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emerge in many-body systems?
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When does thermodynamic behavior
emerge in many-body systems?
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When does thermodynamic behavior
emerge in many-body systems?
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When does thermodynamic behavior
emerge in many-body systems?
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Quantum ergodicity

/% d &, » All translation-invariant
PR é % { & /% ¢ observables must have
Y é ® ¢ ; 4 ;‘ sy vanishing fluctuations
R
x £ X
i/x/"‘/!;

Ruelle 1999; BjelakoviC et al. CMP 2004
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Quantum ergodicity

» All translation-invariant
observables must have
vanishing fluctuations

o Is ergodic If for all a,

Var, (- > ien, @i) =0

L ao sShifted
by ¢

Ruelle 1999; BjelakoviC et al. CMP 2004
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Quantum ergodicity

» All translation-invariant
observables must have
vanishing fluctuations

o Is ergodic If for all a,

Var, (- > ien, @i) =0

L ao sShifted
by ¢

» equivalently: o Is ergodic if it Is extremal
IN the set of translation-invariant states

Ruelle 1999; BjelakoviC et al. CMP 2004
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Resource theory of thermal operations

\ Allowed ancillas in
thelr thermal state
Allowed energy-

conserving -
T L_{
unitaries 1

|

W,

?\U Allowed to discard
2lJ  any system

Brandao+ PRL 2013; Horodecki & Oppenheim Nat Com 2013;
Ng+ PNAS 2015; Chitambar & Gour RMP 2019; ...
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Resource theory of thermal operations

\ Allowed anclllas in
thelr thermal state

Account for

work using
Allowed energy- a battery
conserving —_
unitaries 1 L PR |EXFE]
» o/ o |E)E
?\U Allowed to discard “consumes E — E’
2L/ any system work”

Brandao+ PRL 2013; Horodecki & Oppenheim Nat Com 2013;
Ng+ PNAS 2015; Chitambar & Gour RMP 2019; ...
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Work distillation & state formation

for semiclassical states (block-diagonal in energy)

Aberg, N Comm 2013;
Horodecki & Oppenheim,
N Comm 2013
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Work distillation & state formation

for semiclassical states (block-diagonal in energy)

W 1st. €
\d/t’ @’ BWaist. = Siin(2 [ )
= max[— log tr (Hﬁv)]

@ o=
¢ (Y
P (" Wf:j;

Aberg, N Comm 2013;
Horodecki & Oppenheim,
N Comm 2013
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Work distillation & state formation

for semiclassical states (block-diagonal in energy)

{V/, ®7  PWiw =Sl
= max[— log tr (pr)]
p@ o
®
/ BWrsorm. _Srenax( H7)
)@ Wi = inlog [y oy

Aberg, N Comm 2013;
Horodecki & Oppenheim,
N Comm 2013
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Work distillation & state formation

for semiclassical states (block-diagonal in energy)

{V/, " BWuu = Sou(ell)
= max|—log tr (I1”7) ]
p @ pep
/ BWiorm. = maX( HV)
) @ Wf?; = minlog [y/* 5777

Aberg, N Comm 2013;
max Horodecki & Oppenheim,
N Comm 2013

> reversibleif S, =95
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Work distillation & state formation

for semiclassical states (block-diagonal in energy)

W dist. €
\d;y @’ BWaist. = Squin (P || V)
— max[— log tr (Hﬁy)]
D G P~p
/ BWform. — max( H 7)
_ ~1/2 5 =1/2
)@ W;Q = minlog |
- Aberg, N Comm 2013;
> reversible if S, = Sax Horodecki & Oppenheim,
N Comm 2013

» does not apply to fully guantum states
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The thermodynamic potential

class of

states for )
which: Work F(p) /& 4

YA
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class of
states for
which:

The thermodynamic potential

Work F(p) % } ? Work F(p')
iy _ O\
g ¢ & Jy ¢ R
et ="
Work
Yy —F() ¢
R
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The thermodynamic potential

class of
jvtr?fcer? for Work F'(p) ¢ :, i } Work F(p')
)
TR G TR r\\l ¢
‘;‘; Work q;‘; Work q
P gr d% R v F() ¢
AL y

Reversible cost F(p') — F(p)
derives from thermodynamic potential
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The thermodynamic potential

class of
states for
which: Work F'(p) 4 } i } Work F'(p")
yay ) RN
TNA AN g f
n“”“\,\,o{ v.“"va}"q/‘
pgrdr TP v SF() gy f
AL ~_ /&
Reversible cost F(p') — F(p)
derives from thermodynamic potential
» I.1.d. states » other, perhaps more
» statistical ensembles realistic settings?
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Main Result: ergodicity implies reversibility

0, 0’ ergodic
local Hamiltonian

emergent | B
thermodynamic ~ ° (p) = lim,, o0 %S(pn | e=PHn)
potential

“lerms and conditions apply.
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Proof In 2 main steps

o #1: Criterion for reversibility in terms of min-
and max-relative entropies

min \ "~ @ (7
E (o) DU /;*
Smax(p ’7) J P 0 \’:6_15,
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Proof In 2 main steps

o #1: Criterion for reversibility in terms of min-
and max-relative entropies

~ 3719 e
anm ) R< ‘7  tr(e=PH)
e (Pll) S = @

max( /Y) y P 0 \”&5\6_15

o #2: Criterion satisfied for ergodic states &

local Hamiltonians  new Stein’s lemma for ergodic
states & local Gibbs states

n—>00 o 1 —B8H,,
iS&aX(pn H e—BHn) } > s(p) = lim ns(pn e )

[S_ (pll7) =S (plle”) +logtr(e ") ]
Bad Honnef, Feb. 2020 8
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Proof In 2 main steps

~ B8 -
o #1 S°. (p 7)}~S N R~ /» @ ()
Stmax (P | 7)

10‘ Nﬁls

® #2 nSmm(IOn H € ) U "N — o = —BH,
St (n | €7PH) e e o L

Given any two
ergodic states p, p’

[S_ (pllv) =S (plle”) +logtr(e ") ]
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Proof In 2 main steps

~ g8 :

o #1 S°. (p ’y)}NS N \/ @ ()
Srenax( ’7) P ‘ 5 1S

Ik Gie —BH, — |
o #2 nSlllln(IOn H € ) % \ — |3 _BHTL
ise ax(pn HG_BH") ? 5(:0) —hmns(PnH@ )

#2 min and max relative
= entropy collapse to a
single value s(p), s(0’)

Given any two
ergodic states p, p’

[S_ (pll7v)=5_(plle ") +logtr(e ") ]
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Proof In 2 main steps

~ B8 -
o #1 S¢. (pl7) } o R~ /> @ ()
Srenax( ’7) P ‘ ('/ o 5 1S

© and p’ can each be
approx. converted
reversibly to/from y

1 € _BHn 1
® #2 nSmm(IOn H € ) RSN — o = —BH,
1 ge (pn | G—BHn) > s(p) = lim nS(,On | e )

n ~ max

#2 min and max relative
= entropy collapse to a
single value s(p), s(0’)

Given any two
ergodic states p, p’

[S_ (pll7v)=5_(plle ") +logtr(e ") ]
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Proof In 2 main steps

6—15 e—BH
o #1 g R @
6mln( 7) } ~ G = O
Smax( ,7) P 0 1
© can be reversibly — © and p’ can each be
converted to/from p’ in approx. converted
the thermodynamic limit reversibly to/from y

1 € _BHn 1
® #2 nSmm(lOn H € ) RSN — o = —BH,
1 ge (pn | G—BHn) > s(p) = lim nS(,On | e )

n ~ max

#2 min and max relative
= entropy collapse to a
single value s(p), s(0’)

Given any two
ergodic states p, p’

[S_ (pll7v)=5_(plle ") +logtr(e ") ]
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Some technical proof ingredients

e (Coherence modes of quantum states
Korzekwa et al., NJP (2016); Marvian & Spekkens, PRA (2014)

o Small reference frame for creating coherent

superpositions of energy levels
Bartlett et al., RMP (2007); Brandao et al., PRL (2013); ...

e [ypical subspaces for ergodic states & local

Gibbs states
BjelakoviC & Siegmund-Schultze, CMP (2004)
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Thermodynamic behavior w/o equilibrium

e Ergodic states are spatially ergodic (w.r.t.
translation-invariant observables) and can
evolve nontrivially in time
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Thermodynamic behavior w/o equilibrium

e FErgodic states are spatially ergodic (w.r.t.

translation-invariant o
evolve nontrivially in ti

e.g. ) = [+)°"
(

nservables) and can

ME

+) = [I1) + ]/ V2

H=) o,
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Thermodynamic behavior w/o equilibrium

e Ergodic states are spatially ergodic (w.r.t.
translation-invariant observables) and can
evolve nontrivially in time

e.g. [¥) = |+)*" +) = (1) + [)]/V2

< H:ZUZ
.I.d. = ergodic

» |1) has macroscopic changes in (3 o)
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Thermodynamic behavior w/o equilibrium

e Ergodic states are spatially ergodic (w.r.t.
translation-invariant observables) and can
evolve nontrivially in time

e.g. [¥) = |+)*" +) = (1) + [)]/V2

< H:ZUZ
.I.d. = ergodic

» |1) has macroscopic changes in (3 o)

e and yet such states are asymptotically
reversibly convertible with thermal operations
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New Shannon-McMlillan-

Discussion

the relative entropy

New result for therma

to states with coherences

Breiman theorem for

operations that applies

Small reference frame can be a classical field /
laser light

ocal reduced state of Gibbs instead of

'he KL divergence is not a

ootential (but it is for ergoc

truncated Hamiltonian, for high enough T

ways the relevant
iC states)
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Outlook

What is the largest class of states that obey
the reversibility property?

Relation to entropy accumulation?
Dupuis et al., 1607.01796

Can we incorporate small violations of
translation-invariance”? or some disorder?

Any connections to the eigenstate
thermalization hypothesis”? (Hint: exponential
decay of off-diagonal matrix elements)
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Thank you for
your attention!




1 Criterion for approximate reversibility

Srenln( _/BH)
{se (o]l e=2)

Imax

S—A
S+ A

ZANEA\%
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1 Criterion for approximate reversibility

SIEHIH( _/BH)
{se (o]l e=21)

Imax

» Lemma: coherence
Modes In P suppressed as
(E|p| B ~ e=PIE=E'1+0(2)

S—A
S+ A

ZANEA\%
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1 Criterion for approximate reversibility

Srenln( _/BH)
{se (o]l e~

Imax

» Lemma: coherence
Modes In P suppressed as
(E|p| B ~ e=PIE=E'1+0(2)

S—A
S+ A

ZANEA\%

» Small reference frame can D
describe the coherence in p ps <> PHs+Hc (PS Y 770)
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1 Criterion for approximate reversibility

anln( _/BH)
{se (o]l e~

Imax

» Lemma: coherence
Modes In P suppressed as
(E|p| B ~ e=PIE=E'1+0(2)

S—A
S+ A

ZANA\%

» Small reference frame can D
describe the coherence in p ps <» PHs+Hc (PS Y 770)

d b
D i "y
rotocolsfor , @ ¢+ @ & ,@ ¢ ©
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1 Criterion for approximate reversibility

Srenln( _/BH)
{Se (plle= ")

Imax

» Lemma: coherence
Modes In P suppressed as
(E|p| B ~ e=PIE=E'1+0(2)

— A
+ A

ZANA\%

S
S

» Small reference frame can D
describe the coherence in p ps <» PHs+Hc (PS Y 770)

d b
D i "y
rotocolsfor , @ ¢+ @ & ,@ ¢ ©

> energies multiple of O(A)
» dephase in energy spaces

» semiclassical work
extraction

Work > 8718 — O(A)
Bad Honnef, Feb. 2020 13



1 Criterion for approximate reversibility
{anm( e P

S— A »Lemma: coherence
s+ A Modesin p suppressed as
(E|p|E") ~ o~ BIE—E'|+0(A)

ZANA\%

S 6_5H)

Imax

» Small reference frame can D
describe the coherence in p ps <» PHs+Hc (PS Y 770)

e Y
D
rotocolsfor ,@ + @7 & ,@ ¢+ @
> energies multiple of O(A) > energies multiple of O(A)
» dephase in energy spaces » create p & reference frame
» semiclassical work (semiclassical formation)
extraction » shift coherence to p
Work > 1S — O(A) Work < 1S + O(A)

Bad Honnef, Feb. 2020 13



Proof In 2 main steps

o #1: Criterion for reversibility in terms of min-
and max-relative entropies

~ 1S _ e’
Se N [\\ O tl’( BH)
7
Smax( 7) y P O N 1
~ 3 S

o #2: Criterion satisfied for ergodic states &

local Hamiltonians ¢,y stein’s lemma for ergodic

states & local Gibbs states
2 g (pn ” e_BHn)

n ~ min

n—oo . 1 -
B s s(p) = lim =S (p, || e PH»
pgpmPr ) b2 s(p) tim 5 (o | e

Bad Honnef, Feb. 2020 14



Stein’s lemma

The hypothesis testing S/ (p|lo) =—log min tr(Qo)

relative entropy tff)(éc;f))< >]ln
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Stein’s lemma

The hypothesis testing S/(p|lo)=—log min tr(Qo)
relative entropy YN

tr(Qp)=>n
- € .m(P \\ O‘B € \\ O’)
interpolates between Em ~ Sma}(&p
€ € ®
min and Smax n—1 Sg(pHO) 77%0'
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Stein’s lemma

The hypothesis testing S/(p|lo)=—log min tr(Qo)
relative entropy YN

tr(Qp)=>n
- € .m(P \\ O‘B € \\ O’)
INnterpolates between Em ~ Sm‘”“&p
€ € O
min AN Sa 121 Slle) 170
|
Stein’s lemma o {8}2 ®n
fori.i.d. states 1y, | L/n
S(pllo)
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Stein’s lemma
The hypothesis testing S/ (p|lo) =—log min tr(Qo)

- 0<S@<1
relative entropy tr(Qp) >
: ~ 5 'me \\ (ﬂ € \\ (ﬂ
INnterpolates between E‘“ ~ Sma"&p
€ € O
min AN Sa 121 Slle) 170
|
. ®
Stellrlw’s lemma on\ 1 /Z ®n
fori.i.d. states 1y, | L/n
also:
| S(pllo)
» ergodic states &
product states
» classically: Shannon- BjelakoviC et al. CMP 2004,
McMillan-Breiman Cover & Thomas
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Stein’s lemma (i.1.d.) on site i

& —H ‘
U ey =7 g Ha=YOh

hi —h =— 11’1(0‘)
eigenstates | )

Bjelakovic+ quant-ph/0307170
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Stein’s lemma (i.1.d.) on site i

029 —H /
I |e )y =2 ot gen  H,= 3

hi — h: —11’1(0‘)

relative typical projector
eigenstates | )

e = {|e") L@ |Ha|z") € [(h), +4]}

Bjelakovic+ quant-ph/0307170
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Stein’s lemma (i.1.d.) on site i

/
I |e )y =2 ot gen  H,= 3

hz‘ — h: —11’1(0‘)

relative typical projector
51 } eigenstates | )

HW—{\M - Lz | Hy |2 € [ (), -

plo p

. e_n( <h>p ‘|‘5)Hn75 < Hn750.®an75 < e—n( (h)p —6)Hn,5

plo = “Tplo plo = plo

tr(HZ{j p®’”’) — 1 (large deviations)

Bjelakovic+ quant-ph/0307170
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Stein’s lemma (i.1.d.) on site i

/
S |e )y =2 ot gen H,= 3

hz‘ — h: —11’1(0‘)

relative typical projector
eigenstates | )

HW—{\M . Lz |H,|a") € [ (R) :5]}

plo p

. e_n( <h>p ‘|‘5)Hn75 < Hna50.®nﬂn,5 < e—n( (h)p —6)Hn,5

plo = “Tplo plo = plo

tr(HZ{j p®’”’) — 1 (large deviations)

candidate In
e~ S Io®™) = min tr(Qo®") ?
0<Q<1
tr(Qp®™) =n

Bjelakovic+ quant-ph/0307170
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Stein’s lemma (1.i.d.)

on site 7
n( ,Qn —H /
Sp(p= [le™ ) =7 eHn = g®n  Hy=) h
relative typical projector hi =h = —In(o)
n,s . eigenstates |x)
I = {\xn> . Lzn|H,|z™) € [ (B), :5]}
— R, +5)Hn|5 H"’|5 ®an|5 c—n((h), —6)Hn|5
plo
tr(T1%° p®7) — 1 (large deviations)
candidate in r( plo P )
=Sy (p®" 16%™) — Ny o
e "r pin - tr(Qo")
tr(Qp=")2n L < enlin), —0) tr(Hng)
s ™ < o (h), —S(p)—26)
Q Hna T° TI™ X "\
plotplptplo
S(pllo)

Bjelakovic+ quant-ph/0307170

Bad Honnef, Feb. 2020
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Stein’s lemma (ergodic & local Gibbs)

Sh( pn H € ) — ? Onp = € '0 ergOdl(), |OC7?|
with eigenstates |z")

relative typical projector

e _ {\xn> . 1z Hy|z™) € [(L1H,) :5]}

Qg p

Bjelakovic+ quant-ph/0307170
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Stein’s lemma (ergodic & local Gibbs)

Sh( pn H € ) — ? Onp = € '0 ergOdl(:, |OC??|
with eigenstates |z")
relative typical projector
n’5 = n ) 1 n n L
w7l = {lam) : 1" Hala™) € (2.0, + 6]}

plo

— e_n(<%Hn>p—|—5)Hn75 < Hn75 O Hn75 < e—n(ﬁHn}p—é)Hn,é
plo plo plo plo

tr(I17% p,,) — 1 (ergodicity)

Bjelakovic+ quant-ph/0307170
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Stein’s lemma (ergodic & local Gibbs)

Sh( pn H € ) — ? Onp = € '0 ergOdl(:, |OC??|
with eigenstates |z")

relative typical projector

Hn,5 = {‘;Un> : %<wn ‘Hn‘$n> = [<1Hn> + 5]}

plo n

— e_n(<%Hn>p—|—5)Hn75 < Hn75 O Hn75 < e—n(ﬁHn}p—é)Hn,é
plo plo plo plo

candidate in b (HZ’g pn) — 1 (ergodicity)

S pn Il on ) .
e ~h — min tr o ?
Smin (Q on )

tr(Q Pn )2n

Bjelakovic+ quant-ph/0307170
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Stein’s lemma (ergodic & local Gibbs)

Sﬁ( On || e_Hn) =7 o0, =e Hrn Pnergodic; Hy, |OC??|
with eigenstates |z")
relative typical projector

70 = {le") : A" | Hala") € [(311.),+ 3]

— _n(<n Hy), ‘|'5)Hn|5 HZ|75 o, Hng < e—n(%Hn}p—é)HZ'ag

tr(I17% p,,) — 1 (ergodicity)

candidate in
e Pnllon) — min  tr(Q on ) 7

0S@<1 1
a@pn)zn o g e, g ()

= plp
use N 1 —n(s,—23)
Q Hn 0 TN 5Hn )

plo plp plo where s, — lim %S(Pn lon)

<e

Bjelakovic+ quant-ph/0307170 (converse bound via SDP dual)
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Proof In 2 main steps

e #1: Criterion for reversibility in terms of min-
and max-relative entropies

~ 1S _ et
SG N l\\ tr( BH)
N O T
Smax( 7) y P 0 N 1
~ 3 S

o #2: Criterion satisfied for ergodic states &

local Hamiltonians new Stein’s lemma for ergodic

states & local Gibbs states

1 —BH

S . (p H€ 4 ”) } n— 00 : 1 _BH
el s s(p) = lim =S (py, || e PHn
’rlzsmax(pn H € 5Hn) (’0) o (p H v

Bad Honnef, Feb. 2020 18




Putting everything together

;‘;‘;}f}i} Step #2
; dgft S
9"!;'&;!/‘;} min(pn
R;'l;‘;q;q Smax(pn
0, o’ ergodic
local Hamiltonian
Step #1:
collapse of min- and max-
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& s(p) is the emergent thermodynamic potential
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Finite mixtures of ergodic states

Lemma:
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Finite mixtures of ergodic states

Lemma:

maX(Z prp™) || o) ~ max Smax(p<k) | o)

» A finitie mixture of ergodic states ...

— ... can be reversibly converted to/from the thermal
state If all terms In the mixture have the same
potential;

— ... otherwise does not have a thermodynamic
potential in the resource theory.
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