we recover the usual second law.
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⌧R = exp(�kBTHR)/Z
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[USRC , HS +HR +HC ] = 0
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When	is	a	transiRon
possible?⇢S ! ⇢0S
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(Blockdiagonal	states!)

Own	work:	allow	correla=ons	between	catalyst	and	system.
[1]	MM,	Phys.	Rev.	X	8,	041051	(2018).
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Theorem	[1]:	Possible	if	and	only	if																																				
One-shot	interpretaRon	of	the	free	energy	F.

F (⇢S) � F (⇢0S).
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?

What if we have catalysts? Recall this earlier slide…

3. Coherence and clocks



Maps	above	(“thermal	operaRons”)	are	=me-transla=on-covariant:
T (⇢S ⌦ �C) = ⇢0S�C ,

<latexit sha1_base64="ZQVhS6Cvcc+LozjofDnyPJE8WTI=">AAACHHicbZDLSsNAFIYn9VbrLerSTbCIFaQkraAbodiNy4q9QRPCZDpth05mwsxEKKEP4sZXceNCETcuBN/GSZuFtv4w8POdczhz/iCiRCrb/jZyK6tr6xv5zcLW9s7unrl/0JY8Fgi3EKdcdAMoMSUMtxRRFHcjgWEYUNwJxvW03nnAQhLOmmoSYS+EQ0YGBEGlkW9W3RCqEYI0aU5Lrhhx/97lioRYupIMQ+jXz65TfKp5Bs59s2iX7ZmsZeNkpggyNXzz0+1zFIeYKUShlD3HjpSXQKEIonhacGOJI4jGcIh72jKo13vJ7LipdaJJ3xpwoR9T1oz+nkhgKOUkDHRneopcrKXwv1ovVoMrLyEsihVmaL5oEFNLcStNyuoTgZGiE20gEkT/1UIjKCBSOs+CDsFZPHnZtCtlp1qu3F0UazdZHHlwBI5BCTjgEtTALWiAFkDgETyDV/BmPBkvxrvxMW/NGdnMIfgj4+sH0oOhyQ==</latexit>

T � U(t) = U(t) � T .
<latexit sha1_base64="YymXDq9v2n6mNcAoSLackn2c0kE=">AAACKXicbVDLSsNAFJ34rPUVdelmsAh1E5Iq6EYounFZoWkLTSiT6aQdOpmEmYlQQn7Hjb/iRkFRt/6Ik7aIbT0wcOace7n3niBhVCrb/jRWVtfWNzZLW+Xtnd29ffPgsCXjVGDi4pjFohMgSRjlxFVUMdJJBEFRwEg7GN0WfvuBCElj3lTjhPgRGnAaUoyUlnpm3YuQGmLEsmbuYSow/BXcvKrOrue/CyXN3OqZFduyJ4DLxJmRCpih0TNfvX6M04hwhRmSsuvYifIzJBTFjORlL5UkQXiEBqSrKUcRkX42uTSHp1rpwzAW+nEFJ+rfjgxFUo6jQFcWO8pFrxD/87qpCq/8jPIkVYTj6aAwZVDFsIgN9qkgWLGxJggLqneFeIgEwkqHW9YhOIsnL5NWzXLOrdr9RaV+M4ujBI7BCagCB1yCOrgDDeACDB7BM3gD78aT8WJ8GF/T0hVj1nME5mB8/wCRl6do</latexit>

What if we have catalysts? Recall this earlier slide…

3. Coherence and clocks



Maps	above	(“thermal	operaRons”)	are	=me-transla=on-covariant:
T (⇢S ⌦ �C) = ⇢0S�C ,

<latexit sha1_base64="ZQVhS6Cvcc+LozjofDnyPJE8WTI=">AAACHHicbZDLSsNAFIYn9VbrLerSTbCIFaQkraAbodiNy4q9QRPCZDpth05mwsxEKKEP4sZXceNCETcuBN/GSZuFtv4w8POdczhz/iCiRCrb/jZyK6tr6xv5zcLW9s7unrl/0JY8Fgi3EKdcdAMoMSUMtxRRFHcjgWEYUNwJxvW03nnAQhLOmmoSYS+EQ0YGBEGlkW9W3RCqEYI0aU5Lrhhx/97lioRYupIMQ+jXz65TfKp5Bs59s2iX7ZmsZeNkpggyNXzz0+1zFIeYKUShlD3HjpSXQKEIonhacGOJI4jGcIh72jKo13vJ7LipdaJJ3xpwoR9T1oz+nkhgKOUkDHRneopcrKXwv1ovVoMrLyEsihVmaL5oEFNLcStNyuoTgZGiE20gEkT/1UIjKCBSOs+CDsFZPHnZtCtlp1qu3F0UazdZHHlwBI5BCTjgEtTALWiAFkDgETyDV/BmPBkvxrvxMW/NGdnMIfgj4+sH0oOhyQ==</latexit>

T � U(t) = U(t) � T .
<latexit sha1_base64="YymXDq9v2n6mNcAoSLackn2c0kE=">AAACKXicbVDLSsNAFJ34rPUVdelmsAh1E5Iq6EYounFZoWkLTSiT6aQdOpmEmYlQQn7Hjb/iRkFRt/6Ik7aIbT0wcOace7n3niBhVCrb/jRWVtfWNzZLW+Xtnd29ffPgsCXjVGDi4pjFohMgSRjlxFVUMdJJBEFRwEg7GN0WfvuBCElj3lTjhPgRGnAaUoyUlnpm3YuQGmLEsmbuYSow/BXcvKrOrue/CyXN3OqZFduyJ4DLxJmRCpih0TNfvX6M04hwhRmSsuvYifIzJBTFjORlL5UkQXiEBqSrKUcRkX42uTSHp1rpwzAW+nEFJ+rfjgxFUo6jQFcWO8pFrxD/87qpCq/8jPIkVYTj6aAwZVDFsIgN9qkgWLGxJggLqneFeIgEwkqHW9YhOIsnL5NWzXLOrdr9RaV+M4ujBI7BCagCB1yCOrgDDeACDB7BM3gD78aT8WJ8GF/T0hVj1nME5mB8/wCRl6do</latexit>

If	only	free	energy	determines	(im)possibility,	then	the	following	
would	have	to	be	possible	—	“broadcas=ng	of	coherence”:
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�C
<latexit sha1_base64="i5X+2xaPHNfqquJYcpLLSofit+0=">AAAB73icdVDLSgMxFM34rPVVdekmWARXQ6ZW22WxG5cV7APaoWTSTBuaZMYkI5ShP+HGhSJu/R13/o3pdAQVPXDhcM693HtPEHOmDUIfzsrq2vrGZmGruL2zu7dfOjjs6ChRhLZJxCPVC7CmnEnaNsxw2osVxSLgtBtMmwu/e0+VZpG8NbOY+gKPJQsZwcZKvYFmY4GHzWGpjNwLhLxLDyIXZchIvVatQC9XyiBHa1h6H4wikggqDeFY676HYuOnWBlGOJ0XB4mmMSZTPKZ9SyUWVPtpdu8cnlplBMNI2ZIGZur3iRQLrWcisJ0Cm4n+7S3Ev7x+YsK6nzIZJ4ZKslwUJhyaCC6ehyOmKDF8ZgkmitlbIZlghYmxERVtCF+fwv9Jp+J6527lplpuXOVxFMAxOAFnwAM10ADXoAXagAAOHsATeHbunEfnxXldtq44+cwR+AHn7RMTTY//</latexit>

If	only	free	energy	determines	(im)possibility,	then	the	following	
would	have	to	be	possible	—	“weak	broadcas=ng	of	coherence”:

What if we have catalysts? Recall this earlier slide…

3. Coherence and clocks

�0
C

<latexit sha1_base64="UZee1437y1/9h5ULTam4yYt46OQ=">AAAB8HicbVBNSwMxEJ2tX7V+rXr0Eiyip7JbBT0We/FYwX5Iu5Rsmm1Dk+ySZIWy9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf0D9/CopeNUEdokMY9VJ8SaciZp0zDDaSdRFIuQ03Y4rs/89hNVmsXywUwSGgg8lCxiBBsrPfY0Gwp83q/33bJX8eZAq8TPSRlyNPruV28Qk1RQaQjHWnd9LzFBhpVhhNNpqZdqmmAyxkPatVRiQXWQzQ+eojOrDFAUK1vSoLn6eyLDQuuJCG2nwGakl72Z+J/XTU10E2RMJqmhkiwWRSlHJkaz79GAKUoMn1iCiWL2VkRGWGFibEYlG4K//PIqaVUr/mWlen9Vrt3mcRThBE7hAny4hhrcQQOaQEDAM7zCm6OcF+fd+Vi0Fpx85hj+wPn8AUUzkA4=</latexit>

�0
C

<latexit sha1_base64="UZee1437y1/9h5ULTam4yYt46OQ=">AAAB8HicbVBNSwMxEJ2tX7V+rXr0Eiyip7JbBT0We/FYwX5Iu5Rsmm1Dk+ySZIWy9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf0D9/CopeNUEdokMY9VJ8SaciZp0zDDaSdRFIuQ03Y4rs/89hNVmsXywUwSGgg8lCxiBBsrPfY0Gwp83q/33bJX8eZAq8TPSRlyNPruV28Qk1RQaQjHWnd9LzFBhpVhhNNpqZdqmmAyxkPatVRiQXWQzQ+eojOrDFAUK1vSoLn6eyLDQuuJCG2nwGakl72Z+J/XTU10E2RMJqmhkiwWRSlHJkaz79GAKUoMn1iCiWL2VkRGWGFibEYlG4K//PIqaVUr/mWlen9Vrt3mcRThBE7hAny4hhrcQQOaQEDAM7zCm6OcF+fd+Vi0Fpx85hj+wPn8AUUzkA4=</latexit>



Maps	above	(“thermal	operaRons”)	are	=me-transla=on-covariant:
T (⇢S ⌦ �C) = ⇢0S�C ,

<latexit sha1_base64="ZQVhS6Cvcc+LozjofDnyPJE8WTI=">AAACHHicbZDLSsNAFIYn9VbrLerSTbCIFaQkraAbodiNy4q9QRPCZDpth05mwsxEKKEP4sZXceNCETcuBN/GSZuFtv4w8POdczhz/iCiRCrb/jZyK6tr6xv5zcLW9s7unrl/0JY8Fgi3EKdcdAMoMSUMtxRRFHcjgWEYUNwJxvW03nnAQhLOmmoSYS+EQ0YGBEGlkW9W3RCqEYI0aU5Lrhhx/97lioRYupIMQ+jXz65TfKp5Bs59s2iX7ZmsZeNkpggyNXzz0+1zFIeYKUShlD3HjpSXQKEIonhacGOJI4jGcIh72jKo13vJ7LipdaJJ3xpwoR9T1oz+nkhgKOUkDHRneopcrKXwv1ovVoMrLyEsihVmaL5oEFNLcStNyuoTgZGiE20gEkT/1UIjKCBSOs+CDsFZPHnZtCtlp1qu3F0UazdZHHlwBI5BCTjgEtTALWiAFkDgETyDV/BmPBkvxrvxMW/NGdnMIfgj4+sH0oOhyQ==</latexit>

T � U(t) = U(t) � T .
<latexit sha1_base64="YymXDq9v2n6mNcAoSLackn2c0kE=">AAACKXicbVDLSsNAFJ34rPUVdelmsAh1E5Iq6EYounFZoWkLTSiT6aQdOpmEmYlQQn7Hjb/iRkFRt/6Ik7aIbT0wcOace7n3niBhVCrb/jRWVtfWNzZLW+Xtnd29ffPgsCXjVGDi4pjFohMgSRjlxFVUMdJJBEFRwEg7GN0WfvuBCElj3lTjhPgRGnAaUoyUlnpm3YuQGmLEsmbuYSow/BXcvKrOrue/CyXN3OqZFduyJ4DLxJmRCpih0TNfvX6M04hwhRmSsuvYifIzJBTFjORlL5UkQXiEBqSrKUcRkX42uTSHp1rpwzAW+nEFJ+rfjgxFUo6jQFcWO8pFrxD/87qpCq/8jPIkVYTj6aAwZVDFsIgN9qkgWLGxJggLqneFeIgEwkqHW9YhOIsnL5NWzXLOrdr9RaV+M4ujBI7BCagCB1yCOrgDDeACDB7BM3gD78aT8WJ8GF/T0hVj1nME5mB8/wCRl6do</latexit>

S C

coherentincoherent

S C

coherent coherent

covariant

operation

correlation

[⇢S , HS ] = 0
<latexit sha1_base64="n7a34NxBORI6kj/ytrSWRP+bSFg=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4kCFTq+1GKLrpslL7gOk4ZNK0Dc08SDJKGfofblwo4tZ/ceffmE5HUNEDFw7n3Mu993gRZ1Ih9GHklpZXVtfy64WNza3tneLuXkeGsSC0TUIeip6HJeUsoG3FFKe9SFDse5x2vcnV3O/eUSFZGNyoaUQdH48CNmQEKy3d2n0xDt3WScNtORfILZaQeYaQdW5BZKIUKalVK2VoZUoJZG i6xff+ICSxTwNFOJbStlCknAQLxQins0I/ljTCZIJH1NY0wD6VTpJePYNHWhnAYSh0BQqm6veJBPtSTn1Pd/pYjeVvby7+5dmxGtachAVRrGhAFouGMYcqhPMI4IAJShSfaoKJYPpWSMZYYKJ0UAUdwten8H/SKZvWqVm+rpTql1kceXAADsExsEAV1EEDNEEbECDAA3gCz8a98Wi8GK+L1pyRzeyDHzDePgFprpHO</latexit>

[⇢0S , HS ] 6= 0
<latexit sha1_base64="sZtY9AkwPfopwGFLIBuvMF1w0ZA=">AAAB/HicdVDLSgMxFM34rPU12qWbYBFdyJCp1XZZdNNlpfYB7TBk0rQNzWTGJCOUUn/FjQtF3Poh7vwb03YEFT1w4XDOvdx7TxBzpjRCH9bS8srq2npmI7u5tb2za+/tN1WUSEIbJOKRbAdYUc4EbWimOW3HkuIw4LQVjK5mfuuOSsUicaPHMfVCPBCszwjWRvLtXKcrh9GxXz+t+nWvK+gtRL6dR845Qu6FC5GD5piTcqlYgG6q5EGKmm+/d3sRSUIqNOFYqY6LYu1NsNSMcDrNdhNFY0xGeEA7hgocUuVN5sdP4ZFRerAfSVNCw7n6fWKCQ6XGYWA6Q6yH6rc3E//yOonul70JE3GiqSCLRf2EQx3BWRKwxyQlmo8NwUQycyskQywx0SavrAnh61P4P2kWHPfMKVwX85XLNI4MOACH4AS4oAQqoApqoAEIGIMH8ASerXvr0XqxXhetS1Y6kwM/YL19AjsUk9s=</latexit>

�C
<latexit sha1_base64="i5X+2xaPHNfqquJYcpLLSofit+0=">AAAB73icdVDLSgMxFM34rPVVdekmWARXQ6ZW22WxG5cV7APaoWTSTBuaZMYkI5ShP+HGhSJu/R13/o3pdAQVPXDhcM693HtPEHOmDUIfzsrq2vrGZmGruL2zu7dfOjjs6ChRhLZJxCPVC7CmnEnaNsxw2osVxSLgtBtMmwu/e0+VZpG8NbOY+gKPJQsZwcZKvYFmY4GHzWGpjNwLhLxLDyIXZchIvVatQC9XyiBHa1h6H4wikggqDeFY676HYuOnWBlGOJ0XB4mmMSZTPKZ9SyUWVPtpdu8cnlplBMNI2ZIGZur3iRQLrWcisJ0Cm4n+7S3Ev7x+YsK6nzIZJ4ZKslwUJhyaCC6ehyOmKDF8ZgkmitlbIZlghYmxERVtCF+fwv9Jp+J6527lplpuXOVxFMAxOAFnwAM10ADXoAXagAAOHsATeHbunEfnxXldtq44+cwR+AHn7RMTTY//</latexit>

If	only	free	energy	determines	(im)possibility,	then	the	following	
would	have	to	be	possible	—	“weak	broadcas=ng	of	coherence”:

What if we have catalysts? Recall this earlier slide…

3. Coherence and clocks

�0
C

<latexit sha1_base64="UZee1437y1/9h5ULTam4yYt46OQ=">AAAB8HicbVBNSwMxEJ2tX7V+rXr0Eiyip7JbBT0We/FYwX5Iu5Rsmm1Dk+ySZIWy9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf0D9/CopeNUEdokMY9VJ8SaciZp0zDDaSdRFIuQ03Y4rs/89hNVmsXywUwSGgg8lCxiBBsrPfY0Gwp83q/33bJX8eZAq8TPSRlyNPruV28Qk1RQaQjHWnd9LzFBhpVhhNNpqZdqmmAyxkPatVRiQXWQzQ+eojOrDFAUK1vSoLn6eyLDQuuJCG2nwGakl72Z+J/XTU10E2RMJqmhkiwWRSlHJkaz79GAKUoMn1iCiWL2VkRGWGFibEYlG4K//PIqaVUr/mWlen9Vrt3mcRThBE7hAny4hhrcQQOaQEDAM7zCm6OcF+fd+Vi0Fpx85hj+wPn8AUUzkA4=</latexit>

�0
C

<latexit sha1_base64="UZee1437y1/9h5ULTam4yYt46OQ=">AAAB8HicbVBNSwMxEJ2tX7V+rXr0Eiyip7JbBT0We/FYwX5Iu5Rsmm1Dk+ySZIWy9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf0D9/CopeNUEdokMY9VJ8SaciZp0zDDaSdRFIuQ03Y4rs/89hNVmsXywUwSGgg8lCxiBBsrPfY0Gwp83q/33bJX8eZAq8TPSRlyNPruV28Qk1RQaQjHWnd9LzFBhpVhhNNpqZdqmmAyxkPatVRiQXWQzQ+eojOrDFAUK1vSoLn6eyLDQuuJCG2nwGakl72Z+J/XTU10E2RMJqmhkiwWRSlHJkaz79GAKUoMn1iCiWL2VkRGWGFibEYlG4K//PIqaVUr/mWlen9Vrt3mcRThBE7hAny4hhrcQQOaQEDAM7zCm6OcF+fd+Vi0Fpx85hj+wPn8AUUzkA4=</latexit>

State	of	clock	allowed	to	change,	but	must	be	reusable	indefinitely.



S C

coherentincoherent

S C

coherent coherent

covariant

operation

correlation

[⇢S , HS ] = 0
<latexit sha1_base64="n7a34NxBORI6kj/ytrSWRP+bSFg=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4kCFTq+1GKLrpslL7gOk4ZNK0Dc08SDJKGfofblwo4tZ/ceffmE5HUNEDFw7n3Mu993gRZ1Ih9GHklpZXVtfy64WNza3tneLuXkeGsSC0TUIeip6HJeUsoG3FFKe9SFDse5x2vcnV3O/eUSFZGNyoaUQdH48CNmQEKy3d2n0xDt3WScNtORfILZaQeYaQdW5BZKIUKalVK2VoZUoJZG i6xff+ICSxTwNFOJbStlCknAQLxQins0I/ljTCZIJH1NY0wD6VTpJePYNHWhnAYSh0BQqm6veJBPtSTn1Pd/pYjeVvby7+5dmxGtachAVRrGhAFouGMYcqhPMI4IAJShSfaoKJYPpWSMZYYKJ0UAUdwten8H/SKZvWqVm+rpTql1kceXAADsExsEAV1EEDNEEbECDAA3gCz8a98Wi8GK+L1pyRzeyDHzDePgFprpHO</latexit>

[⇢0S , HS ] 6= 0
<latexit sha1_base64="sZtY9AkwPfopwGFLIBuvMF1w0ZA=">AAAB/HicdVDLSgMxFM34rPU12qWbYBFdyJCp1XZZdNNlpfYB7TBk0rQNzWTGJCOUUn/FjQtF3Poh7vwb03YEFT1w4XDOvdx7TxBzpjRCH9bS8srq2npmI7u5tb2za+/tN1WUSEIbJOKRbAdYUc4EbWimOW3HkuIw4LQVjK5mfuuOSsUicaPHMfVCPBCszwjWRvLtXKcrh9GxXz+t+nWvK+gtRL6dR845Qu6FC5GD5piTcqlYgG6q5EGKmm+/d3sRSUIqNOFYqY6LYu1NsNSMcDrNdhNFY0xGeEA7hgocUuVN5sdP4ZFRerAfSVNCw7n6fWKCQ6XGYWA6Q6yH6rc3E//yOonul70JE3GiqSCLRf2EQx3BWRKwxyQlmo8NwUQycyskQywx0SavrAnh61P4P2kWHPfMKVwX85XLNI4MOACH4AS4oAQqoApqoAEIGIMH8ASerXvr0XqxXhetS1Y6kwM/YL19AjsUk9s=</latexit>

�C
<latexit sha1_base64="i5X+2xaPHNfqquJYcpLLSofit+0=">AAAB73icdVDLSgMxFM34rPVVdekmWARXQ6ZW22WxG5cV7APaoWTSTBuaZMYkI5ShP+HGhSJu/R13/o3pdAQVPXDhcM693HtPEHOmDUIfzsrq2vrGZmGruL2zu7dfOjjs6ChRhLZJxCPVC7CmnEnaNsxw2osVxSLgtBtMmwu/e0+VZpG8NbOY+gKPJQsZwcZKvYFmY4GHzWGpjNwLhLxLDyIXZchIvVatQC9XyiBHa1h6H4wikggqDeFY676HYuOnWBlGOJ0XB4mmMSZTPKZ9SyUWVPtpdu8cnlplBMNI2ZIGZur3iRQLrWcisJ0Cm4n+7S3Ev7x+YsK6nzIZJ4ZKslwUJhyaCC6ehyOmKDF8ZgkmitlbIZlghYmxERVtCF+fwv9Jp+J6527lplpuXOVxFMAxOAFnwAM10ADXoAXagAAOHsATeHbunEfnxXldtq44+cwR+AHn7RMTTY//</latexit>

(Weak) broadcasting of coherence?

3. Coherence and clocks

�0
C

<latexit sha1_base64="UZee1437y1/9h5ULTam4yYt46OQ=">AAAB8HicbVBNSwMxEJ2tX7V+rXr0Eiyip7JbBT0We/FYwX5Iu5Rsmm1Dk+ySZIWy9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf0D9/CopeNUEdokMY9VJ8SaciZp0zDDaSdRFIuQ03Y4rs/89hNVmsXywUwSGgg8lCxiBBsrPfY0Gwp83q/33bJX8eZAq8TPSRlyNPruV28Qk1RQaQjHWnd9LzFBhpVhhNNpqZdqmmAyxkPatVRiQXWQzQ+eojOrDFAUK1vSoLn6eyLDQuuJCG2nwGakl72Z+J/XTU10E2RMJqmhkiwWRSlHJkaz79GAKUoMn1iCiWL2VkRGWGFibEYlG4K//PIqaVUr/mWlen9Vrt3mcRThBE7hAny4hhrcQQOaQEDAM7zCm6OcF+fd+Vi0Fpx85hj+wPn8AUUzkA4=</latexit>

State	of	clock	allowed	to	change,	but	must	be	reusable	indefinitely.



S C

coherentincoherent

S C

coherent coherent

covariant

operation

correlation

[⇢S , HS ] = 0
<latexit sha1_base64="n7a34NxBORI6kj/ytrSWRP+bSFg=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4kCFTq+1GKLrpslL7gOk4ZNK0Dc08SDJKGfofblwo4tZ/ceffmE5HUNEDFw7n3Mu993gRZ1Ih9GHklpZXVtfy64WNza3tneLuXkeGsSC0TUIeip6HJeUsoG3FFKe9SFDse5x2vcnV3O/eUSFZGNyoaUQdH48CNmQEKy3d2n0xDt3WScNtORfILZaQeYaQdW5BZKIUKalVK2VoZUoJZG i6xff+ICSxTwNFOJbStlCknAQLxQins0I/ljTCZIJH1NY0wD6VTpJePYNHWhnAYSh0BQqm6veJBPtSTn1Pd/pYjeVvby7+5dmxGtachAVRrGhAFouGMYcqhPMI4IAJShSfaoKJYPpWSMZYYKJ0UAUdwten8H/SKZvWqVm+rpTql1kceXAADsExsEAV1EEDNEEbECDAA3gCz8a98Wi8GK+L1pyRzeyDHzDePgFprpHO</latexit>

[⇢0S , HS ] 6= 0
<latexit sha1_base64="sZtY9AkwPfopwGFLIBuvMF1w0ZA=">AAAB/HicdVDLSgMxFM34rPU12qWbYBFdyJCp1XZZdNNlpfYB7TBk0rQNzWTGJCOUUn/FjQtF3Poh7vwb03YEFT1w4XDOvdx7TxBzpjRCH9bS8srq2npmI7u5tb2za+/tN1WUSEIbJOKRbAdYUc4EbWimOW3HkuIw4LQVjK5mfuuOSsUicaPHMfVCPBCszwjWRvLtXKcrh9GxXz+t+nWvK+gtRL6dR845Qu6FC5GD5piTcqlYgG6q5EGKmm+/d3sRSUIqNOFYqY6LYu1NsNSMcDrNdhNFY0xGeEA7hgocUuVN5sdP4ZFRerAfSVNCw7n6fWKCQ6XGYWA6Q6yH6rc3E//yOonul70JE3GiqSCLRf2EQx3BWRKwxyQlmo8NwUQycyskQywx0SavrAnh61P4P2kWHPfMKVwX85XLNI4MOACH4AS4oAQqoApqoAEIGIMH8ASerXvr0XqxXhetS1Y6kwM/YL19AjsUk9s=</latexit>

�C
<latexit sha1_base64="i5X+2xaPHNfqquJYcpLLSofit+0=">AAAB73icdVDLSgMxFM34rPVVdekmWARXQ6ZW22WxG5cV7APaoWTSTBuaZMYkI5ShP+HGhSJu/R13/o3pdAQVPXDhcM693HtPEHOmDUIfzsrq2vrGZmGruL2zu7dfOjjs6ChRhLZJxCPVC7CmnEnaNsxw2osVxSLgtBtMmwu/e0+VZpG8NbOY+gKPJQsZwcZKvYFmY4GHzWGpjNwLhLxLDyIXZchIvVatQC9XyiBHa1h6H4wikggqDeFY676HYuOnWBlGOJ0XB4mmMSZTPKZ9SyUWVPtpdu8cnlplBMNI2ZIGZur3iRQLrWcisJ0Cm4n+7S3Ev7x+YsK6nzIZJ4ZKslwUJhyaCC6ehyOmKDF8ZgkmitlbIZlghYmxERVtCF+fwv9Jp+J6527lplpuXOVxFMAxOAFnwAM10ADXoAXagAAOHsATeHbunEfnxXldtq44+cwR+AHn7RMTTY//</latexit>

3. Coherence and clocks

�0
C

<latexit sha1_base64="UZee1437y1/9h5ULTam4yYt46OQ=">AAAB8HicbVBNSwMxEJ2tX7V+rXr0Eiyip7JbBT0We/FYwX5Iu5Rsmm1Dk+ySZIWy9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf0D9/CopeNUEdokMY9VJ8SaciZp0zDDaSdRFIuQ03Y4rs/89hNVmsXywUwSGgg8lCxiBBsrPfY0Gwp83q/33bJX8eZAq8TPSRlyNPruV28Qk1RQaQjHWnd9LzFBhpVhhNNpqZdqmmAyxkPatVRiQXWQzQ+eojOrDFAUK1vSoLn6eyLDQuuJCG2nwGakl72Z+J/XTU10E2RMJqmhkiwWRSlHJkaz79GAKUoMn1iCiWL2VkRGWGFibEYlG4K//PIqaVUr/mWlen9Vrt3mcRThBE7hAny4hhrcQQOaQEDAM7zCm6OcF+fd+Vi0Fpx85hj+wPn8AUUzkA4=</latexit>

State	of	clock	allowed	to	change,	but	must	be	reusable	indefinitely.
[2]	J.	Åberg,	Cataly6c	Coherence,	Phys.	Rev.	LeO.	113,	150402	(2014)

Thm.	[Åberg]:	Coherence	broadcasRng	is	possible	for dimC = 1.
<latexit sha1_base64="IjeCRIrwbis3m7s/ALdF31lxfp4=">AAAB9XicbVBNS8NAEN34WetX1aOXxSJ4CkkV9CIUe/FYwX5AE8tms2mXbjZhd6KE0v/hxYMiXv0v3vw3btsctPXBwOO9GWbmBangGhzn21pZXVvf2Cxtlbd3dvf2KweHbZ1kirIWTUSiugHRTHDJWsBBsG6qGIkDwTrBqDH1O49MaZ7Ie8hT5sdkIHnEKQEjPXghj3Hj2uMygtzuV6qO7cyAl4lbkCoq0OxXvrwwoVnMJFBBtO65Tgr+mCjgVLBJ2cs0SwkdkQHrGSpJzLQ/nl09wadGCXGUKFMS8Ez9PTEmsdZ5HJjOmMBQL3pT8T+vl0F05Y+5TDNgks4XRZnAkOBpBDjkilEQuSGEKm5uxXRIFKFggiqbENzFl5dJu2a753bt7qJavyniKKFjdILOkIsuUR3doiZqIYoUekav6M16sl6sd+tj3rpiFTNH6A+szx+kipH0</latexit>

(Weak) broadcasting of coherence?
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[⇢S , HS ] = 0
<latexit sha1_base64="n7a34NxBORI6kj/ytrSWRP+bSFg=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4kCFTq+1GKLrpslL7gOk4ZNK0Dc08SDJKGfofblwo4tZ/ceffmE5HUNEDFw7n3Mu993gRZ1Ih9GHklpZXVtfy64WNza3tneLuXkeGsSC0TUIeip6HJeUsoG3FFKe9SFDse5x2vcnV3O/eUSFZGNyoaUQdH48CNmQEKy3d2n0xDt3WScNtORfILZaQeYaQdW5BZKIUKalVK2VoZUoJZG i6xff+ICSxTwNFOJbStlCknAQLxQins0I/ljTCZIJH1NY0wD6VTpJePYNHWhnAYSh0BQqm6veJBPtSTn1Pd/pYjeVvby7+5dmxGtachAVRrGhAFouGMYcqhPMI4IAJShSfaoKJYPpWSMZYYKJ0UAUdwten8H/SKZvWqVm+rpTql1kceXAADsExsEAV1EEDNEEbECDAA3gCz8a98Wi8GK+L1pyRzeyDHzDePgFprpHO</latexit>

[⇢0S , HS ] 6= 0
<latexit sha1_base64="sZtY9AkwPfopwGFLIBuvMF1w0ZA=">AAAB/HicdVDLSgMxFM34rPU12qWbYBFdyJCp1XZZdNNlpfYB7TBk0rQNzWTGJCOUUn/FjQtF3Poh7vwb03YEFT1w4XDOvdx7TxBzpjRCH9bS8srq2npmI7u5tb2za+/tN1WUSEIbJOKRbAdYUc4EbWimOW3HkuIw4LQVjK5mfuuOSsUicaPHMfVCPBCszwjWRvLtXKcrh9GxXz+t+nWvK+gtRL6dR845Qu6FC5GD5piTcqlYgG6q5EGKmm+/d3sRSUIqNOFYqY6LYu1NsNSMcDrNdhNFY0xGeEA7hgocUuVN5sdP4ZFRerAfSVNCw7n6fWKCQ6XGYWA6Q6yH6rc3E//yOonul70JE3GiqSCLRf2EQx3BWRKwxyQlmo8NwUQycyskQywx0SavrAnh61P4P2kWHPfMKVwX85XLNI4MOACH4AS4oAQqoApqoAEIGIMH8ASerXvr0XqxXhetS1Y6kwM/YL19AjsUk9s=</latexit>

�C
<latexit sha1_base64="i5X+2xaPHNfqquJYcpLLSofit+0=">AAAB73icdVDLSgMxFM34rPVVdekmWARXQ6ZW22WxG5cV7APaoWTSTBuaZMYkI5ShP+HGhSJu/R13/o3pdAQVPXDhcM693HtPEHOmDUIfzsrq2vrGZmGruL2zu7dfOjjs6ChRhLZJxCPVC7CmnEnaNsxw2osVxSLgtBtMmwu/e0+VZpG8NbOY+gKPJQsZwcZKvYFmY4GHzWGpjNwLhLxLDyIXZchIvVatQC9XyiBHa1h6H4wikggqDeFY676HYuOnWBlGOJ0XB4mmMSZTPKZ9SyUWVPtpdu8cnlplBMNI2ZIGZur3iRQLrWcisJ0Cm4n+7S3Ev7x+YsK6nzIZJ4ZKslwUJhyaCC6ehyOmKDF8ZgkmitlbIZlghYmxERVtCF+fwv9Jp+J6527lplpuXOVxFMAxOAFnwAM10ADXoAXagAAOHsATeHbunEfnxXldtq44+cwR+AHn7RMTTY//</latexit>

3. Coherence and clocks

�0
C

<latexit sha1_base64="UZee1437y1/9h5ULTam4yYt46OQ=">AAAB8HicbVBNSwMxEJ2tX7V+rXr0Eiyip7JbBT0We/FYwX5Iu5Rsmm1Dk+ySZIWy9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf0D9/CopeNUEdokMY9VJ8SaciZp0zDDaSdRFIuQ03Y4rs/89hNVmsXywUwSGgg8lCxiBBsrPfY0Gwp83q/33bJX8eZAq8TPSRlyNPruV28Qk1RQaQjHWnd9LzFBhpVhhNNpqZdqmmAyxkPatVRiQXWQzQ+eojOrDFAUK1vSoLn6eyLDQuuJCG2nwGakl72Z+J/XTU10E2RMJqmhkiwWRSlHJkaz79GAKUoMn1iCiWL2VkRGWGFibEYlG4K//PIqaVUr/mWlen9Vrt3mcRThBE7hAny4hhrcQQOaQEDAM7zCm6OcF+fd+Vi0Fpx85hj+wPn8AUUzkA4=</latexit>

State	of	clock	allowed	to	change,	but	must	be	reusable	indefinitely.
[2]	J.	Åberg,	Cataly6c	Coherence,	Phys.	Rev.	LeO.	113,	150402	(2014)

Great	discovery,	but	
quantum	state	on	C	
has	to	“spread	out”	
indefinitely…

(Weak) broadcasting of coherence?

Thm.	[Åberg]:	Coherence	broadcasRng	is	possible	for dimC = 1.
<latexit sha1_base64="IjeCRIrwbis3m7s/ALdF31lxfp4=">AAAB9XicbVBNS8NAEN34WetX1aOXxSJ4CkkV9CIUe/FYwX5AE8tms2mXbjZhd6KE0v/hxYMiXv0v3vw3btsctPXBwOO9GWbmBangGhzn21pZXVvf2Cxtlbd3dvf2KweHbZ1kirIWTUSiugHRTHDJWsBBsG6qGIkDwTrBqDH1O49MaZ7Ie8hT5sdkIHnEKQEjPXghj3Hj2uMygtzuV6qO7cyAl4lbkCoq0OxXvrwwoVnMJFBBtO65Tgr+mCjgVLBJ2cs0SwkdkQHrGSpJzLQ/nl09wadGCXGUKFMS8Ez9PTEmsdZ5HJjOmMBQL3pT8T+vl0F05Y+5TDNgks4XRZnAkOBpBDjkilEQuSGEKm5uxXRIFKFggiqbENzFl5dJu2a753bt7qJavyniKKFjdILOkIsuUR3doiZqIYoUekav6M16sl6sd+tj3rpiFTNH6A+szx+kipH0</latexit>



Thm.	[Åberg]:	Coherence	broadcasRng	is	possible	for dimC = 1.
<latexit sha1_base64="IjeCRIrwbis3m7s/ALdF31lxfp4=">AAAB9XicbVBNS8NAEN34WetX1aOXxSJ4CkkV9CIUe/FYwX5AE8tms2mXbjZhd6KE0v/hxYMiXv0v3vw3btsctPXBwOO9GWbmBangGhzn21pZXVvf2Cxtlbd3dvf2KweHbZ1kirIWTUSiugHRTHDJWsBBsG6qGIkDwTrBqDH1O49MaZ7Ie8hT5sdkIHnEKQEjPXghj3Hj2uMygtzuV6qO7cyAl4lbkCoq0OxXvrwwoVnMJFBBtO65Tgr+mCjgVLBJ2cs0SwkdkQHrGSpJzLQ/nl09wadGCXGUKFMS8Ez9PTEmsdZ5HJjOmMBQL3pT8T+vl0F05Y+5TDNgks4XRZnAkOBpBDjkilEQuSGEKm5uxXRIFKFggiqbENzFl5dJu2a753bt7qJavyniKKFjdILOkIsuUR3doiZqIYoUekav6M16sl6sd+tj3rpiFTNH6A+szx+kipH0</latexit>

S C

coherentincoherent

S C

coherent coherent

covariant

operation

correlation

[⇢S , HS ] = 0
<latexit sha1_base64="n7a34NxBORI6kj/ytrSWRP+bSFg=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4kCFTq+1GKLrpslL7gOk4ZNK0Dc08SDJKGfofblwo4tZ/ceffmE5HUNEDFw7n3Mu993gRZ1Ih9GHklpZXVtfy64WNza3tneLuXkeGsSC0TUIeip6HJeUsoG3FFKe9SFDse5x2vcnV3O/eUSFZGNyoaUQdH48CNmQEKy3d2n0xDt3WScNtORfILZaQeYaQdW5BZKIUKalVK2VoZUoJZG i6xff+ICSxTwNFOJbStlCknAQLxQins0I/ljTCZIJH1NY0wD6VTpJePYNHWhnAYSh0BQqm6veJBPtSTn1Pd/pYjeVvby7+5dmxGtachAVRrGhAFouGMYcqhPMI4IAJShSfaoKJYPpWSMZYYKJ0UAUdwten8H/SKZvWqVm+rpTql1kceXAADsExsEAV1EEDNEEbECDAA3gCz8a98Wi8GK+L1pyRzeyDHzDePgFprpHO</latexit>

[⇢0S , HS ] 6= 0
<latexit sha1_base64="sZtY9AkwPfopwGFLIBuvMF1w0ZA=">AAAB/HicdVDLSgMxFM34rPU12qWbYBFdyJCp1XZZdNNlpfYB7TBk0rQNzWTGJCOUUn/FjQtF3Poh7vwb03YEFT1w4XDOvdx7TxBzpjRCH9bS8srq2npmI7u5tb2za+/tN1WUSEIbJOKRbAdYUc4EbWimOW3HkuIw4LQVjK5mfuuOSsUicaPHMfVCPBCszwjWRvLtXKcrh9GxXz+t+nWvK+gtRL6dR845Qu6FC5GD5piTcqlYgG6q5EGKmm+/d3sRSUIqNOFYqY6LYu1NsNSMcDrNdhNFY0xGeEA7hgocUuVN5sdP4ZFRerAfSVNCw7n6fWKCQ6XGYWA6Q6yH6rc3E//yOonul70JE3GiqSCLRf2EQx3BWRKwxyQlmo8NwUQycyskQywx0SavrAnh61P4P2kWHPfMKVwX85XLNI4MOACH4AS4oAQqoApqoAEIGIMH8ASerXvr0XqxXhetS1Y6kwM/YL19AjsUk9s=</latexit>

�C
<latexit sha1_base64="i5X+2xaPHNfqquJYcpLLSofit+0=">AAAB73icdVDLSgMxFM34rPVVdekmWARXQ6ZW22WxG5cV7APaoWTSTBuaZMYkI5ShP+HGhSJu/R13/o3pdAQVPXDhcM693HtPEHOmDUIfzsrq2vrGZmGruL2zu7dfOjjs6ChRhLZJxCPVC7CmnEnaNsxw2osVxSLgtBtMmwu/e0+VZpG8NbOY+gKPJQsZwcZKvYFmY4GHzWGpjNwLhLxLDyIXZchIvVatQC9XyiBHa1h6H4wikggqDeFY676HYuOnWBlGOJ0XB4mmMSZTPKZ9SyUWVPtpdu8cnlplBMNI2ZIGZur3iRQLrWcisJ0Cm4n+7S3Ev7x+YsK6nzIZJ4ZKslwUJhyaCC6ehyOmKDF8ZgkmitlbIZlghYmxERVtCF+fwv9Jp+J6527lplpuXOVxFMAxOAFnwAM10ADXoAXagAAOHsATeHbunEfnxXldtq44+cwR+AHn7RMTTY//</latexit>

3. Coherence and clocks

�0
C

<latexit sha1_base64="UZee1437y1/9h5ULTam4yYt46OQ=">AAAB8HicbVBNSwMxEJ2tX7V+rXr0Eiyip7JbBT0We/FYwX5Iu5Rsmm1Dk+ySZIWy9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf0D9/CopeNUEdokMY9VJ8SaciZp0zDDaSdRFIuQ03Y4rs/89hNVmsXywUwSGgg8lCxiBBsrPfY0Gwp83q/33bJX8eZAq8TPSRlyNPruV28Qk1RQaQjHWnd9LzFBhpVhhNNpqZdqmmAyxkPatVRiQXWQzQ+eojOrDFAUK1vSoLn6eyLDQuuJCG2nwGakl72Z+J/XTU10E2RMJqmhkiwWRSlHJkaz79GAKUoMn1iCiWL2VkRGWGFibEYlG4K//PIqaVUr/mWlen9Vrt3mcRThBE7hAny4hhrcQQOaQEDAM7zCm6OcF+fd+Vi0Fpx85hj+wPn8AUUzkA4=</latexit>

State	of	clock	allowed	to	change,	but	must	be	reusable	indefinitely.
[2]	J.	Åberg,	Cataly6c	Coherence,	Phys.	Rev.	LeO.	113,	150402	(2014)

dimC = 1.
<latexit sha1_base64="IjeCRIrwbis3m7s/ALdF31lxfp4=">AAAB9XicbVBNS8NAEN34WetX1aOXxSJ4CkkV9CIUe/FYwX5AE8tms2mXbjZhd6KE0v/hxYMiXv0v3vw3btsctPXBwOO9GWbmBangGhzn21pZXVvf2Cxtlbd3dvf2KweHbZ1kirIWTUSiugHRTHDJWsBBsG6qGIkDwTrBqDH1O49MaZ7Ie8hT5sdkIHnEKQEjPXghj3Hj2uMygtzuV6qO7cyAl4lbkCoq0OxXvrwwoVnMJFBBtO65Tgr+mCjgVLBJ2cs0SwkdkQHrGSpJzLQ/nl09wadGCXGUKFMS8Ez9PTEmsdZ5HJjOmMBQL3pT8T+vl0F05Y+5TDNgks4XRZnAkOBpBDjkilEQuSGEKm5uxXRIFKFggiqbENzFl5dJu2a753bt7qJavyniKKFjdILOkIsuUR3doiZqIYoUekav6M16sl6sd+tj3rpiFTNH6A+szx+kipH0</latexit>

Great	discovery,	but	
quantum	state	on	C	
has	to	“spread	out”	
indefinitely…

(Weak) broadcasting of coherence?
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[⇢S , HS ] = 0
<latexit sha1_base64="n7a34NxBORI6kj/ytrSWRP+bSFg=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4kCFTq+1GKLrpslL7gOk4ZNK0Dc08SDJKGfofblwo4tZ/ceffmE5HUNEDFw7n3Mu993gRZ1Ih9GHklpZXVtfy64WNza3tneLuXkeGsSC0TUIeip6HJeUsoG3FFKe9SFDse5x2vcnV3O/eUSFZGNyoaUQdH48CNmQEKy3d2n0xDt3WScNtORfILZaQeYaQdW5BZKIUKalVK2VoZUoJZG i6xff+ICSxTwNFOJbStlCknAQLxQins0I/ljTCZIJH1NY0wD6VTpJePYNHWhnAYSh0BQqm6veJBPtSTn1Pd/pYjeVvby7+5dmxGtachAVRrGhAFouGMYcqhPMI4IAJShSfaoKJYPpWSMZYYKJ0UAUdwten8H/SKZvWqVm+rpTql1kceXAADsExsEAV1EEDNEEbECDAA3gCz8a98Wi8GK+L1pyRzeyDHzDePgFprpHO</latexit>

[⇢0S , HS ] 6= 0
<latexit sha1_base64="sZtY9AkwPfopwGFLIBuvMF1w0ZA=">AAAB/HicdVDLSgMxFM34rPU12qWbYBFdyJCp1XZZdNNlpfYB7TBk0rQNzWTGJCOUUn/FjQtF3Poh7vwb03YEFT1w4XDOvdx7TxBzpjRCH9bS8srq2npmI7u5tb2za+/tN1WUSEIbJOKRbAdYUc4EbWimOW3HkuIw4LQVjK5mfuuOSsUicaPHMfVCPBCszwjWRvLtXKcrh9GxXz+t+nWvK+gtRL6dR845Qu6FC5GD5piTcqlYgG6q5EGKmm+/d3sRSUIqNOFYqY6LYu1NsNSMcDrNdhNFY0xGeEA7hgocUuVN5sdP4ZFRerAfSVNCw7n6fWKCQ6XGYWA6Q6yH6rc3E//yOonul70JE3GiqSCLRf2EQx3BWRKwxyQlmo8NwUQycyskQywx0SavrAnh61P4P2kWHPfMKVwX85XLNI4MOACH4AS4oAQqoApqoAEIGIMH8ASerXvr0XqxXhetS1Y6kwM/YL19AjsUk9s=</latexit>

�C
<latexit sha1_base64="i5X+2xaPHNfqquJYcpLLSofit+0=">AAAB73icdVDLSgMxFM34rPVVdekmWARXQ6ZW22WxG5cV7APaoWTSTBuaZMYkI5ShP+HGhSJu/R13/o3pdAQVPXDhcM693HtPEHOmDUIfzsrq2vrGZmGruL2zu7dfOjjs6ChRhLZJxCPVC7CmnEnaNsxw2osVxSLgtBtMmwu/e0+VZpG8NbOY+gKPJQsZwcZKvYFmY4GHzWGpjNwLhLxLDyIXZchIvVatQC9XyiBHa1h6H4wikggqDeFY676HYuOnWBlGOJ0XB4mmMSZTPKZ9SyUWVPtpdu8cnlplBMNI2ZIGZur3iRQLrWcisJ0Cm4n+7S3Ev7x+YsK6nzIZJ4ZKslwUJhyaCC6ehyOmKDF8ZgkmitlbIZlghYmxERVtCF+fwv9Jp+J6527lplpuXOVxFMAxOAFnwAM10ADXoAXagAAOHsATeHbunEfnxXldtq44+cwR+AHn7RMTTY//</latexit>

3. Coherence and clocks

�0
C

<latexit sha1_base64="UZee1437y1/9h5ULTam4yYt46OQ=">AAAB8HicbVBNSwMxEJ2tX7V+rXr0Eiyip7JbBT0We/FYwX5Iu5Rsmm1Dk+ySZIWy9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf0D9/CopeNUEdokMY9VJ8SaciZp0zDDaSdRFIuQ03Y4rs/89hNVmsXywUwSGgg8lCxiBBsrPfY0Gwp83q/33bJX8eZAq8TPSRlyNPruV28Qk1RQaQjHWnd9LzFBhpVhhNNpqZdqmmAyxkPatVRiQXWQzQ+eojOrDFAUK1vSoLn6eyLDQuuJCG2nwGakl72Z+J/XTU10E2RMJqmhkiwWRSlHJkaz79GAKUoMn1iCiWL2VkRGWGFibEYlG4K//PIqaVUr/mWlen9Vrt3mcRThBE7hAny4hhrcQQOaQEDAM7zCm6OcF+fd+Vi0Fpx85hj+wPn8AUUzkA4=</latexit>

State	of	clock	allowed	to	change,	but	must	be	reusable	indefinitely.

(Weak) broadcasting of coherence?
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[⇢S , HS ] = 0
<latexit sha1_base64="n7a34NxBORI6kj/ytrSWRP+bSFg=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4kCFTq+1GKLrpslL7gOk4ZNK0Dc08SDJKGfofblwo4tZ/ceffmE5HUNEDFw7n3Mu993gRZ1Ih9GHklpZXVtfy64WNza3tneLuXkeGsSC0TUIeip6HJeUsoG3FFKe9SFDse5x2vcnV3O/eUSFZGNyoaUQdH48CNmQEKy3d2n0xDt3WScNtORfILZaQeYaQdW5BZKIUKalVK2VoZUoJZG i6xff+ICSxTwNFOJbStlCknAQLxQins0I/ljTCZIJH1NY0wD6VTpJePYNHWhnAYSh0BQqm6veJBPtSTn1Pd/pYjeVvby7+5dmxGtachAVRrGhAFouGMYcqhPMI4IAJShSfaoKJYPpWSMZYYKJ0UAUdwten8H/SKZvWqVm+rpTql1kceXAADsExsEAV1EEDNEEbECDAA3gCz8a98Wi8GK+L1pyRzeyDHzDePgFprpHO</latexit>

[⇢0S , HS ] 6= 0
<latexit sha1_base64="sZtY9AkwPfopwGFLIBuvMF1w0ZA=">AAAB/HicdVDLSgMxFM34rPU12qWbYBFdyJCp1XZZdNNlpfYB7TBk0rQNzWTGJCOUUn/FjQtF3Poh7vwb03YEFT1w4XDOvdx7TxBzpjRCH9bS8srq2npmI7u5tb2za+/tN1WUSEIbJOKRbAdYUc4EbWimOW3HkuIw4LQVjK5mfuuOSsUicaPHMfVCPBCszwjWRvLtXKcrh9GxXz+t+nWvK+gtRL6dR845Qu6FC5GD5piTcqlYgG6q5EGKmm+/d3sRSUIqNOFYqY6LYu1NsNSMcDrNdhNFY0xGeEA7hgocUuVN5sdP4ZFRerAfSVNCw7n6fWKCQ6XGYWA6Q6yH6rc3E//yOonul70JE3GiqSCLRf2EQx3BWRKwxyQlmo8NwUQycyskQywx0SavrAnh61P4P2kWHPfMKVwX85XLNI4MOACH4AS4oAQqoApqoAEIGIMH8ASerXvr0XqxXhetS1Y6kwM/YL19AjsUk9s=</latexit>

�C
<latexit sha1_base64="i5X+2xaPHNfqquJYcpLLSofit+0=">AAAB73icdVDLSgMxFM34rPVVdekmWARXQ6ZW22WxG5cV7APaoWTSTBuaZMYkI5ShP+HGhSJu/R13/o3pdAQVPXDhcM693HtPEHOmDUIfzsrq2vrGZmGruL2zu7dfOjjs6ChRhLZJxCPVC7CmnEnaNsxw2osVxSLgtBtMmwu/e0+VZpG8NbOY+gKPJQsZwcZKvYFmY4GHzWGpjNwLhLxLDyIXZchIvVatQC9XyiBHa1h6H4wikggqDeFY676HYuOnWBlGOJ0XB4mmMSZTPKZ9SyUWVPtpdu8cnlplBMNI2ZIGZur3iRQLrWcisJ0Cm4n+7S3Ev7x+YsK6nzIZJ4ZKslwUJhyaCC6ehyOmKDF8ZgkmitlbIZlghYmxERVtCF+fwv9Jp+J6527lplpuXOVxFMAxOAFnwAM10ADXoAXagAAOHsATeHbunEfnxXldtq44+cwR+AHn7RMTTY//</latexit>

3. Coherence and clocks

�0
C

<latexit sha1_base64="UZee1437y1/9h5ULTam4yYt46OQ=">AAAB8HicbVBNSwMxEJ2tX7V+rXr0Eiyip7JbBT0We/FYwX5Iu5Rsmm1Dk+ySZIWy9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf0D9/CopeNUEdokMY9VJ8SaciZp0zDDaSdRFIuQ03Y4rs/89hNVmsXywUwSGgg8lCxiBBsrPfY0Gwp83q/33bJX8eZAq8TPSRlyNPruV28Qk1RQaQjHWnd9LzFBhpVhhNNpqZdqmmAyxkPatVRiQXWQzQ+eojOrDFAUK1vSoLn6eyLDQuuJCG2nwGakl72Z+J/XTU10E2RMJqmhkiwWRSlHJkaz79GAKUoMn1iCiWL2VkRGWGFibEYlG4K//PIqaVUr/mWlen9Vrt3mcRThBE7hAny4hhrcQQOaQEDAM7zCm6OcF+fd+Vi0Fpx85hj+wPn8AUUzkA4=</latexit>

State	of	clock	allowed	to	change,	but	must	be	reusable	indefinitely.
[3]	M.	Lostaglio	and	M.	P.	Müller,	Coherence	and	asymmetry	cannot	be	broadcast,	PRL	(to	appear).

(Weak) broadcasting of coherence?

Theorem	[3].	Suppose	that	C	is	finite-dimensional.	
																									Then	(weak)	broadcasRng	of	coherence	is	impossible.
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[⇢S , HS ] = 0
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State	of	clock	allowed	to	change,	but	must	be	reusable	indefinitely.
[3]	M.	Lostaglio	and	M.	P.	Müller,	Coherence	and	asymmetry	cannot	be	broadcast,	PRL	(to	appear).

(Weak) broadcasting of coherence?

Theorem	[3].	Suppose	that	C	is	finite-dimensional.	
																									Then	(weak)	broadcasRng	of	coherence	is	impossible.

More	generally,	(weak)	broadcasRng	of	G-asymmetry	is	impossible,	
for	every	connected	Lie	group	G.	(Time	translaRons:			G=					)R
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possible, if we can use an additional system σ as a catalyst, i.e., we
may have ρ↛ ρ′ and yet ρ⊗ σ→ ρ′⊗ σ. In the case of thermody-
namics, the catalyst σ may be thought of as a working body or
heat engine which undergoes a cyclic process and is returned
back into its original state. In deciding whether one can trans-
form ρ into ρ′, one therefore needs to ask whether there exists
a working body or other ancillas σ for which ρ⊗ σ→ ρ′⊗ σ (Fig.
1). Thus, thermo-majorization (Fig. 2) should only be applied to
total resources including all possible catalysts and working bodies
and not the system of interest itself. In the case of entanglement
theory, and when the catalyst is returned in exactly the same state,
the criteria for when one pure state may be transformed into
another have been found (6, 7) and they are called trumping
conditions. We will generalize and adapt the trumping conditions
to enable their application to the case of thermodynamics.

Family of Second Laws
Here, we consider all possible cyclic thermodynamical processes,
and show that transition laws are affected by using ancillary
systems which are returned back to their initial state. Rather
than a single free energy that determines which transitions are
possible, we find necessary and sufficient conditions for ther-
modynamic transitions which form not just one but a family of
second laws. We define the free energies

Fα
!
ρ; ρβ

"
dkTDα

!
ρkρβ

"
− kT logZ; [2]

with the Rényi divergences DαðρkρβÞ defined as

Dα
!
ρkρβ

"
=
sgnðαÞ
α− 1

log
X

i

pαi q
1−α
i ; [3]

where pi are the eigenvalues of ρ and qi the eigenvalues of the
thermal state of the system ρβ = e−βHS=Z with Hamiltonian HS,
partition function Z=

P
i;ge

−βEi , and β= 1=T.
We can then state quantum second laws, and ones that hold

for states block diagonal in the energy basis. In the latter case, we
find the following set of second laws:
In the presence of a heat bath of single fixed temperature, the

free energies Fαðρ; ρβÞ do not increase for α≥ 0 That is, ∀α≥ 0,
Fαðρ; ρβÞ≥Fαðρ′; ρβÞ, where ρ and ρ′ are the initial and final
state, respectively. Moreover, if Fαðρ; ρβÞ≥Fαðρ′; ρβÞ holds ∀α≥ 0,

then there exists a catalytic thermal operation that transforms
ρ to ρ′.
We say that the Fαðρ; ρβÞ are monotones––the system always

gets closer to the thermal state, thus the function always de-
creases. By including an auxiliary system as described in ref. 2,
the above statement of the second law is equivalent to the case
where one changes the Hamiltonian of the system, in which case
one could write Fαðρ; ρβÞ≥Fαðρ′; ρβ′Þ, where the initial Hamilto-
nian HS has been changed via external control to the final
Hamiltonian HS′ , with ρβ and ρβ′ being the respective thermal
states. This is described in SI Appendix, section I. Note that in
fact Fαðρ; ρβÞ is a monotone for all α∈ ð−∞;∞Þ but because we
are allowed to borrow a pure state and return it in a state arbi-
trarily close to its initial state, only α≥ 0 is relevant, as can be seen
by noting that if any of the probabilities pi in Eq. 3 are zero, then
for α< 0, Fαðρ; ρβÞ diverges and will thus always be monotonic.
This set of limitations is less stringent than thermo-majoriza-

tion. Not only do these second laws provide limitations, but they
are also sufficient––whenever the free energies of some state ρ
are all greater than for another state ρ′, one can transform ρ into
ρ′. We prove this in SI Appendix. Note that the monotonicity of
[2] establishes a continuous family of conditions, one for each
value of α. However, in the case of larger systems, one can per-
form a quick check, namely: we find that for any distribution p we
can construct smoothed distributions that are very close to p, and
in terms of these smoothed distributions, check two conditions in
terms of the two free energies for α= 0;∞ found in ref. 2. If such
conditions are satisfied on the smoothed distribution, it implies
that the infinite set of conditions is satisfied as well.
For α→ 1, Fαðρ; ρβÞ is equal to the ordinary Helmholtz free en-

ergy FðρÞ, hence our conditions include the ordinary second law
(combined with energy conservation), and we thus see that it is
merely one of many constraints on thermodynamical state transitions.
In the macroscopic regime, and for systems which are not

highly correlated, then Fαðρ; ρβÞ≈F1ðρ; ρβÞ for all α (2, 8), which
explains why the single constraint given by the usual second law
is more or less adequate in this limit. It was previously found that
the quantity FminðρÞ, defined in ref. 2, gives the maximal amount
of work extractable from a system in contact with a reservoir
under all thermal operations (2) (by transforming it to a thermal
state in equilibrium with the bath). This is also the relevant
quantity in a model of alternating adiabatic and isothermal
operations (9). We see this in our newly derived second laws as

Fig. 1. In the microregime, when can a state ρS with Hamiltonian HS be transformed to a state ρS′ and Hamiltonian HS′? To do so, one can couple the system to a
heat bath ρβ = e−βHR=Z with Hamiltonian HR and use any devices as long as they are returned back in their original state (thus wemay think of them as a catalyst––σ)
and we are allowed to perform any action as long as we preserve the overall energy (see below for a more detailed description of these operations, which we call
catalytic thermal operations). Loosely speaking, our second law says that ρS can transit to ρS′ if and only if ρS′ is closer to the thermal state ρβ of the system at inverse
temperature β with respect to all Rényi divergences. In the thermodynamic limit, all these quantities converge so that we recover the usual second law.
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When	is	a	transiRon
possible?⇢S ! ⇢0S
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(Blockdiagonal	states!)

Own	work:	allow	correla=ons	between	catalyst	and	system.
[1]	MM,	Phys.	Rev.	X	8,	041051	(2018).
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Theorem	[1]:	Possible	if	and	only	if																																				
One-shot	interpretaRon	of	the	free	energy	F.

F (⇢S) � F (⇢0S).
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possible, if we can use an additional system σ as a catalyst, i.e., we
may have ρ↛ ρ′ and yet ρ⊗ σ→ ρ′⊗ σ. In the case of thermody-
namics, the catalyst σ may be thought of as a working body or
heat engine which undergoes a cyclic process and is returned
back into its original state. In deciding whether one can trans-
form ρ into ρ′, one therefore needs to ask whether there exists
a working body or other ancillas σ for which ρ⊗ σ→ ρ′⊗ σ (Fig.
1). Thus, thermo-majorization (Fig. 2) should only be applied to
total resources including all possible catalysts and working bodies
and not the system of interest itself. In the case of entanglement
theory, and when the catalyst is returned in exactly the same state,
the criteria for when one pure state may be transformed into
another have been found (6, 7) and they are called trumping
conditions. We will generalize and adapt the trumping conditions
to enable their application to the case of thermodynamics.

Family of Second Laws
Here, we consider all possible cyclic thermodynamical processes,
and show that transition laws are affected by using ancillary
systems which are returned back to their initial state. Rather
than a single free energy that determines which transitions are
possible, we find necessary and sufficient conditions for ther-
modynamic transitions which form not just one but a family of
second laws. We define the free energies

Fα
!
ρ; ρβ

"
dkTDα

!
ρkρβ

"
− kT logZ; [2]

with the Rényi divergences DαðρkρβÞ defined as

Dα
!
ρkρβ

"
=
sgnðαÞ
α− 1

log
X

i

pαi q
1−α
i ; [3]

where pi are the eigenvalues of ρ and qi the eigenvalues of the
thermal state of the system ρβ = e−βHS=Z with Hamiltonian HS,
partition function Z=

P
i;ge

−βEi , and β= 1=T.
We can then state quantum second laws, and ones that hold

for states block diagonal in the energy basis. In the latter case, we
find the following set of second laws:
In the presence of a heat bath of single fixed temperature, the

free energies Fαðρ; ρβÞ do not increase for α≥ 0 That is, ∀α≥ 0,
Fαðρ; ρβÞ≥Fαðρ′; ρβÞ, where ρ and ρ′ are the initial and final
state, respectively. Moreover, if Fαðρ; ρβÞ≥Fαðρ′; ρβÞ holds ∀α≥ 0,

then there exists a catalytic thermal operation that transforms
ρ to ρ′.
We say that the Fαðρ; ρβÞ are monotones––the system always

gets closer to the thermal state, thus the function always de-
creases. By including an auxiliary system as described in ref. 2,
the above statement of the second law is equivalent to the case
where one changes the Hamiltonian of the system, in which case
one could write Fαðρ; ρβÞ≥Fαðρ′; ρβ′Þ, where the initial Hamilto-
nian HS has been changed via external control to the final
Hamiltonian HS′ , with ρβ and ρβ′ being the respective thermal
states. This is described in SI Appendix, section I. Note that in
fact Fαðρ; ρβÞ is a monotone for all α∈ ð−∞;∞Þ but because we
are allowed to borrow a pure state and return it in a state arbi-
trarily close to its initial state, only α≥ 0 is relevant, as can be seen
by noting that if any of the probabilities pi in Eq. 3 are zero, then
for α< 0, Fαðρ; ρβÞ diverges and will thus always be monotonic.
This set of limitations is less stringent than thermo-majoriza-

tion. Not only do these second laws provide limitations, but they
are also sufficient––whenever the free energies of some state ρ
are all greater than for another state ρ′, one can transform ρ into
ρ′. We prove this in SI Appendix. Note that the monotonicity of
[2] establishes a continuous family of conditions, one for each
value of α. However, in the case of larger systems, one can per-
form a quick check, namely: we find that for any distribution p we
can construct smoothed distributions that are very close to p, and
in terms of these smoothed distributions, check two conditions in
terms of the two free energies for α= 0;∞ found in ref. 2. If such
conditions are satisfied on the smoothed distribution, it implies
that the infinite set of conditions is satisfied as well.
For α→ 1, Fαðρ; ρβÞ is equal to the ordinary Helmholtz free en-

ergy FðρÞ, hence our conditions include the ordinary second law
(combined with energy conservation), and we thus see that it is
merely one of many constraints on thermodynamical state transitions.
In the macroscopic regime, and for systems which are not

highly correlated, then Fαðρ; ρβÞ≈F1ðρ; ρβÞ for all α (2, 8), which
explains why the single constraint given by the usual second law
is more or less adequate in this limit. It was previously found that
the quantity FminðρÞ, defined in ref. 2, gives the maximal amount
of work extractable from a system in contact with a reservoir
under all thermal operations (2) (by transforming it to a thermal
state in equilibrium with the bath). This is also the relevant
quantity in a model of alternating adiabatic and isothermal
operations (9). We see this in our newly derived second laws as

Fig. 1. In the microregime, when can a state ρS with Hamiltonian HS be transformed to a state ρS′ and Hamiltonian HS′? To do so, one can couple the system to a
heat bath ρβ = e−βHR=Z with Hamiltonian HR and use any devices as long as they are returned back in their original state (thus wemay think of them as a catalyst––σ)
and we are allowed to perform any action as long as we preserve the overall energy (see below for a more detailed description of these operations, which we call
catalytic thermal operations). Loosely speaking, our second law says that ρS can transit to ρS′ if and only if ρS′ is closer to the thermal state ρβ of the system at inverse
temperature β with respect to all Rényi divergences. In the thermodynamic limit, all these quantities converge so that we recover the usual second law.

3276 | www.pnas.org/cgi/doi/10.1073/pnas.1411728112 Brandão et al.

⌧R = exp(�kBTHR)/Z
<latexit sha1_base64="xLOz79ErlFsdWwuEbDuwW415Kao=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahLqxJFXQjlLrpspa+sAlhMp20QycPZiZiCQU3/oobF4q49Sfc+TdO2yy09cCFwzn3cu89bsSokIbxrWWWlldW17LruY3Nre0dfXevJcKYY9LEIQt5x0WCMBqQpqSSkU7ECfJdRtru8Gbit+8JFzQMGnIUEdtH/YB6FCOpJEc/sCSKnfq1RR6iwikcOhXYgFWnfnJ25+h5o2hMAReJmZI8SFFz9C+rF+LYJ4HEDAnRNY1I2gnikmJGxjkrFiRCeIj6pKtogHwi7GT6wxgeK6UHvZCrCiScqr8nEuQLMfJd1ekjORDz3kT8z+vG0ruyExpEsSQBni3yYgZlCCeBwB7lBEs2UgRhTtWtEA8QR1iq2HIqBHP+5UXSKhXN82Lp9iJfrqRxZMEhOAIFYIJLUAZVUANNgMEjeAav4E170l60d+1j1prR0pl98Afa5w/RSpWw</latexit>

[USRC , HS +HR +HC ] = 0
<latexit sha1_base64="WsScKkpyujNSaNGaJn0BNTMfaTE=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLICglqYJuhEI3XdbWtIU0hMl00g6dTMLMRCghG3/FjQtF3PoZ7vwbp4+FVg9cOJxzL/feEySMSmVZX0ZhZXVtfaO4Wdra3tndM/cPOjJOBSYOjlksegGShFFOHEUVI71EEBQFjHSDcX3qdx+IkDTm92qSEC9CQ05DipHSkm8euY6ftVv1/KLht88bfktX3bu1fLNsVawZ4F9iL0gZLND0zc/+IMZpRLjCDEnp2laivAwJRTEjeamfSpIgPEZD4mrKUUSkl80eyOGpVgYwjIUuruBM/TmRoUjKSRTozgipkVz2puJ/npuq8MbLKE9SRTieLwpTBlUMp2nAARUEKzbRBGFB9a0Qj5BAWOnMSjoEe/nlv6RTrdiXlerdVblWW8RRBMfgBJwBG1yDGmiAJnAABjl4Ai/g1Xg0no03433eWjAWM4fgF4yPb+uclKs=</latexit>

When	is	a	transiRon
possible?⇢S ! ⇢0S

<latexit sha1_base64="E3H8Vglgei9ZnjgoO3ST9cfkK1Y=">AAAB+XicbZDLSsNAFIYnXmu9RV26CRbRVUmqoMuiG5eV2gs0IUym03boZCbMnBRK6Ju4caGIW9/EnW/jpM1CW38Y+PjPOZwzf5RwpsF1v6219Y3Nre3STnl3b//g0D46bmuZKkJbRHKpuhHWlDNBW8CA026iKI4jTjvR+D6vdyZUaSbFE0wTGsR4KNiAEQzGCm3bVyMZNn2QOVyEzdCuuFV3LmcVvAIqqFAjtL/8viRpTAUQjrXueW4CQYYVMMLprOynmiaYjPGQ9gwKHFMdZPPLZ865cfrOQCrzBDhz9/dEhmOtp3FkOmMMI71cy83/ar0UBrdBxkSSAhVksWiQcgekk8fg9JmiBPjUACaKmVsdMsIKEzBhlU0I3vKXV6Fdq3pX1drjdaV+V8RRQqfoDF0iD92gOnpADdRCBE3QM3pFb1ZmvVjv1seidc0qZk7QH1mfPzn9k2M=</latexit>

(Blockdiagonal	states!)

Own	work:	allow	correla=ons	between	catalyst	and	system.
[1]	MM,	Phys.	Rev.	X	8,	041051	(2018).
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Theorem	[1]:	Possible	if	and	only	if																																				
One-shot	interpretaRon	of	the	free	energy	F.

F (⇢S) � F (⇢0S).
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?

What if we have catalysts? Recall this earlier slide…

3. Coherence and clocks

No-broadcasRng		
the	theorem	is	not	in	general	true	
if	the	final	state	contains	coherence.

)
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4. Conclusions

Conclusions

• Thermodynamics as a resource theory 

• Fundamental irreversibility for work extraction/cost; 
“second laws”. Correlations restore unique 2nd law. 

• Coherence introduces additional constraints; 
related to reference frames for timing info (“clocks”).

• MM, Correlating thermal machines and the second law at the nanoscale, 
Phys. Rev. X 8, 041051 (2018); arXiv:1707.03451.


• M. Lostaglio and MM, Coherence and asymmetry cannot be broadcast,  
Phys. Rev. Lett. 123, 020403 (2019); arXiv:1812.08214.

Thank you!

Own work:


