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Irreversibility



The arrow of time

Entropy: why you can't get the 
toothpaste back in the tube1

1 Whatever works, W. Allen (2009)

Unitary



Second law of thermodynamics

−S(ρt)

t

H theorem:  decreases monotonically−S(ρt)



H theorem

Quantum second laws

Sλ(ρ | |π)

Sλ(ρ | |𝒟(ρ))

decreases

decreases

Gibbs state 
 measure of 
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diagonal state 
 measure of 

coherence

𝒟(ρ) :=

Gibbs stateπ :=

diagonal state𝒟(ρ) :=



Framework

H(t) = HS(t) + gV + HBH(t) =H(t) = gV + HB

ρS = TrU \S [ρ]ρS =

H(t) = HB

w = ΔF + wdiss

βQ = ΔS − Σ Σ = βwdiss
First 
Law



Thermodynamic space

(HS, ρS) Σ
πβ(HS)

ρS ∼ πβ(HS)
Σ ∼ xi (∂i∂jΣ) xj

H(t) = HS(t) + gV + HB



Close to equilibrium



Average dissipation1 

πβ(HS)

·HS

·ρS = ℒt[ρS]

T ≫ τ

⟨wdiss⟩ = −
1
T ∫γ ∫

1

0
dy covy

t (
·Ht, (ℒ+

t )†[ ·Ht])

1 M. Scandi, M. Perarnau-Llobet. arXiv:1810.05583

covy
t (A, B) = Tr[π1−y

t A πy
t B] − Tr[πtA]Tr[πtB]

γ



Thermodynamic metric1 

πβ(HS)

·HS

γ

1 M. Scandi, M. Perarnau-Llobet. arXiv:1810.05583

∫γ ∫
1

0
dy covy

t (
·Ht, (ℒ+

t )†[ ·Ht])
• Symmetric 
•  
• Smooth

≥ 0 Metric 

Geodesics minimise dissipation

• Symmetric• Symmetric 
• ≥ 0



Classical case
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Gaussianity

Fluctuations 
Dissipation 
Relation✦

⟨wdiss⟩ =
β
2

σ2
wdiss
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⟨wdiss⟩ �����
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σwdiss

T ≫ τ

✦ C. Jarzynski, Phys. Rev. Lett. 78, 2690 (1997)



Quantum FDR2

⟨wdiss⟩ =
β
2

σ2
wdiss

⟨wdiss⟩ =
β
2

σ2
wdiss

+ 𝒬

⟨wdiss⟩

β
2

σ2
wdiss

Classical

𝒬

2 M. Scandi, H. J. D. Miller, J. Anders, M. Perarnau-Llobet. arXiv:1905.07328



Cumulant Generating Function3 

K(λ) =K(λ) = log ∫ p(wdiss)e−βλwdiss dwdiss

= ∑
n

λn

n!
κn

=
β2(λ2 − λ)τ

2T ∫γ
Varπt

[ ·Ht] +=
β2(λ2 − λ)τ

2T ∫γ
Varπt

[ ·Ht] +
β2τ
2T ∫γ ∫

λ

0
dx∫

1−x

x
dy Iy(πt,

·Ht)

Classical Quantum contribution

3 M. Scandi, H. J. D. Miller, J. Anders, M. Perarnau-Llobet. arXiv:1911.04306

= (λ − 1)Sλ(πT | |ρT)

T ≫ τ



Qubit: diagonal driving

−Δ

+Δ
+Δ/N

+Δ/N

−Δ/N
−Δ/N

−Δ

+Δ
+Δ/N

+Δ/N

−Δ/N
−Δ/N

N = 5 N = 10 N = 100

H(t) = tσz



Qubit: coherent driving

N = 5 N = 10 N = 100

±Δ ±Δ ±Δ

H(t) = cos(t)σz + sin(t)σx



Simplifications



Time reversal

H1 H2 H3 HN
Σ Σ Σ

H1 H2 H3 HN
Σ Σ Σ

p(wdiss)

prev(wdiss)

p(wdiss) = prev(−wdiss)eβwdissCrooks 
relations 

p(wdiss) = prev(wdiss)

N ≫ 1T ≫ τ

p(wdiss) = p(−wdiss)eβwdiss



Channels of entropy production

Σq Σq Σq
Σc ΣcΣc

H1 H2 H3 HN
Σ Σ Σ

Sλ(ρ | |π)

Sλ(ρ | |𝒟(ρ))

decreases

decreases
Second laws

Sλ(ρ | |𝒟(ρ)) decreases

Sλ(ρ | |π) decreases

ρt ∼ πt



Summary of the results

β
2

⟨σ2⟩ = ⟨Wdiss⟩ + 𝒬

Non gaussianity

Quantum  
signatures

Consequences of  
Slow driving

Decoupling of 
entropy production 

channels

Time reversal  
symmetry



Final remarks

❖  Quantum signatures survive the thermodynamic 
limit (FDR)

❖ Markovian dynamics define a family of metrics

❖ Extendible to strong coupling

Witnessing 
Non Markovianity

?



Thanks for the attention!

Thermodynamic length: arXiv:1810.05583

Work statistics: arXiv:1911.04306

Fluctuation dissipation relations: arXiv:1905.07328


